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CHAPTER 0

Introduction

The eternal mystery of the world is its comprehensibility… The very fact that the 
totality of our sense experiences is such that by means of thinking it can be put in 
order, this fact is one which leaves us in awe.

— Albert Einstein, “Physics and Reality” (1936)

0.1 What This Course Is (And Is Not)

So, you’re a student of the life sciences. You’re here to understand the intricate, dynamic, 
and often messy world of living organisms. Why, then, should you spend your precious 
time in a physics class?

At a high level, biology plays by the rules set by physical law. While this is the standard 
justification for a required physics class, the statement is often too general to be motivating. 
The classic undergraduate physics curriculum is designed to solve general laws—like 
Newtonian motion—under idealized circumstances. For a biologist, these friction-less 
planes and spherical cows can feel abstract and disconnected from the real-life complex 
questions that motivate you.

To learn physics that is actually useful for biology, we have the specialized field of 
biophysics. However, biophysics courses are often highly technical, assuming a level of 
mathematical maturity that can be a barrier. On the other end of the spectrum, there is 
an explosion of excellent popular science (like YouTube channels). These are inspiring, but 
they often avoid “getting your hands dirty” with actual calculation.

This course charts a middle path: a bridge between physics and biology that is accessible 
and math-light, yet rigorously quantitative.

0.2 The Art of the “Good-Enough” Answer

A common misconception about physics is that it’s all about finding exact numbers 
through advanced mathematics. That was certainly my impression when I took physics as 
an undergrad. While precision certainly matters, a surprisingly large part of the discipline 
revolves around something else: the art of the “back-of-the-envelope” calculation.

Physicists are often less concerned with a specific value (is the answer 4.2 or 4.3?). 
Instead, they are obsessed with how that quantity responds to change. If you double the 
size of an animal, does its strength double? Does its metabolic rate double? By shifting 
our focus from static numbers to these dynamic relationships, we can look past the messy 
details of an individual organism and reveal the universal constraints that shape all life. 
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This skill—of getting surprisingly accurate answers to big, messy biological questions using 
simple, powerful physical reasoning—is one of the most valuable tools we will cultivate.

As the computer scientist Richard Hamming famously said, “The purpose of computing 
is insight, not numbers.” This course is about developing that insight. The goal isn’t to make 
you a physicist, but to give you a physicist’s lens to understand life. We will focus on the 
handful of truly essential physical laws that shape the biological world. We will apply these 
laws to a diverse array of systems, traversing the full breadth of biology, from the size of a 
cell to the structure of a forest.

0.3 Life Through the Lens of Physics

Physics isn’t just abstract equations; they are the invisible architects that answer some of 
the most fundamental questions about why life is the way it is.

There is a famous quote that “Nothing in biology makes sense except in the light of 
evolution.” I hope to convince you of a companion truth: Evolution itself makes no sense 
except in the light of physics. Physics sets the stage; evolution writes the play.

We will organize our journey into four parts, each centered on a fundamental physical 
constraint that life must navigate.

0.3.1 Part I: Scaling & Dimensional Analysis

Size matters. A mouse is not just a small elephant; it lives in a effectively different physical 
universe. In this first part, we will learn the art of dimensional analysis—how to derive 
physical laws without doing any real math. We will see why bacteria stop instantly when 
they stop swimming, why giant monsters like Godzilla would collapse under their own 
weight, and why you can cook a turkey by doing a simple calculation on a napkin.

0.3.2 Part II: Energy

Life is a fire that burns. From the food you eat to the thoughts you think, everything has 
an energy cost. We will demystify the concepts of Energy and Temperature. We will ask: 
Why do we eat? How efficient is the human engine? Why are snakes ectothermic? We 
will see that the flow of energy dictates everything from the metabolic rate of a cell to the 
structure of an ecosystem.

0.3.3 Part III: Information

Life is also a computer. It processes information to survive. Here we encounter the 
most misunderstood concept in physics: Entropy. We will see that entropy is not just 
about “disorder”; it measures the number of microscopic arrangements consistent with a 
macroscopic observation—and, more generally, the average uncertainty in a probability 
distribution. We will learn why your immune system plays “20 Questions” to find viruses, 
why Maxwell’s Demon cannot break the Second Law, and how life creates order from 
chaos by paying an energy bill.
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0.3.4 Part IV: Physical Constraints

Finally, we confront the hard boundaries set by the universe. We begin with the deter
ministic world of Newtonian Mechanics and Fluids, discovering why a bacterium must 
swim through water as if it were thick molasses. We then descend into the chaos of the 
microscale, where Thermal Noise and Diffusion rule, forcing life to harness randomness 
to transport materials. We push to the cosmic speed limit with Relativity, understanding 
how the finite speed of light protects causality. And finally, we encounter the ultimate 
uncertainty of Quantum Mechanics, asking if the fundamental fuzziness of matter plays 
a role in the mutation of DNA or the sensitivity of our eyes.

0.4 Learning in the Age of AI

When designing this class, I simply cannot ignore the growing capabilities of Artificial 
Intelligence. In an age where a few keystrokes can summon an agent to solve fantastically 
complex equations, the value of rote calculation has plummeted.

So, why take this class? I have given this question a lot of thought when designing this 
class. My (biased) opinion is that the goal of a modern physics course is to equip you with a 
broad intuition—a physical map of the biological world. In the era of AI, the most critical 
skill is learning to ask the right question. If you are simply unaware that a principle exists, 
the AI cannot direct you there. You provide the roadmap; the AI does the rest.

I encourage you to use AI, but to use it responsibly. In a broad class like this, students 
come with different backgrounds. This is where AI shines as a personalized tutor. We will 
use mathematics as the “grammar” of our science, helping us move from vague ideas to 
precise models. Most of the math we will use is simple algebra, so hopefully it will not be 
too much of a challenge. But if you ever run into a roadblock, use AI to help you clarify 
the steps. It is imperative that you understand the “why” and “what” of a derivation, even 
if you offload the “how” of the intermediate steps to a machine.

The one strict exception is your own practice. It is impossible to become physically 
fit just by watching videos about exercise; at some point, you have to do the work and 
break a sweat. Similarly, this course requires careful thought and rigorous application of 
concepts. It is in the struggle of the homework—in applying the logic yourself—that true, 
lasting understanding is cemented. I will quote my favorite warning from my own reading 
experience:

[I]f you attempt to read this without working through a significant number of 
exercises, I will come to your house and pummel you with [Gr-EGA](1) until you 
beg for mercy.

— Ravi Vakil, The Rising Sea: Foundations of Algebraic Geometry

(1)The Bible of Algebraic Geometry, a 1500-page tome that is the gold standard for learning the subject.
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CHAPTER 1

What is Scaling Analysis

What is the difference between a mouse and a horse?
Biologically, they are distinct species with unique evolutionary histories. Physically, 

however, they are both made of cells, water, collagen, and bone, and they obey the exact 
same laws of mechanics. Yet if you could somehow wake up tomorrow at mouse size, the 
world would not just look smaller; it would feel like a different planet.

The reason this is hard to grasp is that your brain is wired for linearity. You instinctively 
assume that if you make something 10 times bigger, it just becomes 10 times more of the 
same thing. If a grasshopper can jump 1 meter, you might imagine that a grasshopper 
scaled up to human size should be able to bound over skyscrapers.

The key idea is scale. As objects change size, their physical properties — surface area, 
volume, mass, strength — do not all change at the same rate. Some grow like the square 
of size, others like the cube, and those different exponents quietly reshape what is possible 
for living things.

This is the heart of scaling analysis: the art of understanding how the world changes 
when you change size.

Scaling in AI: The LLM Scaling Laws

You may have heard about “scaling laws” recently—not in the context of biology, but 
Artificial Intelligence. The so-called LLM Scaling Laws describe how the capabil
ities of models like GPT scale as a simple power law of the amount of data and 
compute used to train them. It is a striking fact: we often cannot predict exactly what 
an AI will learn, but we can predict with uncanny accuracy how well it will perform 
just by looking at its size.
This is the power of scaling. It allows us to ignore the messy details (whether it’s 
neurons in a brain or parameters in a GPU) and see the fundamental constraints that 
govern the system.

1.1 The “Spherical Cow” Hypothesis

Before we look at real organisms, it helps to ask a simpler question:
If an organism grew without changing shape — just a perfect “zoom in” or “zoom 

out” — how should its properties scale?
This idealized situation is called isometry (or geometric similarity): all linear dimen

sions scale together, and the shape stays the same.
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Imagine a cube with side length 𝐿.

• Its surface area 𝐴 scales like the square of its length:

𝐴 ∝ 𝐿2 (1.1)
• Its volume 𝑉  scales like the cube of its length:

𝑉 ∝ 𝐿3 (1.2)

Here, we use the symbol ∝ to mean “proportional to”. This will be a useful shorthand for 
the rest of the course.

Math Bootcamp: The Proportional Symbol (∝)

The symbol ∝ (read: “proportional to”) is a super useful shorthand in physics.
Mathematically, 𝑦 ∝ 𝑥 means that 𝑦 is equal to 𝑥 multiplied by some constant 𝐶:

𝑦 = 𝐶 × 𝑥
Constant

(1.3)

Why do we care? Because often we don’t know (or don’t care about) the constant 𝐶. 
We only care about how 𝑦 changes when 𝑥 changes.
Warning: “Proportional” is stricter than “correlated”.

• 𝑦 = 2𝑥 is proportional (𝑦 ∝ 𝑥).
• 𝑦 = 2𝑥 + 1 is linear, but NOT proportional. Doubling 𝑥 does not double 𝑦.

Now suppose you double the side length: 𝐿 → 2𝐿.

• The surface area multiplies by 22 = 4.
• The volume multiplies by 23 = 8.

So volume always grows faster than area as you scale up.
You can also ask how area relates directly to volume. Since 𝑉 ∝ 𝐿3, we can invert this 

relationship to express length in terms of volume:

𝐿 ∝ 𝑉 1
3 (1.4)

Because area is proportional to length squared, 𝐴 ∝ 𝐿2, we substitute:
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𝐴 ∝ (𝑉 1
3 )

2
= 𝑉 2

3 (1.5)

So for a geometrically similar object — a shape that just gets bigger without changing 
proportions:

Surface area scales as volume to the power of 23 .

Of course, real organisms are not cubes. They are complicated, squishy, lumpy, and full 
of hollow organs and branching blood vessels. Treating them like simple shapes is so 
unrealistic that it’s become a running joke among scientists:

Milk production at a dairy farm was low, so the farmer wrote to the local university… 
Shortly thereafter the physicist returned, saying, “I have the solution, but it works 
only in the case of spherical cows in a vacuum.”

— Some Unknown Theoretical Physicist(1)

The joke works because it’s almost ridiculous. How could this ever be useful in real life?

Exercise 1.1 — The Planet and the Rope.

Imagine you have a long rope that is pulled tight all the way around the Earth’s 
equator (assume the Earth is a perfect sphere with a circumference of roughly 40,000 
km). Now, suppose you want to lift the entire rope exactly 1 meter off the ground 
everywhere.

1. Use the formula for circumference (𝐶 = 2𝜋𝑟) to calculate the exact extra length 
needed. Does this fit with your intuition?

2. Would the answer be different if you were doing this for a basketball instead of 
the Earth? Explain the “counter-intuitive” nature of this geometric scaling.

1.2 Does the Shape Matter?

You might object: “But a cow is not a cube! It’s not a sphere either!”
Let’s check if the shape changes the scaling rule.

• Cube (side 𝐿):

𝑉 = 𝐿3, 𝐴 = 6𝐿2 (1.6)

Eliminating 𝐿:

𝐴 = 6(𝑉 1
3 )

2
= 6𝑉 2

3 (1.7)
• Sphere (radius 𝑅):

(1)If you are ever bored, you can find its history here.

https://en.wikipedia.org/wiki/Spherical_cow
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𝑉 = 4
3
𝜋𝑅3, 𝐴 = 4𝜋𝑅2 (1.8)

Eliminating 𝑅 (we skip the algebra here, but you can trust me):

𝐴 = (36𝜋)1
3 𝑉 2

3 ≈ 4.84𝑉 2
3 (1.9)

Notice the pattern? In both cases, the relationship looks like:

𝐴 = 𝑘𝑉 2
3 (1.10)

The constant 𝑘 changes with shape (6 for cube, ≈ 4.84 for sphere). But the exponent 
2
3  is universal for any shape that grows isometrically—that is, under the assumptions of 
uniform density and geometrically similar shapes.

Physicists vs. Biologists

This distinction between the constant and the exponent captures something deep 
about how physicists and biologists see the world differently. A physicist looks at 𝐴 =
𝑘𝑉 2

3  and gets excited about the 23 : it is the general law, the part that holds no matter 
whether you are studying a cube, a sphere, or a cow. A biologist, by contrast, is often 
more interested in 𝑘: it is the special case, the part that tells you exactly how this 
species differs from that one. Both perspectives are valuable. But in this course, we 
will mostly think like physicists — hunting for the universal exponents that reveal 
deep constraints on life, rather than cataloging every species-specific detail.

This is why we can model complex animals as simple shapes for scaling purposes. We 
might get the precise numbers wrong by a factor of 2 (the constant 𝑘), but we will get 
the trend (the exponent) right under the isometric null model. Since we often care about 
orders of magnitude in biology (mouse vs. elephant), that factor of 2 usually doesn’t matter!

1.3 The “Spherical” Shark

Let’s try this geometric null hypothesis on something genuinely complicated: a shark.
Sharks are not spheres. They have fins, tails, gills, and all sorts of hydrodynamic tricks. 

You might reasonably expect that their surface area and volume would scale in a messy, 
species-specific way, far from our neat 2

3  power law.
But when biologists and physicists actually measured them, something remarkable 

turned up: sharks, across a wide range of shapes and sizes, scale almost perfectly isometrically. 
Their surface area 𝐴 scales with volume 𝑉  as

𝐴 ∝ 𝑉 2
3 (1.11)
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Figure 1.2:  Surface area vs. volume for many shark species. The data fall along a line with 
slope very close to 2

3 , just as for simple geometric objects. This suggests that sharks grow 
almost isometrically, keeping roughly the same proportions as they increase in size. Source: 
Quanta Magazine.

Math Bootcamp: Introduction to log-log plot

We hate non-linear relationships, so we like to transform them into linear relation
ships. To address this, we use the logarithm. It transforms multiplication into 
addition:

log(𝑎𝑏) = log(𝑎) + log(𝑏) (1.12)

Now suppose two quantities follow a power-law:

𝑦 = 𝑘𝑥𝑎. (1.13)

Taking logs of both sides gives

log(𝑦) = log(𝑘) + 𝑎 log(𝑥). (1.14)

If you make a log-log plot, you put log(𝑥) on the horizontal axis and log(𝑦) on the 
vertical axis. Then the points lie (approximately) on a straight line with:

• slope 𝑎 (the scaling exponent),
• intercept log(𝑘).

So a power-law 𝑦 ∝ 𝑥𝑎 becomes a straight line on a log-log plot, and the steepness 
of that line tells you how strongly 𝑦 scales with 𝑥.

This is your first glimpse of the power of scaling arguments. This really shows that beneath 
the complexity of biology, there are some fundamental limits on how organisms can grow.

https://www.quantamagazine.org/shark-data-suggests-animals-scale-like-geometric-objects-20251027/
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1.4 Kitchen Physics: The Thanksgiving Problem

Finally, let’s look at how time scales. Suppose a recipe says it takes 3 hours to cook a 4.5 kg 
turkey. How long for a 9 kg turkey?

A linear guess (double the weight, double the time) would suggest 6 hours. This will 
result in a dry, burnt bird.

Heat must diffuse from the surface to the center. Diffusion is a “random walk” process: 
instead of moving in a straight line, the heat energy stumbles around randomly, effectively 
filling space (we will derive this property in PSet 1).

To migrate a linear distance 𝐿, the random walker ends up exploring an area (or patch) 
proportional to 𝐿2. Since it explores this area at a constant rate, the time 𝑡 required to 
cover a distance 𝐿 scales with the area covered:

𝑡 ∝ 𝐿2 (1.15)

Since mass scales as volume (𝑀 ∝ 𝐿3), we know that distance scales as 𝐿 ∝ 𝑀 1
3 . Substi

tuting this back into our time equation:

𝑡 ∝ (𝑀 1
3 )

2
∝ 𝑀 2

3 (1.16)

For our turkey problem:

𝑡2
𝑡1

= (𝑀2
𝑀1

)
2
3

= 22
3 ≈ 1.59 (1.17)

The larger turkey needs about 1.6 × 3 ≈ 4.8 hours.
This is a practical result. Many cookbook authors have discovered through trial and error 

that cooking times scale roughly as the two-thirds power of weight(2).
Scaling analysis gets you there from first principles.

(2)This is a well-known empirical relationship known as the Panofsky formula: 𝑡 = 1
1.5𝑀 2

3 , where 𝑀  is 
the weight of the turkey in pounds.



CHAPTER 2

How Body Size Sets Fundamen
tal Limits in Organisms

For every type of animal there is a most convenient size, and a large change in size 
inevitably carries with it a change of form.

— J.B.S. Haldane, On Being the Right Size (1926)

In the previous chapter, we made a bold simplification: treat every organism as a sphere 
(or a cube — it doesn’t matter) and see what geometry alone can tell you. The payoff was a 
single, universal scaling law: surface area goes as 𝐿2, volume as 𝐿3, and the ratio between 
them shrinks as 1/𝐿 when an organism gets bigger. Remarkably, real sharks obey this 
“spherical cow” prediction almost perfectly.

If we were mathematicians, that might be the whole story: a pure geometry problem. 
But real organisms live in a universe with gravity, friction, and heat loss — forces that care 
very much about the difference between 𝐿2 and 𝐿3.

Once you add in those forces, the innocent-looking exponents turn into hard limits on 
what life can do. A skeleton must support weight (𝐿3) using cross-sectional area (𝐿2); a 
warm-blooded body must replace heat lost through its surface (𝐿2) using energy stored in 
its volume (𝐿3). At every turn, the mismatch between these exponents creates a crisis — 
and the only way out is to change your shape.

The technical term for this shape-shifting is allometry: the systematic change in body 
proportions as size changes. It is not an accident or a quirk of evolution. It is a requirement, 
imposed by physics. This is why elephants have thick, columnar legs while mice have 
spindly, delicate ones. Why elephants have vast ear membranes while mice have tiny 
buttons. These animals are not scaled copies of each other — and now you can see why.

This chapter is a tour of those limits. We will see why giants are impossible, why cats 
survive falls that kill horses, and why shrews must eat constantly. In every case, the expla
nation comes down to the same battle between 𝐿2 and 𝐿3 — but now with real physical 
forces attached.

2.1 Why Giants are Impossible

2.1.1 Why Godzilla Needs a Good Orthopedic Surgeon

On land, gravity turns your nice geometric scaling into a structural crisis.
Gravity acts on mass (𝑀 ), which scales with volume (𝑉 ):
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𝑊 ∝ 𝑀 ∝ 𝐿3 (2.1)

But your ability to support that weight — the strength of bones, tendons, and muscles — 
depends on their cross-sectional area, which scales as

𝑆 ∝ 𝐿2. (2.2)

So as you scale up an isometric animal:

• Weight 𝑊 ∝ 𝐿3.
• Supporting area 𝑆 ∝ 𝐿2.

The typical stress on the skeleton (load per area) then scales as

stress = weight
area

∝ 𝐿3

𝐿2 = 𝐿. (2.3)

Stress increases linearly with size.
Make an animal 10 times bigger in linear dimensions and, all else equal, its bones feel 

10 times more stress.
Jonathan Swift’s Gulliver’s Travels gives a classic example of ignoring this scaling.
When Gulliver visits the land of Brobdingnag, he meets giants who are described as 

perfectly proportioned humans, just 12 times taller. A Brobdingnagian is supposed to be 
“just a big man.”

But with our calculations, we see that the stress on the bones scales like

stress on bones ∝ 123

122 = 12. (2.4)

The giant’s bones are under 12 times the stress of an ordinary human’s.
Human bones are already working near their safe limits when you run, jump, or land 

awkwardly (ouch!). Multiplying that stress by 12 would be catastrophic. A Brobdingnagian 
taking an ordinary step would risk snapping their femurs.

2.1.2 Allometry of Body Shape

This illustrates why you cannot just “blow up” a mouse to horse size and expect it to work. 
The enlarged mouse would collapse under its own weight unless you:

• Made its bones disproportionately thicker.
• Changed its posture.
• Reinforced its tissues.

To get big, you strictly have to change your shape.
That kind of non-uniform change with size is called allometry. Isometry (staying the 

same shape) is simple but often impossible in a world with gravity.
This is why:
• Elephants have thick, pillar-like legs.
• Tiny spiders and daddy longlegs can get away with absurdly thin limbs.
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Large animals must abandon isometry and adopt allometric designs — thicker bones, 
different posture (more vertical supports), and sometimes slower movements — to survive 
the 𝐿3 weight vs. 𝐿2 strength conflict.

Galileo was one of the first to articulate this idea clearly. In his book Two New Sciences, 
he argued that large animals need disproportionately thicker bones than small ones to 
avoid breaking under their own weight.

Figure 2.1:  Galileo’s sketches and arguments in Two New Sciences anticipated modern 
scaling ideas about bone strength. Larger animals require disproportionately thicker bones 
to support their greater weight [Source].

This also explains why whales can only survive in the ocean. In water, buoyancy counteracts 
gravity, relieving the whale’s skeleton from bearing its full weight. On land, a beached 
whale would be crushed by its own mass.

Exercise 2.1 — The Super-Strength of the Ant.

Ants are famous for carrying 50 times their body weight, while elephants struggle 
to lift their own weight. Use scaling arguments to explain why small animals are 
proportionally much stronger than large ones. Assume muscle strength is propor
tional to cross-sectional area.

2.2 Why Cats Have Nine Lives

So far, gravity has been the villain. But air resistance introduces a twist: it scales differently 
than weight, and that difference changes everything about how dangerous falling is.

When you fall through air, two main forces matter:

• Gravity (driving force): Proportional to mass, hence to volume:

𝐹𝑔 ∝ 𝐿3. (2.5)
• Air resistance (drag force): Proportional (roughly) to cross-sectional area:

𝐹𝑑 ∝ 𝐿2. (2.6)

As you accelerate, drag increases until, eventually, drag equals weight. At that point, the 
net force is zero and you fall at a constant terminal velocity.

https://onlinelibrary.wiley.com/doi/10.1111/j.1600-0498.2012.00260.x
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To see how “safe” a fall is, compare drag to weight:

drag-to-weight ratio = 𝐹𝑑
𝐹𝑔

∝ 𝐿2

𝐿3 = 1
𝐿

. (2.7)

As size 𝐿 increases, this ratio decreases:

• Mouse (small 𝐿): Huge surface area relative to its tiny weight. Drag is very effective 
at slowing it down. Its terminal velocity is low, so it hits the ground gently.

• Horse (large 𝐿): Small surface area relative to its enormous weight. Drag is relatively 
weak. It falls fast and hits the ground with enormous kinetic energy.

To the mouse, gravity is more of a suggestion. To the horse, gravity is an unbreakable law.

You can drop a mouse down a thousand-yard mine shaft; and, on arriving at the 
bottom, it gets a slight shock and walks away, provided that the ground is fairly soft. 
A rat is killed, a man is broken, a horse splashes.

— J.B.S. Haldane, On Being the Right Size

The important point is not that mice are immortal, or that horses literally “splash,” but 
that size alone dramatically changes how dangerous a fall is.

Exercise 2.2 — The Falling Mouse vs. The Falling Elephant.

In the text, we argued that drag becomes relatively weaker for large animals. Let’s 
make Haldane’s argument more concrete.

1. Assume that the drag force scales as 𝐹𝑑 ∝ 𝐴𝑣2, where 𝐴 is the cross-sectional area 
and 𝑣 is velocity. The gravity scales as 𝐹𝑔 ∝ 𝐿3. At terminal velocity, drag equals 
gravity (𝐹𝑑 = 𝐹𝑔). Show that terminal velocity scales as 𝑣term ∝

√
𝐿.

2. A 1.8-meter tall human has a terminal velocity of about 60 m/s. Estimate the 
terminal velocity of a 5-cm mouse (𝐿 = 0.05 m). And estimate the terminal 
velocity of a 3.5-m tall elephant (𝐿 = 3.5 m).

2.3 Why Shrews Eat Constantly

Geometry also controls another crucial problem: how to stay warm.
Food is fuel. Because mammals are warm-blooded, they must eat enough food to replace 

the heat they lose to the environment.
Here is the central conflict:
• Heat production depends on the amount of tissue, so it scales with volume (𝐿3).
• Heat loss happens through the body surface, so it scales with area (𝐿2).

To stay warm, an animal must balance these two. The difficulty of this task depends on the 
ratio of heat loss to heat production:

heating bill per unit mass ∝ surface area
volume

∝ 𝐿2

𝐿3 = 1
𝐿

. (2.8)
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This single geometric ratio explains a vast range of biological behaviors.
As an animal gets smaller, this ratio becomes huge. A tiny shrew has a massive surface 

area relative to its volume. It acts like a leaky furnace, losing heat almost as fast as it creates 
it. To survive, it must run its metabolism at a frantic pace, eating nearly its own body 
weight in food every day just to keep from freezing.

As an animal gets larger, the ratio drops. A bear or a whale has a huge internal volume 
shielded by relatively little surface area. They retain heat extremely well, which is why larger 
animals tend to be found in colder climates—an empirical pattern known as Bergmann’s 
Rule. (Like most ecological “rules,” Bergmann’s Rule is a statistical tendency with many 
exceptions, not a strict law.)

But Bergmann’s Rule only tells you about overall body size. There is a companion rule 
— Allen’s Rule — that tells you about shape.

Allen’s Rule says that endotherms from hot climates tend to have longer, larger extrem
ities (ears, tails, legs) than their relatives in cold climates. Like Bergmann’s Rule, this is an 
empirical tendency rather than a strict law, but the physical logic is compelling: it is the 
same 𝐿2

𝐿3  argument, now applied to individual body parts rather than the whole animal.
A long, thin ear is essentially a radiator: it has a large surface area relative to its volume, 

so it dumps heat efficiently. A short, stubby ear is the opposite: it minimizes surface area 
and conserves heat.

The most striking example is the comparison between jackrabbits and arctic hares. 
Desert jackrabbits sport enormous, richly vascularized ears — not for hearing, but for 
cooling. Warm blood flows through the thin skin of the ears and radiates heat to the air. 
Arctic hares, by contrast, have tiny, compact ears. In the freezing tundra, every square 
centimeter of exposed surface is a liability.

The same pattern shows up everywhere: foxes in the Sahara have huge ears (the fennec 
fox), while arctic foxes have small, rounded ones. Tropical elephants have vast ear flaps; 
woolly mammoths—close relatives of modern elephants that lived in frigid climates—had 
comparatively tiny ears. It is the surface-area-to-volume ratio, expressed not in body size, 
but in body architecture.

This same math explains why an elephant only eats about 4% of its body weight 
daily. Because 𝐿 is large, its relative heating bill ( 1

𝐿 ) is tiny. It isn’t that the elephant is 
more efficient at digesting; it simply loses a much smaller fraction of its energy to the 
environment.

Beyond the Leaky Furnace: The Case of the Burrowing Owl

When you hear that larger animals live in colder climates, it is easy to assume that 
natural selection has spent thousands of generations meticulously adjusting their 
genetic blueprints to build a perfect, well-insulated “furnace.” We call it a “Rule,” 
after all.
But is it always a hardwired evolutionary adaptation?
A 2026 study by Kurt Ongman and colleagues investigated this exact question 
by looking at the western burrowing owl (Athene cunicularia)(1). Across the west
ern United States, these adorable ground-dwelling owls conform beautifully to 

(1)See K. M. Ongman, C. G. Lundblad, & C. J. Conway, “Bergmann’s rule: Why does body size increase 
with latitude?” Functional Ecology (2026), doi:10.1111/1365-2435.70281.

https://doi.org/10.1111/1365-2435.70281
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Bergmann’s rule: northern owls are significantly larger and heavier than their south
ern cousins.
To find out why, the researchers looked at two different kinds of traits:

• Adult Body Mass: A highly flexible trait (known as reversible plasticity). Just 
as you might gain weight after a holiday feast, an adult owl’s mass changes 
dynamically based on recent rainfall and how many mice are running around 
to eat.

• Tarsus (Leg Bone) Length: A fixed skeletal trait. Once an owl becomes an adult, 
its leg bones are locked in place. They cannot grow or shrink, no matter how 
much food is available.

If Bergmann’s rule were driven solely by long-term evolutionary adaptation for heat 
conservation, you would expect adult leg bone lengths to be best predicted by long-
term climate averages.
But that is not what the researchers found.
Instead, the strongest predictor of an adult owl’s leg length was the extreme heat and 
drought during the specific breeding season when it was a growing chick.
This points to a powerful alternative mechanism: developmental plasticity. Growing 
up in a hot, dry southern environment is stressful. It limits food availability and 
imposes thermal stress on developing chicks, permanently stunting their skeletal 
growth.
So the geographic gradient we see isn’t just a story of perfect evolutionary optimiza
tion. It is also a story of developmental history: extreme weather in warmer regions 
literally stunts the growth of the next generation. Once again, physics (in the form of 
heat stress) and biology collide in ways that a simple geometric formula could never 
fully predict.

Exercise 2.3 — The Elephant's Radiator.

We just saw that being big helps you stay warm in the cold (Bergmann’s Rule). But 
what if you live in the scorching African savanna?
Use scaling arguments to explain why African elephants have evolved enormous thin 
ears — much larger than their Asian cousins or woolly mammoth ancestors. How 
does this specific shape change help them escape the “trap” of geometric scaling?

The Helsinki Snow Pile

This same logic applies to melting. In 2010, the city of Helsinki faced a problem: 
too much snow. They gathered the snow plowed from the streets into a massive pile, 
roughly 30 meters high and 100 meters wide.
Physics suggests that snow should melt in the summer. But a strange thing happened. 
Despite one of the hottest summers in decades, that same pile of snow was still there 
almost a year later.
How is this possible? It is the square-cube law in action.
Melting is a surface phenomenon. Heat attacks the ice at its surface, so the melting 
rate scales with area (𝐿2). But the amount of ice that needs to melt is the volume, 
scaling as 𝐿3.



2.3 Why Shrews Eat Constantly 27

By piling the snow into one giant mound, the city inadvertently minimized the 
surface-area-to-volume ratio ( 1

𝐿 ). A massive pile has relatively little surface area 
compared to its enormous volume. Just as the elephant retains heat because it is big, 
the giant snow pile retains its cold because it is big.
This is why you destroy a snowman by breaking it apart spread the snow out: you 
increase its surface area relative to its volume, giving the heat more places to attack.

2.4 The Importance of Being the Right Size

In these first two chapters, you have seen that how simple scaling laws govern the world 
of biology. We witnessed a battle between two geometric powers: Surface Area (𝐿2) and 
Volume (𝐿3).

Because these two quantities scale differently, every animal lives in a different physical 
reality defined by its size 𝐿.

Small Animals (𝐿 is tiny) Large Animals (𝐿 is huge)

The Good:
You are relatively strong (ants) and 
air resistance protects you from falls 
(mice).

The Good:
You have a massive internal heat reser
voir. You survive cold winters more eas
ilyco (Bergmann’s Rule).

The Bad:
You lose heat furiously. You must eat 
constantly just to keep from freezing 
(shrews).

The Bad:
Gravity is the enemy. Bones break, falls 
are fatal (“splash”), and you risk over
heating (elephant ears).

Table 2.1: The Battle of Dimensions: How size determines the physical problems an 
animal faces.

Notice that we have barely talked about the detailed nature of forces like gravity or drag. 
We have used only how quantities scale — and that alone is enough to explain why giants 
cannot exist, why mice survive falls, and why shrews must eat constantly.

This is the power of scaling analysis: before you know the details, you can predict the 
trends.

2.5 A Caveat: Predictions, Not Laws of Nature

Before we celebrate too much, a word of caution. Scaling analysis gives us physical 
predictions, not biological truths. We are saying: “If geometry and physics were all that 
mattered, here is what should happen.” Whether it actually happens is a question that only 
data can answer.
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It doesn’t matter how beautiful your theory is, it doesn’t matter how smart you are. If 
it disagrees with experiment, it’s wrong.

— Richard Feynman

And when our scaling prediction fails — when the data says something different from 
what physics predicts — that is not a disaster. That is where things get interesting. It means 
biology is doing something beyond simple geometry, and we should ask: what?

We will see many examples of this in the following chapters. To get you a first taste 
of this, here is an example from everyday life: the Body Mass Index (BMI). If humans 
were geometrically similar — just scaled-up or scaled-down versions of each other — then 
mass should scale as volume:

𝑀 ∝ 𝐿3. (2.9)

But when the Belgian statistician Adolphe Quetelet actually measured thousands of 
people in the 1830s, he found that the best empirical fit was not 𝑀 ∝ 𝐿3 but something 
closer to

𝑀 ∝ 𝐿2. (2.10)

That is why the BMI is defined as BMI = 𝑀
𝐿2  and not 𝑀

𝐿3 . The exponent 2 works better 
than the exponent 3 in practice.

What does this tell us? It tells us that humans are not geometrically similar. Taller people 
tend to be relatively slimmer — their proportions change with height. This is exactly the 
kind of allometry we saw earlier with elephant legs and spider limbs. The failure of the 
naive 𝐿3 scaling is itself a biological discovery: it reveals that human body shape changes 
systematically with height.

A Note on Within vs. Across Species

You might wonder: does this contradict our earlier arguments? Not at all.
The BMI scaling (𝑀 ∝ 𝐿2) is a within-species observation. Across species spanning 
huge differences in size (from mice to elephants), geometric scaling (𝑀 ∝ 𝐿3) still 
broadly holds as a baseline. That is why Bergmann’s Rule, Allen’s Rule, and all our 
previous macro-level results remain broadly valid as first approximations!

So when your scaling prediction disagrees with data, do not throw away the prediction. 
Instead, ask: why does it disagree? The answer almost always reveals something biologically 
fascinating.

I hope this gives you a reason why biologists and physicists should be friends.



CHAPTER 3

What is Dimensional Analysis

Now we will dig into another powerful tool for thinking about physics: dimensional 
analysis. We have already seen how it works, but we will dig deeper into the details.

3.1 Physical Quantities Have Units

In physics, we don’t just talk about numbers; we talk about quantities.

• The number 42 by itself is just a symbol.
• 42 s is a time.
• 42 kg is a mass.

The extra ingredient — “seconds” or “kilograms” — is what gives a number physical 
meaning. We call that meaning its dimension.

In this course, the three most fundamental dimensions we will use are:

• Length 𝕃 (meters, feet, micrometers, light-years…)
• Time 𝕋 (seconds, hours, years…)
• Mass 𝕄 (kilograms, grams, pounds…)

Every physical quantity can be built out of these basic dimensions.

3.2 The Golden Rule: Units Must Match

The Golden Rule of Physics is simple: You can’t compare apples to oranges. The dimen
sions on the left side must match the dimensions on the right. If they don’t, the equation 
isn’t just incorrect; it is meaningless gibberish. Asking “Is 1 meter equal to 5 seconds?” is 
like asking “What is the specific gravity of regret?” or “How many kilograms of silence are 
in this room?”(1)

For example, the distance 𝑑 depends on the time 𝑡 and constant velocity 𝑣.

𝑑 ∝ 𝑣𝑡 (3.1)

The unit of 𝑑 is 𝕃 (length), the unit of 𝑡 is 𝕋 (time), the unit of 𝑣 is 𝕃
𝕋  (length per time).

(1)Philosophically, this is known as a Category Mistake. It has a very deep philosophical underpinning 
in the nature of our minds.

https://plato.stanford.edu/entries/category-mistakes/
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Principle of Dimensional Homogeneity In any physical equation equalizing two 
quantities, say 𝐴 = 𝐵 + 𝐶, every term must have the same physical dimensions.

[𝐴] = [𝐵] = [𝐶] (3.2)

You cannot add meters to seconds, and you cannot equate kilograms to Joules.

At first glance, this sounds like a trivial safety check, something you use just to catch 
algebra mistakes on an exam. That was certainly my impression when I first learned it.

But to a large extent, physics is about finding new units, as well as building bridges 
between previously unrelated units. We will revisit this core idea over and over through
out this course. For a handy reference, we have compiled a list of dimensions for common 
physical quantities in Chapter D.

Exercise 3.1 — Derive the Units for Density.

Density (𝜌) is defined as mass per unit volume (𝜌 = 𝑚
𝑉 ). (Recall: volume has dimen

sion 𝕃3).

3.3 Derive the Period of the Pendulum

As a warm-up exercise, let’s apply the principle of dimensional homogeneity to the period 
of a pendulum.

The story is that one day in church, Galileo watched the various hanging incense burners 
swinging back and forth and silently measured their periods against his pulse. This simple 
observation led to one of the most beautiful examples of dimensional analysis in physics.

1. What are we trying to find? The period 𝑇  of a pendulum. Its dimension is time 𝕋.

! Do not be confused by 𝑇  and 𝕋. Whenever you see a hollowed symbol, it is a 
dimension, not a variable

2. What physical factors could this period depend on?
• Length (𝐿) of the string should matter. Its dimension is length 𝕃.
• Gravity (𝑔) pulls the pendulum back. It is a constant, around 9.8𝑚/𝑠2.(2) Its 

dimension is acceleration 𝕃/𝕋2.

Now, the game is to combine our ingredients (𝐿 and 𝑔) to produce an answer with the 
dimension of time 𝕋.

• We have 𝐿 with units of 𝕃.
• We have 𝑔 with units of 𝕃/𝕋2.

We need to get rid of the 𝕃 and end up with 𝕋. Let’s try dividing 𝐿 by 𝑔:

[𝐿]
[𝑔]

= 𝕃
𝕃/𝕋2 = 𝕋2 (3.3)

(2)If you are rusty about it, it is fine. We will revisit it later. But for now, all you need to know is the unit.
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That gives us time squared. To get time, we just take the square root:

𝑇 ∝ √𝐿
𝑔Period

(Length)

(Gravity)
(3.4)

We can compare this with the exact result for small-angle oscillations(3)

𝑇 = 2𝜋√𝐿
𝑔

(small-angle approximation) (3.5)

Buckingham 𝝅 Theorem

This is the formal mathematical guarantee for what we just did. It states that if you 
have 𝑛 unknowns and 𝑘 physical dimensions, the problem reduces to 𝑛 − 𝑘 dimen
sionless numbers.
For the pendulum:

• We had 𝑛 = 3 variables (𝑇 , 𝐿, 𝑔).
• We had 𝑘 = 2 dimensions (Time 𝕋, Length 𝕃).
• Therefore, there is exactly 3 − 2 = 1 unique way to combine them.

The answer has to be 𝑇√ 𝑔
𝐿 = 𝐶, where 𝐶 is some constant (which turns out to be 

2𝜋), because there is literally no other mathematical option.

Exercise 3.2 — The Pandemic Number.

During an epidemic, epidemiologists obsess over a dimensionless number called 𝑅0 
(the Basic Reproduction Number). It predicts whether a disease spreads (𝑅0 > 1) or 
dies out (𝑅0 < 1).
Suppose the spread depends on two key parameters with units of frequency ( 1

Time ):
• Transmission rate 𝛽 (how often you infect others).
• Recovery rate 𝛾 (how quickly you stop being infectious).

1. What are the dimensions of 𝛽 and 𝛾?
2. Use dimensional analysis to find the only way to combine them into a dimen

sionless number 𝑅0.
3. Discuss: Why does it make sense that 𝑅0 > 1 leads to an outbreak?

Exercise 3.3 — Einstein's Most Famous Equation.

Stephen Hawking once famously remarked that for every equation he included in 
A Brief History of Time, his sales would be halved. In the end, he decided to include 
only one. You guessed it: 𝐸 = 𝑚𝑐2, where 𝐸 is energy, 𝑚 is mass, and 𝑐 is the speed 
of light.

(3)As a fun fact, you may notice that 𝑔 ≈ 𝜋2 ≈ 9.87. This is no coincidence! The meter was originally 
proposed as the length of a “seconds pendulum”—a pendulum with a half-period of exactly 1 second (so 
𝑇 = 2 s). Setting 𝑇 = 2𝜋√𝐿

𝑔 = 2 gives 𝑔 = 𝜋2𝐿. If 𝐿 = 1 meter, then 𝑔 = 𝜋2.
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We can understand the “shape” of this relationship using just the units of physics.
Use dimensional analysis to show that if 𝐸, 𝑚, and 𝑐 are related, the only possible 
relationship is 𝐸 ∝ 𝑚𝑐2.

3.4 Make Your Calculus Teacher Scream

If we want to do the formal calculation, then we need to write down the equation of 
motion for the pendulum. For small angles, the equation of motion simplifies to:

d2𝜃
d𝑡2

= −𝑔𝜃
𝐿

Length
Angle

acceleration

Gravity Angle

(3.6)

Do not worry if you do not understand the equation(4) . All you need to know is that it 
describes how the angle 𝜃 changes with time 𝑡 as a function of 𝐿 and 𝑔.

Of course, we can solve it analytically. But it can be intimidating (it has the second order 
time derivative).

Here’s a secret weapon physicists use: treat derivatives like fractions and just cancel 
things. Watch this: write 𝑑

2𝜃
𝑑𝑡2  and pretend you can cancel(5):

𝑑2𝜃
𝑑𝑡2

= 𝑑
𝑑𝑡

⋅ 𝑑𝜃
𝑑𝑡

⇝ 𝑑
𝑑𝑡

⋅ 𝑑𝜃
𝑑𝑡

= 𝜃
𝑡2

(3.7)

You see, we just canceled the d’s. Then this problem reduced from solving a complex 
differential equation to a high school algebra problem. Then we get

𝜃
𝑡2

∼ 𝑔𝜃
𝐿

. (3.8)

The 𝐿 and 𝜃 cancel, giving 𝑡2 ∼ 𝐿
𝑔 , so 𝑡 ∼ √𝐿

𝑔 .

This is dimensional analysis in disguise! Your calculus teacher would be horrified, but 
physicists do this all the time—and it is correct (because derivatives do not affect the units).

Math Bootcamp: A Crash Course on Derivatives

If you want to learn more details, check Chapter  C.. For now, we only need to 
understand the units of derivatives.
In physics, absolute numbers are often meaningless. What matters is comparison—
how one thing changes relative to another. This leads us to the derivative:

d𝑦
d𝑥

(3.9)

Read d as “tiny bit.” Then we can think of this as a ratio of two “tiny bits.” Since d𝑦 
is just a tiny amount of 𝑦, it carries the same units as 𝑦. Similarly, d𝑥 carries the units 

(4)If you are curious, the Wikipedia page for the pendulum has a complete derivation of the 2𝜋 constant.
(5)I learnt the trick from Fly by Night Physics by Anthony Zee.

https://en.wikipedia.org/wiki/Pendulum_(mechanics)
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of 𝑥. Therefore, the units of the derivative d𝑦
d𝑥  are simply the units of 𝑦 divided by the 

units of 𝑥.
And what about the second derivative

d2𝑦
d𝑥2 (3.10)

You might notice the “2” is in different places (𝑑2𝑦/𝑑𝑥2). This isn’t just to annoy 
students; it reflects the logic of the operation:

d2𝑦
d𝑥2 = d

d𝑥
(d𝑦

d𝑥
) (3.11)

We are applying the derivative operator d
d𝑥  to the rate of change d𝑦

d𝑥 . This results in 
two d in the numerator and two d𝑥 in the denominator.
Following this logic, the operator d

d𝑥  has units of 1
[𝑥] . When we apply it to d𝑦

d𝑥  (which 
has units of 𝑦

𝑥 ), we get units of 𝑦
𝑥2 .

This explains why we were able to “cancel” the derivatives in the pendulum example 
(d2𝜃

d𝑡2 ∼ 𝜃
𝑡2 ).

Exercise 3.4 — Practice: Building Units from Derivatives.

The notation d𝑦
d𝑥  is a literal instruction for units: take the units of the top and divide 

by the units of the bottom.

1. Acceleration: Many entering students find 𝕃
𝕋2  counterintuitive. Derive it by 

noting that 𝑎 = d𝑣
d𝑡 , where velocity 𝑣 has dimensions 𝕃𝕋 .

2. Cardiac Output: In physiology, this is the volume (𝑉 ) of blood pumped per unit 
of time (𝑡), or 𝑄 = d𝑉

d𝑡 . Given volume has dimensions 𝕃3, derive the units for 𝑄.
3. Force: Newton’s second law states that 𝐹 = 𝑚 ⋅ d2𝑥

d𝑡2 , where 𝑥 is position and 𝑚 
is mass. Using the logic from the bootcamp, find the dimensions of force 𝐹 .

3.5 The Physics of Peeing

So far, we have only dealt with “textbook” physics problems. But how does this translate 
to the messy complexity of the living world?

Let’s ask a question that seems silly on the surface but is actually quite profound: How 
long does it take for an animal to urinate? Does an elephant take significantly longer 
than a goat?

We can guess the answer by synthesizing what we’ve already learned. Just like the 
pendulum, the physics of urination is a system defined by a length scale 𝐿 (related to the 
urethra, or the body size more generally) and driven by gravity 𝑔 (helping the fluid flow 
out). Thus, from our dimensional analysis above, we know:

𝑇 ∝ √𝐿
𝑔

(3.12)
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But we also know from Chapter 1 and Chapter 2, any characteristic length scale 𝐿 scales 
with mass 𝑀  as 𝐿 ∝ 𝑀 1

3 . Substituting this into our time equation gives:

𝑇 ∝ √𝑀 1
3

𝑔
∝ 𝑀 1

6 (3.13)

Our simple model predicts that urination time should increase very slowly with body 
mass, scaling as mass to the 1/6th power. An elephant, being thousands of times more 
massive than a goat, should take only slightly longer to empty its bladder. Indeed, empirical 
observation shows that the scaling exponent is 0.13, which is remarkably close to 1/6, 
given the simplicity of our model.(6)

Our result is identical to the one obtained by sophisticated fluid mechanics analysis 
(regarding the scaling exponent). The detailed model is of course much better, but you can 
see that very simple physics + dimensional analysis gets us 90% of the way there.

Figure 3.1: Urination time vs. body mass for mammals. Despite spanning three orders of 
magnitude in mass (from  3 kg to  8000 kg), urination time remains remarkably constant 
at around 10–20 seconds. Data from this paper.

A Warning on Real Data

(6)This result is from this paper. The last author, Dr. David L. Hu, has a series of fascinating studies on 
related topics.

https://www.pnas.org/doi/10.1073/pnas.1402289111
https://www.pnas.org/doi/10.1073/pnas.1402289111
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In the examples above, the scaling laws work almost perfectly. But be careful: real 
biological data is rarely this clean.
Biology is messy. Animals are not perfect spheres or cylinders, and evolution finds 
creative ways to break physical rules. When you confront real data, you will often find 
scatter, outliers, and deviations from the theory.
We discuss how to handle these messy realities—and how to test your scaling predic
tions rigorously—in Appendix D.0.0.0.0.0.0.0.1.

Exercise 3.5 — The Pace of Life.

We derived that the time scale of a pendulum scales as 𝑇 ∝
√

𝐿. If we treat walking 
legs as swinging pendulums, how should the step frequency (steps per minute) scale 
with leg length 𝐿? How should it scale with body mass 𝑀  (assuming isometry)?
Check your intuition: Do small dogs walk with a faster or slower cadence than large 
dogs?
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CHAPTER 4

Force as the First Bridge

In the previous chapters, we built two powerful tools: scaling laws that predict how 
properties change with body size, and dimensional analysis that lets us derive physical 
relationships from units alone. Both relied on the three basic dimensions—Length (𝕃), 
Time (𝕋), and Mass (𝕄).

But so far, these three dimensions have lived in separate worlds. Kinematics gives us 
velocity and acceleration from 𝕃 and 𝕋. Mass 𝕄 just sits there as “amount of stuff.” There 
is no bridge connecting them.

In this chapter, we build that bridge. It begins with the most famous equation in classical 
physics: 𝐹 = 𝑚𝑎. You have probably memorized it. But here is a subtlety worth pausing 
over: the equation has both definitional and empirical content, and disentangling the two 
took physicists about 200 years.

We will fix this problem—and in doing so, unlock a new unit called Force that serves as 
a dimensional bridge between mass and motion. That bridge turns out to be astonishingly 
powerful: it allows us to derive centripetal force, define pressure, and predict the design of 
lungs—all from dimensional analysis alone.

4.1 Is Newton’s Second Law Really a Law?

4.1.1 The Logical Circularity

To “prove” that Newton’s Second Law is a physical law, one might consider a standard 
demonstration experiment: measure the mass 𝑚 of an object using a scale, measure the 
force 𝑓  using a spring balance, measure the acceleration 𝑎 with a motion sensor, and show 
that 𝑓 = 𝑚𝑎 holds.

But wait. Before this experiment, did anyone ever give you a quantitative definition of 
force or mass?

Your textbook probably said things like “force is the action of one body on another” or 
“mass is the amount of matter in an object.” These are qualitative descriptions, not quan
titative definitions. A proper definition of a physical quantity must provide a measurement 
procedure. The statements above provide no such procedure.

Here is the paradox: of the three quantities in 𝑓 = 𝑚𝑎, two of them (𝑓  and 𝑚) are 
undefined. How can we “verify” a formula when we haven’t defined what the terms mean?

In fact, the spring balance and the scale used in the demonstration are themselves 
designed based on the definitions of force and mass. If force and mass haven’t been defined 
yet, how do we know that the readings on these instruments are force and mass?
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! The “verification” is circular: we use instruments that assume 𝑓 = 𝑚𝑎 to “prove” 
that 𝑓 = 𝑚𝑎.

To be fair to Newton, when he published his epoch-making Principia, he did not fully 
resolve these subtle logical issues. As a warrior charging on the front lines of discovery, 
such oversights are forgivable—the careful work of organizing the spoils of war can be left 
to those who follow.

And indeed it was. The logical clarification of Newton’s laws came about 200 years later, 
particularly through the work of Ernst Mach.

4.1.2 The Modern Resolution (Mach)

To resolve this, we treat 𝐹 = 𝑚𝑎 not as a verified law, but as part of a system of definitions.

1. Defining Mass (𝑚): We define the ratio of masses of two objects (1 and 2) by the 
inverse ratio of their accelerations during a collision:

𝑚1
𝑚2

≡ 𝑎2
𝑎1

Mass of Object 1

Mass of Object 2

Accelerations
(measurable!) (4.1)

By selecting a reference object (𝑚1 = 1), the mass of any other object (𝑚2) becomes 
measurable via collision experiments. Note that acceleration is already well-defined 
from kinematics—no circularity here!

2. Defining Force (𝑓): We define force as the product of mass and acceleration:

𝑓 ≡ 𝑚 𝑎

Force (defined)

Mass
(from Step 1)

Acceleration
(kinematics) (4.2)

4.1.3 What Did We Gain? A New Unit Called “Force”

This system illustrates a principle we will see again and again: great physics is about 
adding and bridging units.

Before Newton, we had:
• Kinematics: Length (𝕃), Time (𝕋), and their derivatives (velocity 𝕃𝕋−1, acceleration 

𝕃𝕋−2).
• Statics: Mass (𝕄), understood only as “amount of stuff.”

Newton’s genius was to bridge these two worlds. The definition 𝑓 ≡ 𝑚𝑎 creates a new 
quantity—Force—whose dimensions are:

[𝑓] = [𝑚] ⋅ [𝑎] = 𝕄 ⋅ 𝕃𝕋−2 (4.3)

Force is not just a new label; it is a translator that converts “how much stuff ” into “how 
it moves.”

But wait—if 𝑓 ≡ 𝑚𝑎 is just a definition, where is the actual physics?
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Here is the key insight: 𝑓 = 𝑚𝑎 is half definition, half law. It defines force, but it 
gains predictive power only when paired with specific force laws that describe how objects 
interact. It is a translation mechanism waiting for content.

The other half comes from specific force laws that describe how objects interact. For 
example, Hooke’s Law says that the force is proportional to the displacement 𝑥.

𝑚𝑎 = − 𝑘𝑥Definition
(𝑓 ≡ 𝑚𝑎)

Specific Law
(Hooke) (4.4)

When you combine the two halves, you get a complete, solvable equation of motion. 
Without the specific force law, 𝑓 = 𝑚𝑎 is an empty dictionary with no sentences.

𝐹 = 𝑚𝑎 is the dictionary. The specific force laws are the sentences. You need both to 
say anything meaningful about the world.

Exercise 4.1 — Solve the Period of a Spring.

A mass 𝑚 attached to a spring with stiffness 𝑘 oscillates back and forth. From 
the equation 𝑚𝑎 = −𝑘𝑥, use the “make your calculus teacher scream” trick from 
Chapter 3 (Remember that 𝑎 = d2𝑥

d𝑡2 ) to show that the period of oscillation is:

𝑇 ∝ √𝑚
𝑘

(4.5)

4.2 Centripetal Force: The Tax on Turning

We have built our dimensional bridge: Force (𝕄𝕃𝕋−2) connects mass and motion. Now 
let’s use it. What force keeps an object moving in a circle?

This is not an idle question. From a cheetah chasing prey on a curved path to blood 
being pumped through the bend of your aorta, circular motion is everywhere in biology. 
And the physics behind it can be derived purely from dimensional analysis.

4.2.1 Deriving Centripetal Force

Consider an object of mass 𝑚 moving at speed 𝑣 along a circle of radius 𝑟. The object is 
constantly changing direction—which means it is accelerating. What force is required to 
maintain this curved trajectory?

Our ingredients are:
• Mass 𝑚: [𝕄]
• Speed 𝑣: [𝕃𝕋−1]
• Radius 𝑟: [𝕃]

We want to build a Force, which has dimensions [𝕄𝕃𝕋−2].
Try 𝐹 ∝ 𝑚𝑎𝑣𝑏𝑟𝑐. Matching dimensions:

𝕄 : 𝑎 = 1 𝕋 : −𝑏 = −2 ⇒ 𝑏 = 2 𝕃 : 𝑏 + 𝑐 = 1 ⇒ 𝑐 = −1 (4.6)
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𝐹 ∝ 𝑚𝑣2

𝑟
Centripetal

Force

Mass
Speed squared

Radius
(4.7)

This is a remarkable result: we derived the centripetal force formula without any calculus, 
without any geometry of circles, without even knowing what “centripetal” means. The 
dimensions forced us to this unique answer.

Crucially, centripetal force is not a “new” force—it is a requirement. To move in a curve, 
something must supply 𝑚𝑣2

𝑟  of force. If the supply falls short, the object cannot maintain 
its curved path. It flies off in a straight line.

4.2.2 The Cheetah’s Dilemma

The formula 𝐹 ∝ 𝑣2

𝑟  carries a brutal implication for biology: the force required to turn 
scales with the square of speed. Double your speed, and the turning force quadruples.

This is why the cheetah—the fastest land animal on Earth—is paradoxically constrained 
by its speed. During a chase, the real contest is not about straight-line velocity. Prey animals 
survive by making sharp turns. The cheetah must match those turns, but at its top speed 
of 100 km/h, the centripetal force required for a tight turn is immense. If the friction 
between its paws and the ground cannot supply 𝑚𝑣2

𝑟 , the cheetah skids out—and the prey 
escapes.

Evolution’s solution is elegant: unlike other cats, cheetah claws are semi-retractable—
they lack the protective sheaths that let other felids fully withdraw their claws. The result 
is permanently exposed claws that act like the cleats on a football player’s shoes, digging 
into the ground to maximize friction.

4.2.3 The Bird’s Solution: Banking

Birds face the exact same physical requirement—they need 𝑚𝑣2

𝑟  of centripetal force to 
turn. But they are in the air; there is no ground to push off against for friction.

Instead, birds solve the turning problem using their aerodynamic lift. In straight flight, 
a bird’s lift force 𝐹𝐿 points directly upward to balance gravity (𝑚𝑔). To make a turn, the 
bird banks—it tilts its entire body and wings at an angle 𝜃 relative to the horizontal.

Because the wings are tilted, the lift force is also tilted. The vertical part of that lift 
continues to fight gravity, but the horizontal part points directly toward the center of the 
turn—acting perfectly as the required centripetal force.

This simple geometric trick dictates how all flying objects—birds, bats, and airplanes—
must maneuver. The faster you fly or the tighter you want to turn, the steeper you must 
bank your wings to avoid slipping out of the sky.

4.2.4 Centrifuges

The same physics underlies one of biology’s most important laboratory tools: the 
centrifuge. By spinning samples at enormous angular velocities, a centrifuge generates 
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centripetal accelerations thousands of times greater than Earth’s gravity. This artificial 𝑔-
force separates molecules by density far more efficiently than gravity alone.

This is precisely how Meselson and Stahl, in one of the most elegant experiments in 
biology, proved that DNA replicates semi-conservatively. By spinning DNA in a cesium 
chloride gradient, they exploited centripetal force to separate heavy (15N-labeled) from 
light (14N) DNA—a feat that gravity alone could never accomplish.

Exercise 4.2 — The Physics of Heart Attacks.

Blood is pumped out of your heart at high speeds and immediately hits the Aortic 
Arch—a sharp U-turn in your major blood vessel.

1. Based on the requirement for centripetal force (𝐹 = 𝑚𝑣2

𝑟 ), explain why the blood 
velocity is higher along the outer wall of the curve than the inner wall. (Hint: The 
blood is being “flung” outward, just like a car on a banked turn.)

2. The frictional drag of flowing blood on the vessel lining is called wall shear stress. 
Based on your answer to (a), which wall—inner or outer—experiences lower 
shear stress?

3. Here is the surprise: in regions of disturbed flow (such as arterial bifurcations and 
curves), atherosclerotic plaques preferentially form on the low-shear-stress side. 
Note that most heart-attack-causing plaques occur in the coronary arteries, not 
the aortic arch itself, but the underlying fluid mechanics is the same. This tells you 
that vessel damage is not caused by blood hammering the wall with high pressure. 
Instead, it is associated with sluggish, recirculating flow that fails to “flush” the 
lining. Explain in your own words why the naive intuition—“more force → more 
damage”—fails here.

4.3 Pressure: Force Concentrated

The Force bridge (𝕄𝕃𝕋−2) doesn’t just unlock centripetal force. It also lets us define 
another quantity that is absolutely central to biology: Pressure.

You already have an intuitive sense of pressure. A stiletto heel and a snowshoe both 
support the same weight (one person), but the stiletto punches through soft ground while 
the snowshoe glides over it. The difference is how the force is concentrated. Pressure 
quantifies exactly this.

4.3.1 The Dimensional Definition

Pressure is force per unit area:

𝑃 ≡ 𝐹
𝐴

Pressure
Force

Area
(4.8)
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Using our Force bridge:

[𝑃 ] =
[𝕄𝕃𝕋−2]

[𝕃2]
= 𝕄𝕃−1𝕋−2 (4.9)

This is a new dimensional signature, unlocked only because we first established the unit of 
Force. Without the 𝐹 = 𝑚𝑎 bridge, we could not write down the dimensions of pressure 
at all.

4.3.2 Laplace’s Law: The Physics of Breathing

With Pressure defined, we can immediately ask a biological question: What determines 
the pressure required to inflate a tiny spherical bubble?

This matters enormously because your lungs end in 300 million tiny air sacs called 
alveoli, each roughly spherical. Inflating them against the surface tension 𝛾 of the wet 
lining requires internal pressure.

What does this pressure depend on? We have two ingredients:
• Surface tension 𝛾: [𝕄𝕋−2] (a force per unit length)
• Radius 𝑟 of the sphere: [𝕃]

We need a Pressure 𝑃  with dimensions 𝕄𝕃−1𝕋−2. The only combination is:

𝑃 ∝ 𝛾
𝑟

(4.10)

This is Laplace’s Law. Dimensional analysis gives us the scaling 𝑃 ∝ 𝛾
𝑟 ; for a spherical 

bubble with two surfaces, the exact result is 𝑃 = 2𝛾
𝑟 . Its message is simple but profound: 

smaller bubbles require higher pressure to inflate.

4.3.3 The Evolutionary Trap

Laplace’s Law creates a devastating trade-off for lung design. To absorb oxygen efficiently, 
you want as much surface area as possible—which means packing in millions of tiny alveoli 
(small 𝑟). But Laplace’s Law says that small 𝑟 requires massive pressure 𝑃  to inflate. If you 
shrank your alveoli further, the sheer mechanical work of breathing would exhaust you.

Evolution found two brilliant solutions to escape this trap:

1. The Chemical Fix: Surfactants. Biology coats the inner surface of alveoli with a thin 
film of “soap”—a molecule called pulmonary surfactant. This drastically lowers the 
surface tension 𝛾, which in turn drops the required pressure 𝑃 = 𝛾

𝑟 . You can breathe 
effortlessly because evolution invented a molecular lubricant that cheats the physics.

2. The Engineering Fix: CPAP. Premature infants are often born before their lungs 
produce enough surfactant. This condition—Respiratory Distress Syndrome—was 
once a leading cause of infant death. The solution is mechanical: doctors use CPAP 
(Continuous Positive Airway Pressure) machines to pump air at elevated pressure, 
physically holding the alveoli open from the outside. The machine supplies the extra 𝑃  
that biology cannot yet provide.
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Exercise 4.3 — Why Premature Infants Can't Breathe.

A full-term infant has alveoli of radius 𝑟 ≈ 50𝜇 m coated with surfactant that 
reduces surface tension to 𝛾 ≈ 5 mN/m.

1. Estimate the pressure required to inflate these alveoli using Laplace’s Law (𝑃 ≈
2𝛾

𝑟  for a sphere).
2. A premature infant at 28 weeks has the same alveolar radius, but lacks surfactant. 

Without it, the surface tension is that of pure water: 𝛾 ≈ 70 mN/m. What 
pressure is now required? How does it compare?

3. Explain why CPAP is a temporary solution that only needs to be applied until 
the infant’s lungs mature.

4.4 One Dictionary, Many Sentences

Let’s step back and appreciate the pattern. We started with a single definition—𝐹 ≡ 𝑚𝑎
—that created a new dimensional unit. From that one bridge, we derived:

• Centripetal Force (𝑚𝑣2

𝑟 ): the tax on turning, explaining cheetah claws and heart 
attacks.

• Pressure (𝐹
𝐴 ): force concentrated, explaining lung design and infant survival.

And this is only the beginning. The same dimensional dictionary [𝕄𝕃𝕋−2] will let us 
write many more “sentences” as the course continues:

• Aerodynamic Lift (𝜌𝐴𝑣2): the force that keeps birds and planes aloft. (which you 
will work on in Problem Set 1)

• Gravity (𝐺𝑀𝑚
𝑟2 ): the force that shapes solar systems—and explains why we live in 3D.

• Viscous Drag (𝜇𝑟𝑣): the force that makes water feel like honey to bacteria.
• Buoyancy (𝜌𝑉 𝑔): the force that lets whales outgrow dinosaurs.

Every phenomenon speaks the same dimensional language. The unit of Force is the 
Rosetta Stone of mechanics.

Paradigm-breaking physics advances by building bridges between units. 𝐹 = 𝑚𝑎 was 
the first bridge—connecting 𝕄 (mass) to 𝕃 and 𝕋 (motion). Later in this course, we will 
see how Newton built a second bridge with the gravitational constant 𝐺, connecting 
matter to the geometry of space itself.
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Problem 1 — What Should an Angel Look Like?.  Pictures of angels usually show a 
perfectly ordinary human torso with a pair of wings attached to the back. Use scaling 
arguments and dimensional analysis to explain why this design fails.
Dimension cheat sheet:

Quantity Symbol Dimensions

Characteristic body size 𝐿 𝕃

Weight (force) 𝑊 𝕄𝕃𝕋−2

Wing area 𝐴 𝕃2

Air density 𝜌 𝕄𝕃−3

Flight speed 𝑣 𝕃𝕋−1

Lift force 𝐹𝐿 𝕄𝕃𝕋−2

1. Wing Loading: Wing loading is the ratio of Weight 𝑊  to Wing Area 𝐴. Assuming 
an angel is just a geometrically scaled-up bird (isometry), how does wing loading 𝑊/𝐴 
scale with size 𝐿?
Hint: Under isometry, mass (and therefore weight) scales as 𝐿3, and area scales as 𝐿2.

2. The Speed Limit: Use dimensional analysis to show that the aerodynamic lift force 𝐹𝐿 
depends on air density 𝜌, wing area 𝐴, and flight speed 𝑣 as 𝐹𝐿 ∝ 𝜌𝐴𝑣2.
Hint: Write 𝐹𝐿 ∝ 𝜌𝑎𝐴𝑏𝑣𝑐 and match dimensions on both sides to find 𝑎, 𝑏, and 𝑐.

3. The Stall Speed: To stay aloft, this lift must balance weight (𝐹𝐿 ≈ 𝑊 ). Derive the 
scaling relationship for the minimum flight speed 𝑣 as a function of size 𝐿.
Hint: Substitute your scaling results for 𝑊 , 𝐴, and solve for 𝑣.

4. The Biomechanical Reality: Based on your results, explain why a human-sized angel 
cannot simply hover like a hummingbird. What structural changes (to chest size or 
wing span) would be required to make flight possible, and would they still look 
“human”?

Problem 2 — All Animals Jump the Same Height.  A flea, a cat, and a human all jump 
to roughly the same height (about 0.5–1 meter). How can a tiny flea, weighing a fraction 
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of a gram, leap as high as a 70 kg human? Use scaling and dimensional analysis to explain 
this surprising fact.
Dimension cheat sheet:

Quantity Symbol Dimensions

Body mass 𝑀 𝕄

Jump height ℎ 𝕃

Gravitational acceleration 𝑔 𝕃𝕋−2

Energy 𝐸 𝕄𝕃2𝕋−2

1. Energy Available: The energy to launch a jump comes from muscles. Muscle produces 
a roughly constant energy per unit mass (a property of the molecular machinery). How 
does the total available energy 𝐸muscle scale with body mass 𝑀?
Hint: If every kilogram of muscle provides the same amount of energy, then a body with twice 
the mass has…

2. Energy Required: To lift a body of mass 𝑀  to height ℎ, we must work against gravity. 
Using dimensional analysis alone (no formulas!), show that the energy required must 
scale as:

𝐸gravity ∝ 𝑀𝑔ℎ (4.1)

Hint: You need to build something with the dimensions of energy (𝕄𝕃2𝕋−2) out of 𝑀 , 𝑔, 
and ℎ. Try multiplying them together and check whether the dimensions match.

3. The Punchline: Equate 𝐸muscle and 𝐸gravity and solve for how jump height ℎ scales 
with body mass 𝑀 . What does your result say about whether big or small animals 
jump higher?
Hint: If 𝐸muscle ∝ 𝑀  and 𝐸gravity ∝ 𝑀𝑔ℎ, set them equal, cancel what you can, and solve 
for ℎ.

Problem 3 — Declassifying Top Secrets.  In 1947, the British physicist G.I. Taylor 
became famous for estimating the energy of the first atomic bomb explosion (the Trinity 
test) simply by looking at a series of declassified photographs released by the US Army. 
He used “Dimensional Analysis” to uncover a secret that was supposed to be classified.
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Declassified photographs of the 1945 Trinity nuclear test. G.I. Taylor used the fireball 
expansion in these frames to estimate the classified energy yield.

Dimension cheat sheet:

Quantity Symbol Dimensions

Blast wave radius 𝑅 𝕃

Time since explosion 𝑡 𝕋

Air density 𝜌 𝕄𝕃−3

Energy of the explosion 𝐸 𝕄𝕃2𝕋−2

We will repeat Taylor’s feat. Assume the radius of the blast wave 𝑅 depends only on:
• Time since explosion 𝑡
• Density of the surrounding air 𝜌
• The total energy of the explosion 𝐸

1. The Scaling Law: Using dimensional analysis, derive a relationship of the form:

𝐸 ∝ 𝜌𝛼𝑅𝛽𝑡𝛾 (4.2)

Find the exponents 𝛼, 𝛽, and 𝛾.
Hint: Write out the dimensions of both sides. The left side is 𝕄𝕃2𝕋−2. On the right, substitute 
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the dimensions of 𝜌, 𝑅, and 𝑡, then match the exponent of 𝕄, 𝕃, and 𝕋 separately. This gives 
you three simple equations for three unknowns.

2. The Calculation: Now plug in real numbers. Taylor showed the dimensionless pref
actor is 𝐶 ≈ 1, so just use your formula directly with:

Given Value

Radius at the moment shown 𝑅 ≈ 140 m

Time since detonation 𝑡 = 0.025 s

Density of air 𝜌 ≈ 1.2kg/m3

Estimate the yield of the bomb in Joules.
Hint: Just substitute the numbers into your formula from Part 1. Be careful with the powers!

3. Kilotons of TNT: Convert your answer into “kilotons of TNT”, using the conversion 
1 kiloton ≈ 4.184 × 1012 J. How close is your value to the official classified value of 
roughly 20 kilotons?

Problem 4 — The Walk of the Drunkard (or molecule).  In his “miracle year” of 1905, 
Albert Einstein used this exact scaling relation to explain Brownian motion. At the time, 
the existence of atoms was still debated! Einstein showed that if pollen grains were being 
kicked by invisible molecules, their random walk would follow a specific square-root 
law. Jean Perrin later confirmed this experimentally, proving the existence of atoms and 
estimating Avogadro’s number. We will work this out here.
The Setup — the Diffusion Equation:
Imagine releasing a drop of dye in a glass of water. The dye spreads outward over time. The 
concentration 𝑃(𝑥, 𝑡) at position 𝑥 and time 𝑡 obeys the Diffusion Equation:

𝜕𝑃
𝜕𝑡

= 𝐷𝜕2𝑃
𝜕𝑥2

Concentration

Diffusion coefficient

(4.3)

Don’t be intimidated by this equation! The 𝜕 symbol just means “derivative.” Everything 
we need follows from one simple idea from lecture:
Dimension cheat sheet:

Quantity Symbol Dimensions

Concentration 𝑃 concentration (it will cancel!)

Position 𝑥 𝕃

Time 𝑡 𝕋

Diffusion coefficient 𝐷 𝕃2𝕋−1

Warm-up — the “Cancel the d’s” trick (from Lecture):
In class, we saw that for the pendulum, the scary second derivative simplifies when we 
treat derivatives as ratios:
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𝑑2𝜃
𝑑𝑡2

⇝ 𝜃
𝑡2

(4.4)

The same trick works for the diffusion equation. The first derivative on the left becomes:

𝜕𝑃
𝜕𝑡

⇝ 𝑃
𝑡

(4.5)

And the second derivative on the right becomes:

𝜕2𝑃
𝜕𝑥2 ⇝ 𝑃

𝑥2 (4.6)

Now you are ready to solve it!

1. The Scaling Solution: Substitute these simplified expressions into the diffusion equa
tion 𝜕𝑃

𝜕𝑡 = 𝐷𝜕2𝑃
𝜕𝑥2 . You should get:

𝑃
𝑡

≈ 𝐷 𝑃
𝑥2 (4.7)

Now cancel 𝑃  from both sides and solve for 𝑥 as a function of 𝐷 and 𝑡.
Hint: After canceling 𝑃 , you have 1/𝑡 ≈ 𝐷/𝑥2. Rearrange to isolate 𝑥.

2. Walk Longer or Faster? Your result from Part 1 tells you how far a molecule wanders 
over time. Use it to answer: does a molecule go farther if it diffuses for twice as long 
(𝑡 → 2𝑡), or if it diffuses twice as fast (𝐷 → 2𝐷)?
Hint: Plug in 2𝑡 and 2𝐷 separately into your formula. Which one gives a larger 𝑥?

3. The Limits of Diffusion (Why we need Lungs):
A typical small molecule (like oxygen) diffusing in water has:

𝐷 ≈ 1000μm2/ s (4.8)

Use your result from Part 1 (𝑡 ≈ 𝑥2/𝐷) to estimate the time required for oxygen to 
diffuse across:

System Distance 𝑥 Your estimate of 𝑡

A bacterium 1 μm ? seconds

A human lung/brain 10 cm = 105 μm ? seconds → convert to hours/years

Based on your answers, explain why bacteria can rely on diffusion alone, but we need 
lungs and a circulatory system to move oxygen around.
Hint: For the bacterium, 𝑡 ≈ (1)2/1000 = …. For the human, 𝑡 ≈ (105)2/1000 = …. 
Convert large numbers of seconds: 1 hour ≈ 3600 s, 1 year ≈ 3 × 107 s.
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CHAPTER 5

What is Energy

5.1 Everything is Energy

If you look at a car, you see steel, glass, and rubber. But a physicist sees something else: 
frozen energy. If you look at a sandwich, you see bread and cheese. Chemical energy. If 
you look at sunlight hitting a leaf: radiant energy.

Energy is the fundamental currency of the universe. It is the stuff that allows things to 
happen. If you want to move, think, grow, or simply stay warm, you have to pay for it in 
energy.

In biology, we often get distracted by the complexity of the machinery—the enzymes, 
the DNA, the organ systems. But fundamentally, every organism is just a machine for 
processing energy.

Trivia: Did Newton Know About Energy?

Surprisingly, Isaac Newton never used the word “Energy” in his Principia (1687). 
He formulated his mechanics entirely using Force and Momentum (𝑝 = 𝑚𝑣).
The concept we now call Kinetic Energy (𝐾 = 1

2𝑚𝑣2) was championed by Newton’s 
rival, Gottfried Wilhelm Leibniz, who called it vis viva or “living force.” It wasn’t 
until 1807—over a century after Newton—that Thomas Young actually coined the 
term “Energy”!

5.2 How Efficient are We?

To understand the physics of life, we must first master the currency of physics: Energy 
and Power.

5.2.1 Units of Energy vs. Power

These two concepts are relatable but distinct. Think of Energy as the money in your bank 
account (a “stock”), and Power as your rate of spending dollars per day (a “flow”).

1. The Joule ( J): The standard unit of Energy (SI unit).
• Definition: 1 J = 1 kg ⋅ m2/s2 .
• Units: 𝕄𝕃2/𝕋2

• Intuition: 1 Joule is the price you pay to lift a small apple (100 g = 0.1 kg) one 
meter over your head against gravity.
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• It is a tiny amount. A single peanut contains about 25, 000 Joules.
2. The Watt (W): The standard unit of Power.

• Definition: 1 W = 1 J / s.
• Units: 𝕄𝕃2/𝕋3

• Intuition: 1 Watt is the effort required to lift one apple every second.

5.2.2 The Human Energy Budget

In biology, we often use Calories. Be careful: The “Calorie” on a food label (capital C) is 
actually a kilocalorie (1000 chemistry calories).

1 Cal (food) = 1, 000 cal (chem) ≈ 4, 184 Joules (5.1)

If you eat a standard 2000-Calorie diet, your total energy intake per day is:

𝐸day = 2000 × 4184 J ≈ 8.4 × 106 J (5.2)

To find your average power in Watts (𝐽/𝑠), we divide by the seconds in a day (≈ 86, 400):

𝑃 ≈ 8.4 × 106

86, 400
≈ 97 Watts (5.3)

Conclusion: You are a 100-Watt machine.

5.2.3 Paradox: Efficient yet Intense

Is 100 Watts a lot? It depends on how you look at it.

1. We are incredibly efficient. Compare yourself to a household toaster, which runs at ≈
1200 Watts. This means you power your entire complex biological existence—every 
heartbeat, every thought, every step—for less than 1

10 th the power it takes to toast a 
bagel. This extreme efficiency is why weight loss is such a struggle: your body is an 
expert at conserving energy.

2. We are surprisingly intense. While our total power is low, our power density (power 
per unit volume) is astronomical compared to the Universe’s greatest engines.

• Human Density: With a volume of ≈ 0.07m3, our power density is:

𝒫︀Human ≈ 100 W
0.07m3 ≈ 1430 W/𝑚3 (5.4)

• Solar Core Density: The Sun’s core generates 3.8 × 1026 W but is absolutely massive 
(𝑉core ≈ 2.2 × 1025m3). Its density is only:

𝒫︀Sun ≈ 17 W/𝑚3 (5.5)

Takeaway: Life is a high-flux phenomenon. Per unit volume, you are ≈ 84 times more 
intense than the nuclear core of the Sun. (Note: this comparison is per volume, not per 
mass—the Sun’s core is enormously denser than you are.)

Exercise 5.1 — The Power of Thought.



5.2 How Efficient are We? 55

Your brain is an energy hog compared to the rest of your organs, yet it is incredibly 
efficient compared to modern computers. Let’s calculate its power density.

• Total Body Power: 𝑃body ≈ 100 W
• Brain’s Share of Power: 20%
• Brain Mass: 𝑚brain ≈ 1.4 kg
• Brain Density (similar to water): 𝜌 ≈ 1000 kg/𝑚3

1. Calculate the total power used by the brain.
2. Calculate the volume of the brain (𝑉 = 𝑚

𝜌 ).
3. Divide the brain’s power by its volume to get its power density (W/𝑚3).

Exercise 5.2 — The Dilute Sun.

While the core is dense, the Sun as a whole is surprisingly fluffy. Calculate the average 
power density of the entire Sun.

• Total Power (Luminosity): 𝑃⊙ ≈ 3.8 × 1026 W
• Radius: 𝑅⊙ ≈ 7.0 × 108 m

1. Calculate the total volume of the Sun (𝑉 = 4
3𝜋𝑅3).

2. Divide the power by the volume to get the power density (𝑊/𝑚3).
3. Compare your answer to a compost pile (which generates heat at ≈ 30 W/𝑚3). 

Which is more “intense”?

5.3 The First Law of Thermodynamics

The most important rule about energy is that you cannot create it, and you cannot destroy 
it. You can only change its form. This is the First Law of Thermodynamics.

For a biological system, this implies a strict budget. An animal cannot just “invent” 
energy to run faster. It must balance the books:

Input = Output + Storage (5.6)

Or more specifically:

𝐸food = 𝐸metabolism + 𝐸growth + 𝐸waste

Input (Chemical)

Burned (Heat/Work)

Stored (Biomass)

Lost (Excretion)

(5.7)

This simple equation governs everything from weight loss diets to the migration of birds. 
If a bird flies across the ocean (𝐸metabolism is high) and doesn’t eat (𝐸food is zero), it must 
burn fat (𝐸storage becomes negative). There is no cheating the First Law.

We see the same energy accounting in the difference between wild-caught and farmed 
(domesticated) salmon. Wild salmon are elite athletes: they must swim thousands of miles 
through the open ocean and battle upstream against raging currents to spawn—a high-
metabolic lifestyle (𝐸metabolism is high) that keeps them lean (typically only 5% − 7% fat 
by weight). Farmed salmon, by contrast, live a sedentary life in sea pens with a continuous, 
abundant supply of food (𝐸food is high, while 𝐸metabolism is low). Because the books must 
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balance, the excess input is shuttled straight to storage (𝐸growth), resulting in a fat content 
of 15% − 20%—more than double that of their wild counterparts.

Underneath all the biology, the accounting is strictly physical. Life is diverse and 
beautiful, but it never gets a free lunch.

5.3.1 Trophic Levels and the 10% Rule

This exact same First Law dictates the structure of entire ecosystems. When a rabbit eats 
grass, and a fox eats the rabbit, energy is strictly conserved. Empirically, only about 10% of 
the energy consumed at one trophic level is converted into biomass at the next (𝐸growth). 
The remaining ≈ 90% is lost to 𝐸metabolism (heat) and 𝐸waste. (This “10% rule” is a rough 
average across many ecosystems; actual trophic transfer efficiencies vary considerably.)

This explains the shape of ecological pyramids: there is physically not enough energy left 
after a few transfers to support a large population of top predators. This physical constraint 
is why your backyard has thousands of insects, a dozen birds, but only one or two hawks.

Exercise 5.3 — The Midnight Snack.

Let’s practice the First Law: 𝐸input = 𝐸output + 𝐸storage.
You eat a burger containing 500 Calories (≈ 2.1 × 106 J) right before bed. Even 
while sleeping, your body maintains a basal metabolic rate of roughly 80 W, which 
over 8 hours amounts to ≈ 2.3 × 106 J—comparable to the burger itself. For this 
exercise, however, let’s simplify by assuming most of the burger’s energy goes to 
storage (𝐸output ≈ 0).
Biomass (fat) has an energy density of ≈ 38 MJ/ kg (3.8 × 107 J/ kg).

1. Calculate how much mass (in “kg”) you must theoretically store to conserve this 
energy.

2. Convert your answer to grams. (Extension: Does this match your bathroom scale? 
Why or why not? Hint: Fat tissue is not 100% pure energy; it contains water.)

The exercise above touches on a critical biological strategy: fat storage. Fat has an 
energy density of roughly 9 kcal/ g, while carbohydrates and proteins contain only about 
4 kcal/ g. Furthermore, carbohydrates must be stored alongside heavy water molecules.

This physics elegantly explains evolutionary phenomena: Why do migrating birds 
exclusively store fat? If they tried to store the massive amount of energy needed to cross 
an ocean as carbohydrates, the extra weight would make them too heavy to even take off!

5.4 Why is Energy Conserved?

But why is energy conserved? For a long time, this seemed like a fundamental fact of 
nature that simply had to be accepted. That changed in 1915, when mathematician Emmy 
Noether proved a theorem(1) that changed physics forever. She didn’t just find a new law; 
she explained why conservation laws exist.

(1)Emmy Noether (1882–1935) was a German mathematician. Working in an era when women were 
generally excluded from academia, she made contributions that revolutionized physics. This theorem of 
hers is considered one of the most beautiful and profound insights in the history of science.
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For energy specifically: the laws of physics are the same today as they were yesterday. 
This time translation symmetry is what guarantees energy conservation.

5.4.1 Noether’s Theorem

For every continuous symmetry of a physical system, there exists a corresponding con
served quantity.

• Symmetry simply means “immunity to change.” If you close your eyes and someone 
shifts the universe, but you can’t tell the difference when you open them, that’s a 
symmetry.

• Noether proved that each of these “invisibilities” generates a specific conservation law.

As several examples show below:

Symmetry Conserved Quantity

Time translation Energy

Space translation Momentum

Rotation Angular momentum

R You may notice that we didn’t mention symmetry between left and right. Surpris
ingly, the universe is not always symmetric between left and right. This discovery 
in 1956 completely shocked the physics community.

5.4.2 Why Your Wallet Devalues

Proving the Neother’s theorem is beyond the scope of this course(2).
To build intuition, let’s use an analogy that has nothing to do with atoms but everything 

to do with conservation.
Imagine you are walking into a massive shopping mall. Let’s look at the physics of your 

wallet.
You enter the mall with specific resources:
• Cash in Hand (liquidity/motion, corresponding to Kinetic Energy 𝐾)
• Goods in the Cart (stored value, corresponding to Potential Energy 𝑈 )

The most important rule of this mall is Fixed Pricing. The price of a banana is $1.00 at 
9:00 AM, and it is still $1.00 at 5:00 PM. Because the “Laws of the Mall” do not change 
with time, you can exchange Cash for Goods back and forth as much as you want. Buying 
an item lowers your Cash but raises your Goods; returning it does the reverse. Through all 
these transactions, your Total Net Worth stays constant.

𝐾 + 𝑈 = 𝐸

Cash

Goods

Net Worth

(5.8)

(2)For those interested, the proof can be found in most advanced classical mechanics textbooks. As a 
more accessible material, I recommend No-Nonsense Classical Mechanics: A Student-Friendly Introduction 
by Jakob Schwichtenberg.
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This is Energy Conservation. It exists only because the prices didn’t change (Time Trans
lation Symmetry).

To see why, imagine if we break this symmetry with Inflation. You walk in with $10 
and pick up a $2 loaf of bread. But by the time you reach the register five minutes later, 
the price has jumped to $5. Your purchasing power—your “energy”—vanished into thin 
air because the rules changed while you were playing.

Figure 5.1: Physics has Time Translation Symmetry, so Energy is conserved. Economics 

has inflation, so the value of your dollar is never conserved 😔.

Exercise 5.4 — The Changing Gravity.

Imagine a universe where gravity doubles every hour.

1. At 1:00 PM (𝑔 = 10 m/𝑠2), you lift a 1 kg rock by 1 m. How much energy did 
it cost?

2. You wait until 2:00 PM. Gravity is now 𝑔 = 20 m/𝑠2. What is the potential 
energy of the rock now? (𝑈 = 𝑚𝑔ℎ)

3. Compare: You spent 10 J, but the rock now has 20 J of stored energy. The extra 
energy appeared out of nowhere because the laws of physics changed.



CHAPTER 6

The Speed of Metabolism

If energy is the currency of nature, then metabolism is the spending rate. Every organism, 
from the smallest bacterium to the largest whale, must constantly acquire and burn energy 
to maintain itself, grow, and reproduce. But how much energy does an organism need? 
This is quantified by its metabolic rate—the rate at which it consumes energy, typically 
measured as the power (energy per unit time) required to keep the organism alive and 
functioning.

You might expect that metabolic rate would simply scale with body mass: a 1000 kg 
elephant should need 1000 times more energy than a 1 kg rabbit, right? After all, the 
elephant has roughly 1000 times more cells to feed, and each cell needs energy.

But nature has a surprise.

6.1 Kleiber’s Law: The Mysterious 3/4 Power

In 1932, the Swiss biologist Max Kleiber compiled metabolic data from mammals ranging 
from mice to cattle. He found that:

Figure 6.1:  Metabolic rate versus body mass for a wide range of organisms, from unicel
lular organisms to the largest mammals. The data fall on a remarkably straight line with 
slope 3/4 when plotted on logarithmic axes, demonstrating Kleiber’s Law across more than 
20 orders of magnitude in body mass.
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𝑃metabolic ∝ 𝑀 3
4 (6.1)

This is Kleiber’s Law, one of the most famous and puzzling scaling laws in all of biology. 
Let’s unpack what this means—and why it’s so unexpected.

6.1.1 Why is 3/4 Unexpected?

Recall from the previous chapter that energy is conserved:

𝐸in = 𝐸out + 𝐸stored (6.2)

For a mature animal whose weight stays roughly constant, 𝐸stored ≈ 0. This means the rate 
of energy intake must equal the rate of energy expenditure—the metabolic rate.

To understand why 3
4  is unexpected, we must first ask: what limits metabolic rate?

Recall from our previous chapter (Chapter 5) that life is physically intense. A human 
body has a power density many times higher than the Sun’s core.

• The Physics Problem: High power density generates tremendous heat.
• The Constraint: This heat must escape through your skin (surface area) to prevent 

overheating.
• The Prediction: If metabolism is limited by how fast you can dump heat, it must scale 

with surface area.

From our old friend (Chapter 2), we know exactly how surface area (𝐴) scales with mass 
(𝑀 ) for any geometric object:

𝐴 ∝ 𝑉 2
3 ∝ 𝑀 2

3 (6.3)

Thus, the “Surface Hypothesis” predicts:

𝑃metabolic ∝ 𝑀 2
3 (6.4)

This is the classical null expectation. It makes perfect physical sense. If you are a radiator, 
your power is limited by your surface.

But Kleiber’s Law says 𝑃 ∝ 𝑀 3
4 . And here lies the mystery:

3
4

> 2
3

(6.5)

Since the exponent 3
4  is larger than 2

3 , heat generation grows faster than the cooling 
surface. This means larger animals face a bigger thermal challenge. An elephant generates 
roughly twice as much heat per square inch of skin as a mouse. If biology were strictly 
limited by geometry, the elephant would cook itself. Life has somehow broken the 
geometric laws of scaling.

6.1.2 Life Invents a Fourth Dimension

To fully appreciate this, let’s look at the math of surface-to-volume ratios in different 
dimensions.
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1. Volume (𝑉 ) always scales with length to the power of the dimension 𝐷:

𝑉 ∝ 𝐿𝐷 ⇒ 𝐿 ∝ 𝑉 1
𝐷 (6.6)

2. Surface Area (𝐴) is the boundary of that volume, so it scales with dimension 𝐷 − 1:

𝐴 ∝ 𝐿𝐷−1 (6.7)
3. Substituting 𝐿 from step 1 into step 2, we get the fundamental scaling limit for any 

surface-bound process:

𝑃 ∝ 𝐴 ∝ (𝑉 1
𝐷 )

𝐷−1
= 𝑉 𝐷−1

𝐷 (6.8)

Let’s check this for familiar cases:
• In 3D space (𝐷 = 3): The exponent is 3−1

3 = 2
3 . This is the radiator limit we know 

and hate.
• In 4D space (𝐷 = 4): The exponent is 4−1

4 = 3
4 . This is Kleiber’s Law!

Wait—this is remarkable! The 3/4 exponent isn’t random. It is exactly what we’d expect if 
organisms lived in four-dimensional space.

But we don’t live in 4D space… or do we, in a sense?

6.1.3 The Fractal Network Hypothesis

This is where fractal branching networks come in. Your circulatory and respiratory systems 
don’t simply fill 3D space. They branch repeatedly—from the aorta to arteries to arterioles 
to capillaries.

Think of a head of broccoli or cauliflower. It looks like a simple 3D lump, but if you 
look closer, it’s made of branches upon branches. This infinite folding allows it to pack an 
enormous amount of surface area (solar panels for the plant, gas exchange for you) into a 
compact volume.

This branching architecture allows organisms to behave in some ways as if they possess 
an additional spatial dimension.

Think of it this way:
• A simple 3D organism limited by its external surface: 𝑃 ∝ 𝑀 2

3

• An organism with fractal branching networks that create vast internal surface area: 
𝑃 ∝ 𝑀 3

4

The branching network acts as if it’s a 3D “surface” (the boundary of a 4D volume), 
providing much more exchange area than a simple geometric surface. Life has found a way 
to “borrow” a fourth dimension through geometry alone.
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The Fourth Dimension is Fractal Geometry

Mathematically, fractal branching networks have an effective dimension between 3 
and 4. While they physically exist in 3D space, their branching structure allows them 
to fill space in a way that mimics higher-dimensional geometry.
The value 3

4 = 𝐷−1
𝐷  with 𝐷 = 4 suggests that metabolic networks behave as if they 

are the 3D boundary of a 4D system—even though we are confined to 3D space. This 
is a mathematical metaphor, not a claim that organisms literally inhabit four spatial 
dimensions: the fractal branching of real vascular networks effectively provides the 
same scaling advantage that a true higher-dimensional surface would.

Geoffrey West and colleagues formalized this in 1997, proposing that the 3/4 exponent 
emerges from universal design principles of branching networks(1). Their model assumes:

1. The network fills the entire 3D volume (space-filling)
2. The terminal branches (capillaries) are the same size regardless of body size
3. Natural selection minimizes the energy needed to distribute resources

From these principles alone, the mathematics produces the 3/4 exponent.
However, this explanation remains controversial(2). Regardless of the ultimate mecha

nism, the fractal network hypothesis offers a beautiful example of how geometry and 
dimensionality can shape the fundamental rhythms of life.

For now, let’s accept Kleiber’s Law as an empirical fact—one of the most robust patterns 
in biology—and explore its consequences.

(1)West, G.B., Brown, J.H., and Enquist, B.J. (1997). “A general model for the origin of allometric scaling 
laws in biology.” Science 276: 122-126.

(2)Critics note that network architectures vary widely (e.g., plants vs. mammals), the law breaks down at 
size extremes, and alternative thermodynamic explanations exist. See https://www.science.org/doi/epdf/
10.1126/science.abm7649

https://www.science.org/doi/epdf/10.1126/science.abm7649
https://www.science.org/doi/epdf/10.1126/science.abm7649
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Exercise 6.1 — The Crumpled Paper Dimension.

To visualize how fractals “borrow a dimension,” take a sheet of paper.
1. Flat Sheet: It is a 2D surface. Its area scales as 𝐿2.
2. Solid Ball: A wad of clay is a 3D solid. Its volume scales as 𝐿3.
3. Crumpled Ball: Now crumple the paper into a loose ball. It occupies a 3D volume, 

but it fundamentally consists of a 2D surface.

If you measure the “surface area” of this crumpled ball relative to its “volume” size, 
you’ll find it scales with an exponent between 2 and 3. This is a physical example of 
a fractional dimension!

6.2 When Does the 2/3 Law Strike Back?

We began this chapter with the “Surface Hypothesis”—the prediction that metabolic 
rate should scale as 𝑃 ∝ 𝑀 2

3 , because heat can only escape through the body’s surface. 
The WBE model then explained why Kleiber’s 3

4  law beats this geometric limit: fractal 
branching networks give organisms an effective fourth dimension.

But here’s a question we have glossed over: the 2
3  prediction was not a fringe idea. It 

was the dominant theory in physiology for over a century, first proposed by the French 
scientists Sarrus and Rameaux in 1839 and championed by the German physiologist Max 
Rubner in 1883. Were all those scientists wrong for a hundred years?

The answer is subtle and illuminating: each camp was measuring a different con
straint.

6.2.1 Two Bottlenecks, One Animal

Think of an animal as a car engine. Two separate systems limit how fast it can go:

1. The fuel line (how fast gasoline reaches the cylinders): This is the vascular supply 
network. Its capacity scales as 𝑀 3

4  (WBE).
2. The radiator (how fast waste heat escapes): This is the body surface. Its capacity scales 

as 𝐴 ∝ 𝑀 2
3 .

When you are idling at a red light, the engine barely warms up. The fuel line is the 
bottleneck—you could dump heat all day without breaking a sweat. But when you floor 
the accelerator and hold it, the engine runs flat out. Now heat pours off the cylinders 
faster than the radiator can dissipate it. The radiator becomes the bottleneck, and the car’s 
computer may throttle the engine to prevent overheating.

Animals face the exact same trade-off:

At Rest (Supply-Limited)
The vascular network delivers fuel faster 
than heat builds up. The bottleneck is the 
pipes.

𝑃rest ∝ 𝑀 3
4 (6.9)

At Maximum Sustained Effort
Heat production surges. The bottleneck 
shifts to the skin—how fast the body can 
dump heat.

𝑃max ∝ 𝑀 2
3 (6.10)
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This resolves the century-long debate. Kleiber measured resting metabolic rates, where 
supply is limiting (3

4 ). Rubner and the classical physiologists focused on heat balance, 
where surface area is limiting (2

3 ). They were looking at the same elephant from different 
angles.

6.2.2 The Metabolic Squeeze

Notice a crucial consequence. Because 23 < 3
4 , the resting cost (𝑀 3

4 ) grows faster with size 
than the heat-dumping capacity (𝑀 2

3 ). This means the gap between what an animal burns 
at rest and the maximum it can sustain shrinks as the animal gets bigger:

• A mouse can sustain roughly 7 × its resting metabolic rate.
• An elephant can barely manage 2 ×.

Large animals live dangerously close to their thermal ceiling even at rest. This is why 
elephants have those enormous, vascularized ears (extra radiator surface), why dogs pant, 
and why the largest land mammals—including several extinct species larger than modern 
elephants, such as Paraceratherium and some proboscideans—have all faced severe thermal 
constraints.

6.2.3 The Shaved Mouse Experiment

This “two-bottleneck” theory is elegant, but is it actually true? It was tested in one of 
biology’s most creative experiments.

Female mice producing milk for a large litter are among the hardest-working mammals 
on Earth. Lactation is the most energy-intensive sustained activity in any mammal’s life—
far exceeding even long-distance running. Yet lactating mice consistently hit a hard ceiling: 
no matter how large the litter or how much food was available, they refused to eat more 
or produce more milk.

Why? The conventional explanation was digestive: the gut simply couldn’t process food 
any faster. But John Speakman and Elżbieta Król at the University of Aberdeen had a 
different suspect: heat. If the mothers were being thermally throttled, then increasing their 
ability to shed heat—without touching the digestive system—should lift the ceiling.

Their test was beautifully simple: they shaved the fur off the mice’s backs(3).
The logic was airtight. Shaving doesn’t help you digest food. It doesn’t enlarge the 

stomach. It doesn’t change the quality of the diet. All it does is strip away insulation, 
making it easier for heat to radiate through the skin.

The results were striking:
• Shaved mothers ate 12% more food.
• They produced 15% more milk, exporting an additional 22 kJ of energy per day.
• Their pups were 15% heavier at weaning—about 12 g of extra mass per litter.

The mice had been voluntarily throttling their own metabolism to avoid overheating. 
Once the thermal constraint was lifted, they immediately ramped up. The ceiling wasn’t 
digestive at all—it was the radiator.

If you have ever used a laptop for heavy gaming, you have experienced the same physics. 
Normally, your laptop’s speed is limited by the CPU’s processing power (supply-side, like 

(3)Król, E., Murphy, M. and Speakman, J.R. (2007). “Limits to sustained energy intake. X. Effects of fur 
removal on reproductive performance in laboratory mice.” Journal of Experimental Biology 210: 4233-4243.
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the vascular network). But under sustained heavy load, the chip overheats and undergoes 
thermal throttling—the operating system deliberately slows the processor to prevent it 
from melting. Performance drops not because the chip can’t compute, but because it can’t 
cool. Your laptop switches from being supply-limited to heat-limited—and so does every 
lactating mouse(4).

(4)Speakman, J.R. and Król, E. (2010). “Maximal heat dissipation capacity and hyperthermia risk: 
neglected key factors in the ecology of endotherms.” Journal of Animal Ecology 79: 726-746.
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CHAPTER 7

Biological Time

Small mammals tick fast, burn rapidly, and live for a short time; large mammals live 
long at a stately pace. Measured by their own internal clocks, mammals of different 
sizes tend to live for the same amount of time.

— Stephen Jay Gould, The Panda’s Thumb (1980)

Have you ever felt sorry for a pet?
A family dog lives for only about a dozen years. In that brief blip, it crams a full 

biography: puppyhood, exuberant growth, dignified old age, and death. We humans, by 
contrast, amble through eight decades. We measure both our lives on the same kitchen 
clock and conclude, sadly, that our pets got shortchanged.

But what if our kitchen clock is the wrong measuring stick?
This chapter will reveal one of the most beautiful approximate invariances in biology. 

A dog’s heart races much faster than ours, just as a tiny mouse’s heart races at 600 beats 
per minute while an elephant’s plods at 30. Yet when you multiply each mammal’s resting 
heart rate by its natural lifespan, you get roughly the same order of magnitude: about 1–2 
billion heartbeats. The dog spends its allotment in ten or twelve frantic years; the elephant 
spends a comparable allotment over sixty unhurried ones. Measured in the currency of 
their own physiology, they live for roughly the same amount of biological time.

The pity we feel for our pets is a projection of our anthropocentric prejudice—the deeply 
ingrained habit of treating absolute clock time as the only valid measure of a life. To see 
why this invariance is not a coincidence but an inevitable consequence of physics, we need 
to understand how the pace of life scales with body size—and then discover that this 
same mathematical magic operates not only inside a single organism, but across entire 
ecosystems and even the planet itself.

7.1 Physiological Rates Scale as 𝑀−1
4

7.1.1 A Dimensional Argument

In the previous chapter, we established Kleiber’s Law: metabolic power scales as 𝑃 ∝
𝑀3/4, a consequence of the fractal geometry of biological supply networks. Today, we start 
from that result and ask a new question: if larger animals generate relatively less metabolic 
power per kilogram, does this dictate the sheer speed at which they perform the functions 
of life?
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Before we dive into specific examples, let’s use dimensional analysis to make a powerful 
prediction about all rates in biology.

What are the dimensions of metabolic rate? This requires a subtle distinction between 
physics and biology:

• In physics, metabolic rate is power—energy per unit time. In fundamental dimen
sions: [𝑃 ] = 𝕄𝕃2/𝕋3

• In biology, we rarely measure energy directly. Instead, we measure the flux of matter: 
the rate of oxygen consumption or carbon dioxide production. These have dimensions 
of mass per unit time: [d𝑚

d𝑡 ] = 𝕄/𝕋

Why can ecologists swap energy for mass? Because metabolism is a chemical process 
with fixed stoichiometry. The reactions of respiration and photosynthesis consume specific 
amounts of oxygen (or carbon) per unit energy released. This means mass flux and energy 
flux are proportional—related by a constant with dimensions of energy per unit mass 
(essentially the energy density of biological fuel).

For our dimensional argument, we’ll use the biological perspective (as this is how 
empirical data are collected and Kleiber’s Law is derived): metabolic rate as a material 
flux with dimensions of mass per unit time:

[𝑅metabolic] = 𝕄
𝕋

(7.1)

Now consider any physiological rate—heart rate, breathing rate, developmental rate, even 
population growth rate. All rates have dimensions of inverse time:

[rate] = 1
𝕋

(7.2)

Here’s the key insight: if a physiological rate is fundamentally driven by metabolic 
processes, it should be proportional to the metabolic rate divided by body mass. This gives 
us the mass-specific metabolic rate—the rate at which fuel is consumed per unit body 
mass. Dimensionally:

rate ∝ 𝑅metabolic
𝑀

(7.3)

Let’s check the dimensions:

[rate] =
𝕄
𝕋
𝕄

= 1
𝕋

✓ (7.4)

Perfect! The dimensions work out. Now substitute Kleiber’s Law (𝑅metabolic ∝ 𝑀3/4):

rate ∝ 𝑀3/4

𝑀
= 𝑀−1/4 (7.5)
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This is a profound result. Any physiological rate—whether it’s heartbeats per minute, 
breaths per minute, cell divisions per day, or even lifetimes per generation—should scale 
as 𝑀−1/4 if it’s fundamentally limited by metabolic processes.

Caveat

This scaling holds for rates that are metabolism-constrained—i.e., limited by how fast 
the body can supply energy. Rates governed by other physics (e.g., nerve conduction 
speed, which depends on axon diameter and myelination) may follow different rules. 
The dimensional argument doesn’t tell us which rates will follow this pattern (that 
requires biological understanding), but it tells us that when a rate is metabolically 
limited, the −1/4 exponent is inevitable.

7.1.2 Why Small Animals Have Faster Heartbeats

Have you ever held a small bird or a hamster? Their hearts beat incredibly fast—sometimes 
hundreds of beats per minute. Meanwhile, an elephant’s heart beats only about 30 times 
per minute, and a blue whale’s can drop to just 2 beats per minute during a dive. Why does 
heart rate vary so dramatically with body size?

The dimensional argument above gave us a general prediction: all metabolically-limited 
rates should scale as 𝑀−1/4. But general predictions are only convincing when they survive 
contact with specific mechanisms. So let’s forget the general formula for a moment and 
derive the heart rate scaling from scratch, using only what we know about how hearts 
work.

A heart is a pump. Like any pump, its output is determined by two numbers: how much 
fluid it moves per stroke, and how many strokes it makes per minute. As Stephen Jay 
Gould put it, imagine how much faster you could work a finger-sized toy bellows than 
the giant model that fuels a blacksmith’s forge. To figure out how heart rate should scale 
with body size, we need to think about what the heart must deliver and what it can deliver 
per beat.

Step 1: The demand. Every cell in the body needs oxygen to burn fuel. The total oxygen 
demand equals the metabolic rate, which Kleiber’s Law tells us scales as 𝑀3/4.

Step 2: The supply per beat. The heart is an organ, and like all organs, its size scales 
with the body. A whale’s heart weighs over 400 pounds; a mouse’s is the size of a lentil. The 
volume of blood pumped per beat—the stroke volume—scales with the heart’s volume, 
hence with body mass: 𝑉stroke ∝ 𝑀 .

Step 3: The frequency. The heart must beat fast enough that the total blood flow 
matches the body’s oxygen demand:

𝑓heart⏟
beats per minute

× 𝑉stroke⏟
∝𝑀

= Cardiac Output⏟
∝𝑀3/4

(7.6)

Solving for frequency:

𝑓heart ∝ 𝑀3/4

𝑀
= 𝑀−1/4 (7.7)

We arrive at the same −1/4 exponent—but through a completely independent line of 
reasoning. The dimensional argument said “−1/4 because of how dimensions work out.” 
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The scaling analysis says “−1/4 because hearts are pumps whose stroke volume grows 
faster than demand.” The two derivations agree because the physics is consistent: general 
principle and specific mechanism point to the same answer.

Exercise 7.1 — Predicting the Elephant's Pulse.

Let’s test our prediction (𝑓 ∝ 𝑀−1/4) with real data.
• Mouse: Mass 𝑀 ≈ 30 g, Heart Rate 𝑓 ≈ 600 beats/min.
• Elephant: Mass 𝑀 ≈ 5000 kg.

1. Calculate the ratio of their masses (𝑀elephant/𝑀mouse). Hint: Convert kg to g 
first!

2. Because the scaling exponent is −1/4, the heart rate should decrease by a factor 
of (𝑀ratio)

1/4. Calculate this factor.
3. Divide the mouse’s heart rate by this factor. Does your prediction match the actual 

elephant heart rate (≈ 30 beats/min)?

7.1.3 The Pattern Goes Deeper

The 𝑀−1/4 scaling isn’t just about hearts. It governs every metabolically-limited rate in 
biology. Let’s survey the evidence:

Breathing rate. A mouse breathes about 150 times per minute, while an elephant 
breathes only about 6 times per minute. Savage et al. (2004) compiled data across hundreds 
of mammal species and measured the respiratory rate exponent at −0.254—essentially 
−1/4.

Heart rate. In the same study, heart rate scales as 𝑀−0.251—again, indistinguishable 
from the theoretical −1/4.

Population growth rates. How fast can a population double? Small mammals like 
mice can reproduce rapidly; large mammals like elephants have much slower population 
dynamics. Intrinsic growth rate 𝑟 ∝ 𝑀−1/4 across eukaryotes (Hatton et al. 2019).

Mortality rates. How likely is an individual to die in a given year? Across 3,798 
eukaryote species, mortality rate scales as 𝑀−0.24 ≈ 𝑀−1/4 (Hatton et al. 2019). The clock 
of death ticks systematically slower for larger organisms.

From heartbeats to gene flow, from breathing to dying, larger animals operate at a 
slower pace. Their physiological, developmental, and even evolutionary clocks all tick more 
slowly. This is not a collection of independent coincidences—it is the same −1/4 exponent 
appearing in every system limited by the same metabolic supply network.

7.2 Biological Times Scale as 𝑀1/4

Because physiological rates set the pace of an organism’s internal clock, their reciprocals 
define the natural unit of biological time—the duration of a heartbeat, a breath, a gestation, 
a life. Where the previous section asked “how fast?”, this section asks “how long?”

Because “Time” is the reciprocal of “Rate” (𝑇 = 1/𝑅), biological time periods must 
verify the inverse scaling law:



7.2 Biological Times Scale as 𝑀1/4 71

𝑇 ∝ 1
𝑀−1/4 = 𝑀1/4 (7.8)

This means that for larger animals, everything takes longer:
• Gestation: An embryo takes longer to develop (𝑀1/4).
• Maturation: An organism takes longer to reach biological adulthood.
• Lifespan: And inevitably, the clock of death ticks slower.

7.2.1 The Empirical Evidence

Just as rates drop by 𝑀−1/4, biological times systematically stretch out as 𝑀1/4. Hatton 
et al. (2019) compiled data from thousands of species across all eukaryotes and confirmed:

• Mortality rate scales as 𝑀−0.24 across 3,798 species. The reciprocal—lifespan—thus 
scales as 𝑀+0.24 ≈ 𝑀1/4. From weeks (protists) to decades (mammals), field lifespan 
follows the quarter-power law.

• Growth rate scales as 𝑀−0.26 across eukaryotes. The reciprocal—generation or 
doubling time—scales as 𝑀+1/4. Smaller species multiply much faster, but their 
faster clocks compensate.

• In a comprehensive meta-analysis, Savage et al. (2004) compiled every measured bio
logical time exponent in the literature. The histogram of all exponents peaks precisely 
at +1/4.

Larger animals live longer not by accident, but as a necessary consequence of their 
geometry. Their slower physiological clocks stretch out their existence.

Exercise 7.2 — The Slower Clock.

Let’s compare a Mouse (30 g) and a Cow (300 kg).

1. What is the ratio of their masses? (Be careful with units!)
2. According to 𝑇 ∝ 𝑀1/4, how much slower should the cow’s biological clock be?
3. The mouse lives for about 2 years. Predict the lifespan of a cow.
4. The mouse pregnancy lasts about 20 days. Predict the cow’s gestation period.

7.3 All Mammals Live the Same Time

We have now established two scaling laws that are exact inverses of each other:

Rates ∝ 𝑀−1/4, Times ∝ 𝑀1/4 (7.9)

What happens when you multiply a rate by a time?

𝑀−1/4 × 𝑀1/4 = 𝑀0 = constant (7.10)
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The mass cancels out entirely. The result is an invariant—a pure number that does not 
depend on body size. This simple cancellation is the source of some of the deepest patterns 
in biology, operating at every scale from a single organism to the entire planet.

7.3.1 1.5 Billion Heartbeats

If larger animals live longer (𝑇life ∝ 𝑀1/4) but their hearts beat slower (𝑓heart ∝ 𝑀−1/4), 
what happens when we multiply them?

𝑁beats = 𝑓heart × 𝑇life ∝ 𝑀−1/4 × 𝑀1/4 = 𝑀0 (7.11)

The mass cancels out. The total number of heartbeats in a lifetime is roughly constant 
across all mammals, regardless of body size.

The same arithmetic applies to breathing. Breathing rate scales as 𝑀−1/4, just like heart 
rate:

𝑁breaths = 𝑓breathing × 𝑇life ∝ 𝑀−1/4 × 𝑀1/4 = 𝑀0 (7.12)

Again, constant. All mammals breathe roughly 200 million times during their lives. Since 
there are about 4 heartbeats per breath—regardless of whether you are a shrew or a whale
—the total number of heartbeats is about 4 × 200 million ≈ 800 million– 1.5 billion.

𝑁 = rate × lifetime ∝ 𝑀−1/4 × 𝑀1/4 = 𝑀0 = constant (7.13)

This is not a numerical coincidence. It is an inevitable consequence of the scaling laws. Any 
biological process whose rate scales as 𝑀−1/4 will, when summed over a lifetime that 
scales as 𝑀1/4, produce a pure number independent of body mass. The mouse heart races 
at 600 beats per minute but stops after 2 years. The elephant heart plods at 30 beats per 
minute but keeps going for 60 years. The ledger balances exactly.

In other words: measured by the ticking of their own internal clocks, all mammals 
live for the same amount of time.

7.3.2 The Whale’s Minute Waltz

This invariance is more than an accounting trick. It hints at something profound: each 
species may experience time at a rate set by its own metabolic clock.

Consider the song of the humpback whale. Each whale has its own characteristic song
—a complex, structured sequence of deep basso groans, high-pitched squeals, and eerie 
wails—that it repeats over and over with remarkable fidelity. Some of these songs last for 
more than thirty minutes.

Thirty minutes! You have probably struggled to memorize a three-minute pop song 
in the shower. How does a whale compose and faithfully reproduce a half-hour acoustic 
masterpiece? And what possible function could such a long repeat cycle serve? It is far 
too long for a human listener to perceive as a unified composition—without recording 
equipment and careful analysis, we would never recognize it as a single, coherent song.

But now recall the whale’s metabolic rate—the enormously slow tempo of its life com
pared with ours. A humpback whale’s heart beats only about 10 times per minute. If the 
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whale scales its perception of the world to its own metabolic clock, then perhaps its thirty-
minute song is simply its version of our minute waltz. Let’s check the numbers: a human 
experiences about 70 × 3 = 210 heartbeats during a three-minute pop song. A whale 
experiences about 10 × 30 = 300 heartbeats during its thirty-minute song. Measured in 
the currency of heartbeats, the two performances are essentially the same length.

From any point of view, the song is spectacular—it is the most elaborate single display 
so far discovered in any animal. But the whale’s point of view may be the most appropriate 
one.

Exercise 7.3 — The Whale's Pop Song.

Let’s put numbers behind the claim that a whale’s 30-minute song is its version of 
our 3-minute pop song.
Data: Human mass 𝑀𝐻 ≈ 70 kg, resting heart rate 𝑓𝐻 ≈ 70 beats/min. Hump
back whale mass 𝑀𝑊 ≈ 30, 000 kg.

1. Use 𝑓heart ∝ 𝑀−1/4 to predict the whale’s heart rate from the human’s. Hint: the 
ratio is (𝑀𝑊 /𝑀𝐻)−1/4. Does your prediction roughly match the observed value 
of ≈ 10 beats/min?

2. A catchy pop song lasts about 3 minutes. How many heartbeats does a human 
experience during one play? (𝑓𝐻 × 3)

3. How many heartbeats does the whale experience during its 30-minute song? 
(𝑓𝑊 × 30)

4. Compare your answers to parts 2 and 3. Measured in heartbeats rather than 
minutes, is the whale’s song really that much longer than ours?

7.3.3 The Human Exception

Astute readers may be doing some alarming arithmetic right now. At a resting heart rate of 
60–80 beats per minute, you should have burned through your billion heartbeats decades 
ago. Does the scaling law predict that you are already dead?

Relax. Homo sapiens is a spectacular outlier on nearly every mouse-to-elephant curve. 
We live roughly three times longer than a mammal of our body size should. We breathe at 
the “right” rate for our mass, but we accumulate about three times the typical mammalian 
quota of total breaths and heartbeats.

But here is the twist: this anomaly is extremely recent. For the vast majority of our 
species’ 300,000-year history, human life expectancy at birth hovered around 25–35 years. 
In ancient Rome it was roughly 25. In medieval Europe, roughly 30. Even as late as 1800, 
global life expectancy was still only about 30 years. These numbers are much closer to 
what the scaling law predicts for a 70 kg mammal. For most of our existence, we were not 
dramatically off the mouse-to-elephant curve at all.

What changed? Not our biology—modern humans are genetically nearly identical to 
our ancestors of 10,000 years ago. What changed was technology: clean water, sanitation, 
antibiotics, vaccines, and modern medicine. Our “extra” billion heartbeats are not an evo
lutionary gift but an engineering achievement. The scaling law still describes the biology; 
it simply cannot account for the fact that we learned to cheat death with chemistry and 
plumbing.
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This is an important reminder that the scaling law describes the biological baseline
—the hand that evolution deals each species. It applies across species (comparing mice 
to elephants), not within a species. Within a species, individual choices and collective 
technology can shift the outcome dramatically. A Roman legionary and a modern retiree 
have the same biology, but very different life expectancies. And even today, a lower resting 
heart rate—achieved through cardiovascular exercise—is one of the strongest predictors 
of individual longevity. The scaling law sets the floor; what you build on it is up to you.

7.3.4 The Mayfly’s Day

We are prevented from fully grasping this concept by a deeply ingrained habit of anthro
pocentric thought. We are trained from earliest memory to regard absolute Newtonian 
time—the ticking of the kitchen clock—as the single valid measuring stick for all of 
reality. We marvel at the quickness of a mouse and express boredom at the torpor of a 
hippopotamus. Yet each is living at the appropriate pace of its own biological clock.

The pre-Darwinian evolutionist Robert Chambers captured this beautifully in 1844. 
He imagined a mayfly—an insect that lives a single day as an adult—hovering over a pond 
and observing tadpoles:

Suppose that an ephemeron, hovering over a pool for its one April day of life, were 
capable of observing the fry of the frog in the waters below. In its aged afternoon, 
having seen no change upon them for such a long time, it would be little qualified to 
conceive that the external branchiae of these creatures were to decay, and be replaced 
by internal lungs, that feet were to be developed, the tail erased, and the animal then 
to become a denizen of the land.

— Robert Chambers, Vestiges of the Natural History of Creation (1844)

The mayfly’s day is too short to witness the transformation of a tadpole into a frog. Its 
biological clock ticks too fast for the slow drama unfolding beneath it.

Human consciousness arose but a minute before midnight on the geological clock. We 
are, in a sense, mayflies ourselves—trying to read the history of a four-billion-year-old 
planet from the brief flicker of our civilizational attention span. The scaling laws of this 
chapter offer a gentle corrective to our temporal arrogance: time is not what our kitchen 
clocks tell us it is. Every creature carries its own clock, and by that clock, every mammal 
lives a full and complete life.

7.4 The Invariance Scales Up

7.4.1 The Ecosystem Invariant: The Energy Equivalence Rule

The 𝑀0 cancellation at the level of a single organism is beautiful, but the same mathemat
ical magic operates at a far grander scale. Let’s step from the individual to the ecosystem 
and ask: how does population density scale with body size?

The environmental budget. The total energy flux supplied by an ecosystem per unit area
—sunlight captured by plants, organic matter produced—has nothing to do with the body 
size of the animals consuming it. A hectare of African savanna produces the same amount 
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of plant biomass whether it is being eaten by mice or by elephants. The total available 
energy flux per area Φ is invariant with respect to consumer body mass:

Φ ∝ 𝑀0 (7.14)

Individual demand. Kleiber’s Law limits how much of that budget a single animal 
consumes. An individual’s metabolic rate scales as:

𝐵 ∝ 𝑀3/4 (7.15)

Population density. To find the number of individuals per unit area that an ecosystem 
can support, divide the total energy flux per area by the individual demand:

𝐷 = Φ
𝐵

∝ 𝑀0

𝑀3/4 = 𝑀−3/4 (7.16)

This result—that population density scales as 𝑀−3/4—is known as Damuth’s Rule, first 
documented empirically by John Damuth in 1981. There are vastly more mice per hectare 
than elephants per hectare, and the scaling is not arbitrary: it follows a precise power law.

Now comes the payoff. The total metabolic energy flux of a species in an ecosystem is the 
product of individual metabolism and population density:

Population Metabolism = 𝑁 × 𝐵 ∝ 𝑀−3/4 × 𝑀3/4 = 𝑀0 (7.17)

The exponents cancel perfectly. An ecosystem allocates roughly the same total energy flux 
per area to mice as it does to moose—regardless of their size. This is the Energy Equiva
lence Rule: every species in an ecosystem, regardless of body size, commands roughly the 
same share of the energy budget.

7.4.2 The Planetary Invariant: The Size Spectrum

The Energy Equivalence Rule told us that ecosystems partition energy flux equally across 
body sizes. Now let’s push to the grandest scale and ask an even bolder question: what 
about standing biomass—the actual tonnage of living tissue present at this moment? If you 
could weigh all organisms in each body-size category—from bacteria to blue whales—
would larger categories hold less mass, more mass, or the same?

The answer, first discovered by the marine ecologist Ray Sheldon in 1972, is astonishing: 
each logarithmic size class holds roughly the same total biomass. Sheldon took a research 
ship into the Atlantic, used an early electronic device called a Coulter counter to measure 
the volume of microscopic particles, and made bold extrapolations all the way up to whales. 
He simply observed the data and wrote that the biomass spectrum was basically flat—
every size bin contained approximately 1 gigatonne of living matter.

Sheldon had no mathematical proof for why this was happening. It took two decades 
for theoretical ecologists to piece together the explanation. They realized this flat spectrum 
isn’t an accident—it is the inevitable result of a massive, planet-scale tug-of-war between 
two opposing biological forces.
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Biomass as a bank balance. The key is to think of standing biomass as a bank balance. 
Your balance at any moment is not just about your income; it also depends on how long 
you keep each deposit before spending it:

𝐵(𝑀) = 𝑃(𝑀)⏟
Income

× 𝜏(𝑀)⏟
Savings time

(7.18)

Here 𝐵(𝑀) is the total standing biomass in a given size class (the “balance”), 𝑃(𝑀) is 
the rate at which new biomass flows into that size class through growth and reproduction 
(the “income”), and 𝜏(𝑀) is how long that biomass stays alive before being eaten or 
decomposed (the “savings time”). To find out whether 𝐵 changes with body size, we just 
need to figure out how income and savings time each scale with 𝑀 .

Force 1: The food chain’s tax. In the ocean, big things eat small things. Each time energy 
passes up the food chain—from algae to zooplankton, to small fish, to tuna—roughly 90% 
is lost as metabolic heat. Only about 10% (10−1) of the energy survives each step.

At the same time, marine predators are typically about 10,000 times (104) heavier than 
their prey.

This means every time we move up a step in the food chain, body size 𝑀  jumps by 
a factor of 104, while the energy “income” 𝑃  drops by a factor of 10−1. What scaling 
exponent connects a mass increase of 104 to an income decrease of 10−1? Exactly −1/4, 
because:

(104)−1/4 = 10−1 (7.19)

The food chain systematically impoverishes larger size classes: their collective income 
𝑃(𝑀) smoothly decays as:

𝑃(𝑀) ∝ 𝑀−1/4 (7.20)

Force 2: Kleiber’s thrift. But larger organisms have a powerful countervailing advantage: 
they are metabolically thrifty. Kleiber’s Law tells us that an individual’s total metabolism 
scales as 𝑀3/4. Therefore, the mass-specific metabolism—how fast each kilogram of flesh 
burns through its energy—scales as:

𝐼/𝑀 ∝ 𝑀3/4/𝑀 = 𝑀−1/4 (7.21)

Because “turnover time” 𝜏  (how long a kilogram of biomass persists before being burned) 
is the direct inverse of the burning rate, it scales with the flipped exponent:

𝜏(𝑀) ∝ 𝑀1/4 (7.22)

A kilogram of plankton burns through its energy in days and must be constantly replaced. 
A kilogram of shark, with its glacially slow metabolism, persists for decades. Large organ
isms hoard their biomass the way a frugal retiree hoards savings.

The perfect cancellation. Combining the two forces:

𝐵(𝑀) = 𝑃(𝑀) × 𝜏(𝑀) ∝ 𝑀−1/4 × 𝑀1/4 = 𝑀0 = Constant (7.23)
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The −1/4 penalty from the food web’s energy tax perfectly cancels the +1/4 bonus from 
Kleiber’s metabolic thrift. This works out so cleanly because the average parameters of the 
ocean (a 10% ecological efficiency and a 10,000-fold predator-prey mass ratio) happen to 
generate exactly the inverse of Kleiber’s quarter-power scaling. This massive cancellation 
is considered one of the most beautiful mathematical coincidences in theoretical ecology.

The result is the Sheldon Size Spectrum: in the small-organism bins, biomass churns 
furiously—pouring in and draining out like a bank account with enormous deposits and 
equally enormous expenses. In the large-organism bins, biomass is a deep, still reservoir
—trickling in slowly but lingering for decades. Yet the balance is the same everywhere. 
This theoretical model beautifully explains the flat spectrum Sheldon first measured back 
in 1972.

Since total biomass per size class is constant (𝐵 = 𝑁 × 𝑀 = const), abundance must 
scale as 𝑁 ∝ 𝑀−1. Notice that this is steeper than Damuth’s 𝑀−3/4 from the previous 
section—and the difference is revealing. Damuth’s Rule describes abundance among 
species that share the same energy budget within a single trophic level, with no food-
chain penalty. The Size Spectrum describes abundance across trophic levels, where the 90% 
energy tax at each link steepens the decline from −3/4 to −1.

The Invariance Inside Us

Remarkably, the same pattern has been discovered inside individual organisms. 
Hatton et al. (2023) examined the 37 trillion cells of the human body and found that 
cell count scales as 𝑁 ∝ 𝑉 −1 across cell types—from tiny red blood cells to giant 
muscle fibers. The total cellular mass in each size class:

𝑁 × 𝑉 ∝ 𝑉 −1 × 𝑉 1 = 𝑉 0 (7.24)

Each cell-size class contributes approximately 3 kg to your body mass. The same 
𝑀0 invariant—born from the same mathematical cancellation—operates from the 
planetary scale down to the interior of a single organism.



78 Chapter 7. Biological Time



CHAPTER 8

Temperature and Inequality

In the last chapter, we looked at life from thirty thousand feet. We saw beautiful, clean 
scaling laws—patterns so precise that they seem to govern everything from a mouse’s 
heartbeat to a whale’s lifespan. It paints a picture of biology as a perfectly tuned machine.

But what happens if we zoom in? If we dive down to the molecular level—the scale 
where that energy is actually used—the tidiness vanishes. There are no precise gears. 
Instead, we find a violent, chaotic storm. Molecules crash into each other billions of times 
a second. Nothing moves in a straight line. Everything is random.

How does life build such perfect order out of such utter chaos? And how can we possibly 
predict anything when the underlying components are behaving so erratically?

This is the domain of Statistical Mechanics—the physics of making sense of the 
mess. It is the bridge between the microscopic anarchy of atoms and the macroscopic 
predictability of life.

I cannot resist quoting perhaps the most horrifying opening lines I have ever read in a 
science textbook:

Ludwig Boltzmann, who spent much of his life studying statistical mechanics, died 
in 1906, by his own hand. Paul Ehrenfest, carrying on the work, died similarly in 
1933. Now it is our turn to study statistical mechanics.

— States of Matter, by David L.Goodstein

8.1 Does Fair Rule Lead to Fair Outcome?

How can anything reliable happen in such a mess? To answer this, let’s take a break from 
physics and play a game. It plays out like a simplified economy, but it creates a perfect map 
for how atoms behave.

The Setup: We seal the doors. There are 100 students in this room. I start by giving every 
single one of you $100.(1)

Now, the game begins. The rules are perfectly fair and symmetric:
• The Random Exchange: Every second, a bell rings. When it rings, you must pick one 

person in the room mostly at random—it could be your neighbor, your friend, or a 
stranger—and give them $1.

• The Bankruptcy Limit: You cannot give money you don’t have. If you hit $0, you have 
to wait until someone gives you a dollar before you can play again.

(1)Hypothetically. Sorry, UCLA does not pay me enough for this to be real.
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That’s it. Everyone follows the exact same rule. No one is smarter, harder working, or “more 
fit” than anyone else.

The Question: If we let this run for long enough, what happens to the money?
Take a guess: Since everyone is giving and receiving randomly, will the money spread 

out evenly? Will it look like a Bell Curve, with most people staying near the average 
of $100?

8.1.1 The Emergence of Inequality

Most of us intuitively guess a Bell Curve. It feels logical: random gains and losses should 
cancel out, leaving most people comfortably in the middle.

But the simulation tells a different story.
When we actually run the numbers, the money does not pool in the middle. Instead, it 

piles up at the bottom. The result is not a Bell Curve; it is an Exponential Decay.
• The most common amount of wealth is zero.
• A moderate number of people scrape by with a little money.
• A tiny fraction of “lucky” individuals accumulate almost everything.

Simulated People
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Starting with $1000 each, pure random exchange inevitably evolves into
a Boltzmann distribution where most people have very little.

The Emergence of Inequality

Simulation of 5,000 actors over 10 billion random exchange events.

Figure 8.1: Distribution of wealth after 50,000 ticks (N=2,000). The red line is the 
Boltzmann distribution.

Why does luck seem so sticky? (MUST READ before the your Vegas trip)

To build intuition on why luck seems so sticky, let’s consider a simple game.
In the Money Game, we learned that randomness creates inequality in space (some 
people get rich, most stay poor). To simplify, we will see that randomness also creates 
inequality in time.
Imagine a perfectly fair casino. You bet $1 on a coin flip. If Heads, you win $1; if 
Tails, you lose $1.
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Since it is a 50/50 game, you might expect to bounce back and forth between 
“winning” and “losing,” spending about half your time in the black and half in the red.
This is completely false.
The math of random walks leads to a counterintuitive result called the Arcsine Law. 
It says that in a perfectly fair game, you are most likely to spend almost all of your 
time on one side of zero.

Simulated Gamblers
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In a completely fair 50/50 game, you are most likely to spend almost all or none
of your time on the winning side.

Why is Luck So “Sticky”?

Simulation of 50,000 random walks, each spanning 1,000 steps.

Figure 8.2: Distribution of time spent “winning” in a random walk. Note the U-shape: 
it is extremely rare to spend half your time winning (0.5). It is most likely to spend 
all or none of your time winning.

The Takeaway: Randomness often looks like a trend. If you start winning early, you 
build a buffer that keeps you on the winning side for a long time. To an observer, it 
looks like you have a “hot hand” or that “luck is on your side.” In reality, it is just the 
sticky nature of random walks.

8.2 Atoms Trade Energy Like Money

It turns out that money exchanging in a closed room is mathematically identical to energy 
exchanging in a gas.

The atoms are the students. The energy is the money. Every time two atoms collide, 
they “transact”—one gains energy, the other loses it. Just like our game, total energy is 
conserved, and energy cannot be negative.

8.2.1 What is Temperature?

In our game, what determines whether a student feels “rich” or “poor”? It isn’t just the 
money they have; it’s the money they have relative to everyone else.

It depends entirely on the average amount of money in the room.
• If the average is $10, having $500 makes you a tycoon.
• If the average is $10,000, having $500 leaves you in poverty.
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In the physical world, “Average Money” translates to “Average Energy.” And this average 
energy is closely related to what we call Temperature (𝑇 ). More precisely, 𝑘𝐵𝑇  sets the 
scale of thermal energy; the exact average energy per particle depends on how many 
ways the particle can move (its “degrees of freedom”). But for our purposes, “temperature 
measures typical energy” is a reliable mental model.(2)

! Notation Alert: We use the symbol 𝑇  for both Temperature and Time. This is an 
unfortunate tradition in physics. We will try to make it clear from context which 
one we mean (usually 𝑘𝐵𝑇  for temperature, 𝑇  for time).

8.2.2 The Kelvin Scale

Because Temperature measures Energy, and Energy cannot be negative, Temperature must 
have a meaningful zero in the physical world. This is why physicists use the Kelvin scale:

• 0 Kelvin (Absolute Zero): Corresponds to zero thermal energy. The particles cease 
all thermal motion.(3)

• Dimensions: [𝑇 ] = Θ

This is unlike Fahrenheit or Celsius, where 0° is just an arbitrary convention. You can think 
of the three temperature scales as being designed for three different audiences:

• Fahrenheit is built for humans. 0° F feels really cold, and 100° F feels really hot. It 
is a scale of human comfort.

• Celsius is built for water. 0° C is where water freezes, and 100° C is where it boils. 
It is a scale for Earth’s hydrology.

• Kelvin is built for the universe. 0 K is absolute zero—the physical limit where all 
thermal motion stops.

8.2.3 The Exchange Rate: Boltzmann Constant (𝑘𝐵)

If Temperature is just Average Energy, why don’t we measure it in Joules? History. We 
discovered thermometers (degrees) centuries before we understood atoms ( Joules).

To convert our historical unit (Kelvin) into the physical unit ( Joules), we need an 
“exchange rate.” This is the Boltzmann Constant (𝑘𝐵).

Average Energy per Particle ≈ 𝑘𝐵𝑇 (8.1)

Think of 𝑘𝐵 as the conversion factor between the macroscopic world we feel (Temperature) 
and the microscopic world of atoms (Energy). Numeirically, 𝑘𝐵 ≈ 1.38 × 10−23 J/K.

The Bridge of Dimensions

Let’s do a quick dimensional refresher to see how 𝑘𝐵 works.

(2)Technically, temperature is defined more rigorously using entropy ( 1
𝑇 = 𝜕𝑆

𝜕𝐸 ), but for this chapter, 
“Temperature sets the energy scale” is the most useful mental model.

(3)Quantum mechanics tells us that even at absolute zero, particles retain a residual “zero-point” energy 
from the uncertainty principle—but this is negligible for our purposes.
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• Energy: [𝐸] = 𝕄𝕃2𝕋−2

• Temperature: [𝑇 ] = Θ

For the equation 𝐸 ≈ 𝑘𝐵𝑇  to balance out dimensionally, the Boltzmann constant 
must carry the dimensions:

[𝑘𝐵] = [𝐸]
[𝑇 ]

= 𝕄𝕃2𝕋−2Θ−1 (8.2)

This is a profound realization. 𝑘𝐵 is the first physical constant we have encountered 
that acts as a true bridge of dimensions. It literally connects our subjective, macro
scopic sensation of heat (Θ) directly to the fundamental mechanical dimensions of 
mass, length, and time—bringing them all together. This dimensional bridge is truly 
the jewel of statistical mechanics.

In statistical mechanics, you will almost never see 𝑇  alone. You will see 𝑘𝐵𝑇 . This quantity, 
𝑘𝐵𝑇 , is the “standard currency” of the molecular world—the typical energy of a single 
collision.

Economy Physics Symbol

Student Particle (or Atom) 𝑁

Money ($) Energy 𝐸

Giving a Dollar Energy Exchange Collision

Total Money Total Energy 𝐸total (Conserved)

Table 8.1: The Analogy Between Economics and Statistical Mechanics

8.3 The Boltzmann Distribution

Now we can translate our wealth distribution formula into the language of physics.
• Replace wealth (𝑚) with Energy (𝐸).
• Replace average wealth with Thermal Energy (𝑘𝐵𝑇 ).

The probability of finding a particle with energy 𝐸 is:
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ℙ(𝐸) ∝ 𝑒− 𝐸
𝑘𝐵𝑇

Probability of
energy 𝐸

Energy

Average energy
with Temperature 𝑇

(8.3)

This equation is the heartbeat of statistical mechanics. It tells us two things:
• Low energy is common, high energy is rare: Just like it’s hard to find a student with 

$500 in our game, it’s hard to find a molecule with massive energy.
• Temperature (𝑇 ) sets the scale: In our game, the “Temperature” is the average amount 

of cash per person. If everyone is rich (High 𝑇 ), the curve flattens out—it’s easier to 
equalize. If everyone is poor (Low 𝑇 ), the curve steepens—most are stuck near zero.

Exercise 8.1 — Folding Under Pressure.

Motivation: Proteins are the biological workhorses of your cells, but they only 
function when properly “folded.” Inside the cell, they are constantly bombarded by 
the chaotic thermal motion of water. How does nature design proteins to withstand 
this microscopic storm without falling apart?
A protein can exist in two states: folded (stable) and unfolded (unstable). Generally, 
the folded state has lower energy. Suppose that at normal body temperature (𝑇 =
310 K), the energy difference between the two states is Δ𝐸 = 𝐸unfolded − 𝐸folded =
10𝑘𝐵𝑇 .

1. Use the Boltzmann factor to calculate the ratio of unfolded to folded proteins: 
𝑃(unfolded)
𝑃(folded) .

2. Is the protein mostly folded or unfolded? How sensitive is this ratio to temper
ature? (Hint: What happens if you have a fever and the temperature rises to 312 
K?)

8.4 Why Nature Loves Boltzmann Distributions

Why doesn’t the money stay spread out evenly? Or why don’t we see a Bell Curve (Normal 
Distribution) centered around the average?

The shape of this curve is not an accident. The exponential distribution is the most 
likely way to distribute energy when you have a fixed total amount to share and random 
interactions.

The full proof requires Entropy and Information Theory (which we will cover later). But 
for now, we can understand why the distribution must be exponential using two powerful 
perspectives.

8.4.1 Independence Implies Exponentials

Imagine two independent systems, A and B.
• Energy adds: If you look at them together, the total energy is 𝐸𝐴 + 𝐸𝐵.
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• Probability multiplies: Since they are independent, the chance of finding system A 
in state A and system B in state B is 𝑃(𝐴) × 𝑃(𝐵).

So we need a mathematical function 𝑓(𝐸) where:

𝑓(𝐸𝐴 + 𝐸𝐵) = 𝑓(𝐸𝐴) × 𝑓(𝐸𝐵) (8.4)

Under mild mathematical assumptions (like continuity), the only function that turns 
addition into multiplication(4) is the exponential: 𝑓(𝐸) = 𝑒𝛼𝐸 .

For the distribution to be normalizable (probabilities must add up to 1), the exponent 
must be negative: 𝑃(𝐸) ∝ 𝑒−𝛽𝐸  with 𝛽 > 0.

Bell Curve vs. Exponential: Addition vs. Division

It is easy to confuse these two fundamental shapes. Here is the general intuition of 
which one to expect:

• The Bell Curve (Normal) comes from Addition. When you sum up many 
independent random nudges (genes + diet + environment), you get a Bell Curve. 
It clusters tight around the average.

• The Exponential Curve (Boltzmann) comes from Division. When you ran
domly divide a fixed finite total (Total Energy) among many parts, you get an 
Exponential. Most parts get crumbs; a lucky few get a feast.

Since ideal gases are about sharing a fixed tank of energy, they follow the Exponential 
rule, not the Bell Curve.

8.4.2 Shift Invariance Implies Exponentials

The second reason is deeper: physics doesn’t care where we set the zero on our ruler. We 
can measure height relative to the floor or relative to sea level; the physics of a falling ball 
is the same.

If we shift all energies by a constant 𝐸 → 𝐸 + 𝐸0, the relative probabilities of any two 
states should remain unchanged:

𝑃(𝐸1)
𝑃 (𝐸2)

= 𝑃(𝐸1 + 𝐸0)
𝑃 (𝐸2 + 𝐸0)

(8.5)

This means that adding a constant to Energy must correspond to multiplying the proba
bility by a constant factor. The only function that turns addition into multiplication is the 
exponential.

The Physics of ChatGPT

Modern AI (like Large Language Models we use today) predicts the next word using 
a function called Softmax:

(4)Remeber to do the opposite—turning multiplication into addition—is our old friend, the log 
function.
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softmax(𝑥𝑖) = 𝑒𝑥𝑖/𝑇

∑𝑗 𝑒𝑥𝑗/𝑇 (8.6)

Look familiar? This is mathematically identical to the Boltzmann distribution!
• The “logit score” 𝑥𝑖 is just negative energy (−𝐸).
• The “Temperature” parameter 𝑇  controls creativity. Low 𝑇  makes the model 

“cold” and greedy (choosing only the most likely word); High 𝑇  makes it “hot” 
and random.

Practical Magic: AI engineers use the “Shift Invariance” principle to prevent com
puter crashes. If 𝑥𝑖 is large (e.g., 1000), calculating 𝑒1000 causes a numerical overflow.
By utilizing shift invariance, we can subtract the maximum score from everything:

𝑥′
𝑖 = 𝑥𝑖 − max(𝑥) (8.7)

All values become negative (𝑥′
𝑖 ≤ 0), so 𝑒𝑥′

𝑖  is always between 0 and 1. The probability 
distribution remains exactly the same, but it is computationally more stable.

Exercise 8.2 — The Temperature of Creative Writing.

Motivation: Machine learning engineers routinely use physics equations to control 
AI. By adjusting the “temperature” parameter in ChatGPT, they control how much 
random “thermal noise” enters the AI’s neural network, allowing them to instantly 
toggle between rigid logic and wild creativity.
When an AI predicts the next word, it assigns a raw “score” (𝑥𝑖) to every possible 
word. Suppose you prompt an AI to complete the sentence: “The powerhouse of the cell 
is the…” and it narrows it down to two words:

• “Mitochondria” (Score 𝑥1 = 10)
• “Midi-chlorian” (Score 𝑥2 = 8)

(We will gently ignore its small urge to say ‘Beyoncé’)
Using the Softmax function (𝑃(𝑥𝑖) ∝ 𝑒𝑥𝑖/𝑇 ), calculate the probability of picking 
“Mitochondria” at these three “Temperatures”:

1. Low Temperature (𝑇 = 0.1): How certain is the model?
2. Standard Temperature (𝑇 = 1.0): What is the probability of “Mitochondria”?
3. High Temperature (𝑇 = 10): Does the model still prefer the right answer?

8.5 Survival of the Luckiest

The Boltzmann distribution teaches us a profound lesson: even if every individual inter
action is random and chaotic, the crowd as a whole follows a predictable, stable law.

This principle—that large-scale order emerges from small-scale chaos—is not unique 
to physics. It turns out that the mathematics of molecules bouncing in a box maps, term 
by term, onto the mathematics of genes drifting in a population. In both cases, we assume 
that individuals are fundamentally equal and their fates are governed by luck, yet we still 
arrive at universal macroscopic laws.
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8.5.1 The Great Isomorphism

One of the most illuminating discoveries in theoretical biology is that the mathematics of 
a gas in a box and a population of genes are strikingly parallel. This is a model-dependent 
analogy—it holds under specific assumptions (e.g., neutrality, well-mixed populations)—
but within those assumptions, the mapping is precise, term by term.

Concept Statistical Mechanics Population Genetics

Source of Randomness
Thermal Noise (Brown

ian Motion)
Genetic Drift (Demo

graphic Noise)

"Temperature"
𝑇  (Higher = more ran

dom)
1/𝑁𝑒 (Smaller pop = 

more random)

Bias / Driving Force Energy Difference Δ𝐸 Fitness Advantage 𝑠

Equilibrium Law
Boltzmann:

𝑃 ∝ 𝑒−Δ𝐸/𝑘𝐵𝑇
Kimura(5):

𝑃fix ≈ 1−𝑒−2𝑠

1−𝑒−4𝑁𝑒𝑠

Table 8.2: The Isomorphism Between Statistical Mechanics and Population Genetics.

The core insight is this: population size plays the role of inverse temperature. A small, 
bottlenecked population is like a “hot” gas—full of random noise, where individual fates 
are tossed about violently by chance. A huge population is like a “cold” gas—calm and 
deterministic, where the fittest alleles reliably rise to the top.

This isomorphism is not just conceptually satisfying; it is operationally powerful. It 
means that every tool we developed for predicting how energy distributes among atoms 
can be repurposed to predict how genes distribute in a population. Evolution, at its 
mathematical core, is a random walk through probability space.

8.5.2 The Neutral Clock: Stability from Drift

The first great triumph of this isomorphism came from Motoo Kimura, who proposed 
the Neutral Theory of Molecular Evolution. Just as Boltzmann showed that a gas has a 
stable distribution of energy, Kimura showed that a species has a stable rate of genetic 
change—even if every single mutation is a random toss of the coin.

Consider a population of 𝑁  individuals (so 2𝑁  gene copies in a diploid population).
• Let 𝜇 be the rate of mutation per gene per generation.
• The total number of new mutations entering the population every generation is 2𝑁𝜇.

If these mutations are neutral (neither good nor bad, 𝑠 = 0), their fate is determined 
entirely by random drift—the genetic version of Brownian motion. Since all 2𝑁  gene 

(5)The general fixation probability formula for a diploid population is 𝑃fix(𝑝) = 1−𝑒−4𝑁𝑒𝑠𝑝

1−𝑒−4𝑁𝑒𝑠 , where 𝑝 is the 
initial allele frequency. For a single new mutant (𝑝 = 1/(2𝑁)), this simplifies when 𝑁𝑒 ≈ 𝑁 .
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copies are equivalent, any single new mutant has a 1
2𝑁  chance of eventually taking over 

the whole population (fixation).
The rate of substitution 𝐾 (how often a new mutant fixes) is simply the input rate times 

the success probability:

𝐾 = 2𝑁𝜇⏟
New Mutants

× 1
2𝑁⏟

Chance of Fixation

= 𝜇 (8.8)

The surprise result: The population size 𝑁  cancels out entirely!
In the language of our isomorphism, this is a thermodynamic identity: the “temper

ature” (1/𝑁𝑒) drops out of the final answer. Here is the intuition:
• Large populations are “cold”: they produce more mutations (2𝑁𝜇 is big), but each 

one has a smaller chance of drifting to fixation (1/(2𝑁) is small). The cold system 
has many particles, but very little thermal noise.

• Small populations are “hot”: they produce fewer mutations, but each one has a better 
chance of drifting to fixation. The hot system has few particles, buffeted by enormous 
noise.

These two effects balance perfectly, leading to the Molecular Clock: genetic changes 
accumulate at a constant rate 𝜇 over time, regardless of how the population size fluctuates. 
Just as 𝑘𝐵𝑇  sets the energy scale of a gas regardless of the container volume, the mutation 
rate 𝜇 sets the evolutionary pace of a species regardless of the population size. This 
regularity arises not from design, but from pure, unadulterated randomness.

Exercise 8.3 — The Neutral Speed of Life.

Motivation: How do we know that humans and chimpanzees split 6 million years 
ago? We don’t just guess using fossils; we read the “molecular clock” written in our 
DNA. Because of Kimura’s Neutral Theory, the math of random mutations provides 
an incredibly precise, constant ticking clock of deep time.
Geneticists estimate that the human mutation rate is roughly 𝜇 = 1.2 × 10−8 muta
tions per base pair per generation.

1. If humans and chimpanzees diverged 6 million years ago, and we assume an 
average generation time of 20 years, how many genetic differences (per base pair) 
do you expect to see between the two species today? (Hint: Remember that both 
lineages have been mutating independently since they split.)

2. Does your answer depend on whether the ancestral population was large (like 
100,000 individuals) or small (like 10,000 individuals)? Why?

8.5.3 The Near-Neutral Threshold

Kimura’s theory works beautifully when mutations are perfectly neutral (𝑠 = 0). But in 
reality, most mutations have some effect on fitness—even if it is tiny. Does a mutation with 
a fitness advantage of 𝑠 = 0.001 behave like a neutral mutation, or does natural selection 
reliably promote it?

Tomoko Ohta, Kimura’s brilliantly independent-minded colleague at Japan’s National 
Institute of Genetics, realized that the answer depends entirely on the “temperature” of 
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the population. Just as an energy barrier must be larger than thermal noise (𝑘𝐵𝑇 ) to trap 
a molecule, a fitness advantage must be larger than genetic drift noise (1/𝑁𝑒) to matter to 
natural selection.

The parallel is exact:

Physics: High Temperature Evolution: Small Population (“Hot”)

Δ𝐸 ≪ 𝑘𝐵𝑇 𝑠 ≪ 1/(4𝑁𝑒)

Energy gap invisible to thermal noise Fitness advantage invisible to drift noise

Particles bounce randomly between 
states

Alleles drift randomly to fixation or loss

State probabilities equalize Selection is effectively blind

Table 8.3: The Near-Neutral Threshold: when noise overwhelms signal, selection breaks 
down.

When the fitness advantage 𝑠 is much smaller than the drift noise 1/(4𝑁𝑒), the mutation 
behaves as if it were perfectly neutral. Natural selection simply cannot “see” such a tiny 
advantage through the fog of random demographic fluctuations—just as a molecule 
cannot “feel” a tiny energy difference when thermal kicks are enormous.

This has a striking biological consequence: small, endangered populations are evolu
tionary “hot” systems. Because their effective population size 𝑁𝑒 is small, the drift noise 
1/𝑁𝑒 is large, and even mildly harmful mutations (𝑠 < 0, but |𝑠| ≪ 1/(4𝑁𝑒)) slip past 
natural selection. Over time, these populations accumulate a burden of slightly deleterious 
mutations that a larger (“colder”) population would have efficiently purged. This phenom
enon—called mutational meltdown—is one of the deepest reasons why small populations 
are fragile, and it is a direct consequence of the physics of temperature.

Exercise 8.4 — The Drift Barrier.

Motivation: Conservation biologists know that endangered species face a genetic 
threat beyond inbreeding: the slow, silent accumulation of harmful mutations that 
drift is too weak to remove. How bad is the problem?
Consider two populations:

• Population A (large): 𝑁𝑒 = 100, 000
• Population B (endangered): 𝑁𝑒 = 500

1. Calculate the “drift noise” (1/(4𝑁𝑒)) for each population.
2. A mutation arises with a mild fitness cost of 𝑠 = −0.001 (a 0.1% disadvantage). 

In which population does natural selection effectively remove this mutation? In 
which population is it effectively invisible?
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3. Using the isomorphism, explain why Population B is like a “hot gas” and Popula
tion A is like a “cold gas.”

The Universal Law of Inequality: Whether it’s money, energy, genes, or species—
if you fix the total amount, let randomness take over, and impose a hard boundary 
(no debt, no negative energy, no negative abundance), the system will naturally slide 
toward exponential inequality. It might not be fair, but it is statistically inevitable.



CHAPTER 9

Metabolic Theory of Ecology

In the previous chapters, we examined the two fundamental constraints. Think of an 
organism as an engine.
1. The Infrastructure (Mass): In Chapter  6, we saw that life is a geometric network. 

The size of your “engine block”—the fractal branching of blood vessels and xylem—
determines the total capacity for supply. This structural constraint leads to the 𝑀{3

4} 
scaling law.

2. The Kinetic Speed (Temperature): In Chapter 8, we saw that life is a chemical storm. 
The rate at which the sparks fly depends on the Boltzmann distribution. Temperature 
determines how fast those chemical reactions can actually “fire,” leading to the 𝑒− 𝐸

𝑘𝐵𝑇  
scaling law.

The Metabolic Theory of Ecology(1) realizes that these aren’t just separate pillars—they 
are the two multiplicative factors that define the pace of all life. You cannot have a high 
burning rate with a small pipe (size limited) or a cold spark (temperature limited).

The result is the Master Equation for the metabolic rate 𝐵:

𝐵 ∝ 𝑀 3
4 ⋅ 𝑒− 𝐸

𝑘𝐵𝑇Metabolic
Rate

Infrastructure
(Supply)

Intensity
(Speed)

(9.1)

9.1 The 0.65 eV Spark: The Chemistry of Life

What exactly is 𝐸 in the Master Equation?
In Chapter 8, we learned that 𝑒− 𝐸

𝑘𝐵𝑇  is the Boltzmann factor. It represents the proba
bility that a molecule has enough kinetic energy to overcome a specific energy barrier. In 
the context of the Metabolic Theory of Ecology, 𝐸 is the average activation energy of the 
respiratory complex—the ensemble of biochemical reactions that power life.

(1)If you are interested in learning more, I highly recommend reading the foundational paper by Brown 
et al. (2004), Toward a metabolic theory of ecology.

https://doi.org/10.1890/03-9000
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But what is an “eV”? In Chapter 5, we measured macroscopic energy in Joules and 
food Calories. An electron-volt (eV) is simply a microscopic unit of energy (1 eV ≈
1.6 × 10−19 J), perfectly scaled for chemistry. Breaking or forming a single chemical 
bond typically requires between 0.1 and 2 eV. To bridge the microscopic and macroscopic 
worlds, imagine if every molecule in a mole (6 × 1023 molecules) possessed exactly 1 eV 
of energy. That would collectively add up to about 23 food Calories (kcal). Therefore, our 
0.65 eV activation energy corresponds to an energy barrier of roughly 15 Calories per 
mole—the energy in a single bite of an apple, but deployed at the molecular level.

Here is the remarkable empirical fact: while an individual enzyme might have a specific 
energy barrier, the collective machinery of cellular respiration across wildly disparate 
species—from bacteria to elephants—converges to a characteristic activation energy of 
0.60 to 0.70 eV.

Figure 9.1: The Universal Temperature Dependence of metabolism. An Arrhenius plot 
showing mass-normalized resting metabolic rates ( 𝐵

𝑀
3
4

) as a function of inverse tempera

ture ( 1
𝑘𝐵𝑇 ) for diverse taxonomic groups. The nearly identical slopes across groups confirm 

a universal activation energy (𝐸 ≈ 0.69 eV) for the biochemical reactions of metabolism. 
Adapted from Brown et al. (2004).

Why would such different organisms share the same energy barrier? A major part of the 
answer is that they all run on the same biochemical hardware: ATP (Adenosine Triphos
phate) and the respiratory chain that produces it. The 0.65 eV value reflects the kinetics 
of the rate-limiting steps in cellular respiration—it is not directly the hydrolysis energy of 
ATP itself, but rather the activation energy of the slowest enzymatic steps that govern the 
overall metabolic flux.

ATP is life’s ultimate “energy currency.” Your cells cannot directly spend the energy 
locked inside a glucose molecule or a lipid droplet, much like you cannot pay for a cup of 
coffee using a solid gold bar. The energy must first be exchanged into ATP, which is then 
spent to power muscle contractions, nerve impulses, and protein synthesis.

https://doi.org/10.1890/03-9000
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Because ATP is thermodynamically favorable to hydrolyze but kinetically stable (it 
does not spontaneously fall apart without enzymes), it serves as an ideal energy packet 
that can be stored briefly and spent on demand. At any given moment, your entire body 
contains only about 50 to 250 grams of it—barely a handful. Yet, here is the biological 
miracle: every single day, your body produces an amount of ATP roughly equal to your 
own body weight. If you weigh 80 kilograms, you will “manufacture” 80 kilograms of ATP 
today (and if you are an athlete in heavy training, that number can easily double).

How is this possible with only a 250-gram reserve? The secret is extreme recycling. Your 
body doesn’t build 80 kilograms of brand-new ATP from scratch. Instead, when ATP 
releases its energy, it becomes a depleted molecule called ADP. Cellular respiration—the 
very process governed by our 0.65 eV activation energy—rapidly recharges that ADP back 
into ATP using the energy from your food. Every single ATP molecule in your body is 
spent and recharged 1, 000 to 1, 500 times a day. Because nearly all aerobic organisms rely 
on this same fundamental machinery, the overall metabolic rate is governed by the same 
kinetic constraints.

9.2 Biological Relativity: The Clock of Life

In physics, Einstein’s relativity tells us that time warps at the speed of light. In biology, the 
Metabolic Theory of Ecology tells us that time warps with Mass and Temperature.

As we established in Chapter 7, biological time 𝑡 is inversely proportional to metabolic 
rate per unit mass ( 𝐵

𝑀 ). By flipping the Master Equation, we can see the two faces of the 
same physical law:

Physiological Rate (𝐵/𝑀 )

𝐵
𝑀

∝ 𝑀−1
4 ⋅ 𝑒− 𝐸

𝑘𝐵𝑇 (9.2)

Biological Time (𝑡)

𝑡 ∝ 𝑀 1
4 ⋅ 𝑒

𝐸
𝑘𝐵𝑇 (9.3)

Notice the symmetry: while the physiological rate 𝐵
𝑀  decreases with cold (negative 

exponent), biological durations 𝑡 increase (positive exponent).
This is the Relativity of Life. It explains why:

1. Size slows the clock: An elephant doesn’t just have a larger “fuel tank” (𝑀 ); it burns that 
fuel much more slowly per gram (𝑀

3
4

𝑀 = 𝑀−1
4 ), stretching its biological clock roughly 

ten times longer for every 10,000-fold increase in mass (since 100001
4 = 10).

2. Heat speeds the clock: For ectotherms (like insects or fish), time actually flows faster 
in warmer environments. A mosquito larva in a 30°C pond is literally “older” (physi
ologically) after one day than a larva in a 20°C pond, because its chemical clock is 
ticking faster.

This provides the Universal Baseline for ecology:

Before we talk about specialized adaptations or behavior, we must first account for the 
relativity of life imposed by 𝑀  and 𝑇 .

Exercise 9.1 — The Larval Clock.
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As mentioned in the text, a mosquito larva’s chemical clock ticks faster in warm water. 
Suppose we have two identical larvae:

• Larva A is in a cool pool at 𝑇1 = 15°C (288 K).
• Larva B is in a warm puddle at 𝑇2 = 25°C (298 K).

Using the universal activation energy 𝐸 = 0.65 eV and the Boltzmann constant 
𝑘𝐵 = 8.617 × 10−5 eV/K:
1. Calculate the ratio of their biological clock speeds (Rate𝐵

Rate𝐴
).

2. If Larva B takes 10 days to pupate, how many days will Larva A take to reach 
the same developmental stage? (Assume the total amount of “biological time” 
required for pupation is the same for both).

Exercise 9.2 — The Metabolic Cost of Climate Change.

Climate models predict a global mean temperature rise of 2°C to 3°C over the 
coming decades. While a 3°C rise might just mean wearing a lighter jacket for 
endotherms like humans, it poses an existential shock to the vast majority of animals 
on Earth: ectotherms (insects, amphibians, fish, and reptiles), whose internal tem
peratures match their environment.
Suppose a population of lizards lives in a habitat that warms from a historical average 
of 𝑇1 = 20°C (293 K) to a new average of 𝑇2 = 23°C (296 K).

1. Using the Master Equation and the universal activation energy 𝐸 = 0.65 eV, 
calculate the ratio of the lizard’s new metabolic rate to its old one (𝐵2/𝐵1). You 
should find it increases by roughly 30%.

2. A 30% increase in basal metabolism means the lizard now requires 30% more food 
just to survive. If climate change does not simultaneously increase the ecosystem’s 
primary food production (plants/insects), what does your result imply for the 
stability of this food web?

9.3 Deep-Sea Gigantism: The Thermodynamics of Monsters

If you plunge two miles into the abyss of the ocean, you will encounter nightmares: giant 
squids the size of school buses, isopods (pillbugs) the size of footballs, and Greenland 
sharks that live for over four hundred years. This phenomenon is known as Deep-Sea 
Gigantism.

Why do animals get so big in an environment where food (falling “marine snow”) 
is incredibly scarce? Intuition might suggest that less food would support only smaller 
animals. But the Metabolic Theory of Ecology reveals why the opposite is true. The answer 
has two parts: bigness is advantageous (it lowers operating costs), and coldness makes 
bigness achievable (it gives organisms the time to grow).

9.3.1 The Efficiency Imperative: Why Big Is Cheap

In a food-starved environment, the organisms that survive are the ones that minimize their 
maintenance cost per gram. Recall from the previous section that mass-specific metabolic 
rate scales as 𝑀−1

4 : each kilogram of a large animal costs less energy to maintain than 



9.3 Deep-Sea Gigantism: The Thermodynamics of Monsters 95

a kilogram of a small one. Evolving a larger body actively decreases the baseline energy 
required per gram of tissue.

Consider two deep-sea crustaceans: a regular isopod weighing 1 g and a giant isopod 
(Bathynomus giganteus) weighing 1, 400 g. Their mass-specific metabolic rates differ by:

(1400)−1
4 ≈ 0.16 (9.4)

The giant isopod’s cost per gram is only 16% of the tiny one’s. In other words, the giant is 
about 6 times cheaper to run per gram of body tissue.

You might wonder: if food is scarce, wouldn’t a giant body that requires MORE total 
calories starve faster? It is true that the giant’s absolute food requirement (𝑀{3

4}) is higher. 
But in the deep sea, food doesn’t rain down in tiny crumbs; it comes in massive, highly 
localized “jackpots” (like a 40-ton dead whale falling to the seafloor).

Think of a small isopod as a gas scooter, and the giant isopod as a massive semi-truck. 
The scooter uses very little total gas, but its fuel tank is microscopic, meaning it lacks the 
endurance to cross a vast desert between oases. The semi-truck uses more total fuel, but it 
possesses an enormous fuel tank and incredible efficiency per pound of cargo.

In the abyss, survival is about endurance. A massive body provides the extreme mass-
specific efficiency to traverse vast, empty distances, and the immense lipid storage capacity 
to fast for years between meals.

So there is a powerful selective advantage to being large in the deep sea. But advantage 
alone is not enough—the organism also needs a mechanism to actually reach that size. 
This is where temperature enters the story.

9.3.2 The Slowed Clock: How Bigness Is Achievable

The deep ocean is near freezing—around 2° C to 4° C (≈ 275 K), compared to the 
sunlit surface at 25° C (298 K). According to our Master Equation, this remarkably low 
temperature 𝑇  drastically shrinks the Boltzmann multiplier 𝑒− 𝐸

𝑘𝐵𝑇 . The chemical sparks 
of life barely fire.

How much slower? We can compare the chemical clock of a warm-water surface organ
ism (𝑇𝑠 = 298 K) to a deep-sea organism (𝑇𝑑 = 272 K, or −1° C) using the Arrhenius 
ratio:

Ratesurface
Ratedeep

= 𝑒
𝐸

𝑘𝐵
( 1

𝑇𝑑
− 1

𝑇𝑠
) (9.5)

Plugging in our universal activation energy (𝐸 = 0.65 eV), the exponent evaluates to 
roughly 2.42. The resulting ratio is striking:

Ratio = 𝑒2.42 ≈ 11 (9.6)

The frigid abyss slows the chemistry of life by a factor of roughly 11. A deep-sea organism’s 
biological clock ticks about 11 times slower than its warm-water counterpart’s. This has 
a crucial consequence: deep-sea creatures grow agonizingly slowly, but their lifespans are 
extended even more drastically. In biology, this is formalized as the Temperature-Size 
Rule: because the developmental “stop growing” signal is delayed so drastically in the cold, 
the organism continues to accumulate mass over its vastly extended lifespan, eventually 
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reaching gigantic proportions.(2)

9.3.3 The Double Dividend: Predicting the 400-Year Shark

Now we can see the full logic of deep-sea gigantism. It is not one factor but two, working 
in concert:

• Temperature provides the opportunity: a slowed clock stretches lifespan, giving the 
organism centuries to grow.

• Mass provides the payoff: a larger body is cheaper to run per gram, turning each unit 
of scarce food into more survival.

The true power of the Master Equation emerges when we stack both effects on top of each 
other quantitatively. Consider the Greenland shark (Somniosus microcephalus), a creature 
that outlives empires. While classically an example of Polar Gigantism rather than deep-
sea gigantism, the thermodynamic driver—extreme cold—is exactly the same.

A typical coastal shark (e.g., a bull shark) weighs about 𝑀𝑐 = 130 kg, lives in warm 
water at 𝑇𝑠 = 298 K, and has a lifespan of roughly 𝑡𝑐 = 25 years. The Greenland shark 
weighs about 𝑀𝐺 = 500 kg and cruises through frigid Arctic water at 𝑇𝑑 = 272 K.

From the Master Equation, lifespan scales as 𝑡 ∝ 𝑀 1
4 ⋅ 𝑒

𝐸
𝑘𝐵𝑇 . So our prediction com

bines two factors:

𝑡𝐺 = 𝑡𝑐 × (𝑀𝐺
𝑀𝑐

)
1
4

× 𝑒
𝐸

𝑘𝐵
( 1

𝑇𝑑
− 1

𝑇𝑠
)

Baseline
(25 yrs)

Mass factor
(≈ 1.40)

Temp factor
(≈ 11.2)

(9.7)

Combined prediction:

𝑡𝐺 = 25 × 1.40 × 11.2 ≈ 392  years (9.8)

This prediction of roughly 400 years is remarkably close to the actual estimated lifespan of 
the Greenland shark, determined by radiocarbon dating of eye lens proteins. Two simple 
scaling laws—one for mass, one for temperature—combine to predict one of the most 
extraordinary lifespans in the animal kingdom.

The Thermodynamic Logic of Deep-Sea Giants: In the abyss, being cold slows 
down your absolute demand for fuel (× 11 from the Arrhenius factor), while being 
massive makes every gram of your body more efficient (× 6 from the scaling law). 
Together, a large, cold organism pays roughly 1

11×6 ≈ 1
66 th the energy cost per gram 

compared to a small, warm-water organism. Deep-sea gigantism isn’t an anomaly—
it is a brilliantly optimized physical strategy to survive in the starving dark.

Exercise 9.3 — The Gentle Giant.

In the text, we used the bull shark as our baseline to predict the lifespan of the deep-
sea Greenland shark. Now, let’s use the exact same baseline to predict the lifespan of 
the largest fish in the ocean: the whale shark.

(2)Of course, deep-sea gigantism is multifactorial—oxygen availability, predation pressure, and phyloge
netic history also play roles—but the thermodynamic argument provides a powerful baseline explanation.
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The whale shark is a massive filter feeder with a typical mass of 𝑀𝑤 = 19, 000 kg. 
Because they primarily swim in warm tropical waters, their environmental temper
ature is roughly the same as our baseline bull shark (𝑇 = 298 K).
Using the bull shark baseline (𝑀𝑐 = 130 kg, lifespan 𝑡𝑐 = 25  years), calculate the 
expected lifespan of the whale shark.

9.4 Beyond the Optimum: When Heat Becomes Harm

You may have noticed a glaring omission in our story so far. The Boltzmann factor 𝑒− 𝐸
𝑘𝐵𝑇  

predicts that biological rates should increase monotonically with temperature. Hotter is 
always faster. But you know from everyday experience that this cannot be the whole truth. 
Heat a protein enough and it denatures. Bake a lizard and it dies. There must be a peak—
an optimal temperature 𝑇opt—beyond which performance doesn’t just plateau, it collapses.

This is the domain of the Thermal Performance Curve: a hump-shaped function that 
captures how any biological rate—growth, reproduction, locomotion, photosynthesis—
first rises with warming, peaks at some optimum, and then crashes toward a critical thermal 
maximum 𝑇𝑐. The shape is strikingly asymmetric: a long, gradual climb on the cold side, 
followed by a steep, almost cliff-like decline on the hot side. This asymmetry is one of the 
most robust patterns in all of biology.

But why is this shape so universal? For decades, ecologists catalogued thermal perfor
mance curves for thousands of species and traits, fitting them with dozens of different 
mathematical models. Each model had its own set of parameters and biological justifica
tions. The sheer diversity of models obscured a deeper question: is there a single, universal 
shape lurking beneath all this variation?
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Figure 9.2: The Universal Thermal Performance Curve. Thermal performance data from 
2,694 curves spanning 39 phyla, from Archaea to mammals, collapse onto a single universal 
shape when properly rescaled. The 𝑥-axis shows a rescaled temperature 

𝑇trial−𝑇opt
𝑇𝑐−𝑇opt

, while 
the 𝑦-axis shows performance normalized by its maximum. The yellow curve shows the 
predicted universal shape 𝑦 = 𝑒𝑥(1−𝑥). Notice the dramatic asymmetry: a long, gradual 
rise from the cold side and a sharp cliff-like decline beyond the optimum. Adapted from 
Arnoldi et al. (2025).

A remarkable recent study by Arnoldi et al. (2025) showed that the answer is yes. When 
you properly rescale any thermal performance curve—normalizing performance by its 
maximum value Pfmax and temperature by the distance between the optimum 𝑇opt and the 
critical maximum 𝑇𝑐—data from 2,694 thermal performance curves spanning 39 phyla 
collapse onto a single universal curve (Figure 9.2).

The mathematical form of this universal curve is breathtakingly simple:

𝑦(𝑥) = 𝑒𝑥 (1 − 𝑥)Normalized
Performance

Exponential Gain
(The Engine)

Linear Loss
(The Brakes)

(9.9)

where 𝑥 is a rescaled temperature:

𝑥 =
𝑇 − 𝑇opt

𝑇𝑐 − 𝑇opt

Rescaled
Temperature

Distance from Optimum

Critical Thermal Breadth
(9.10)

https://doi.org/10.1073/pnas.2513099122
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At 𝑥 = 0 (i.e., 𝑇 = 𝑇opt), performance is at its peak (𝑦 = 1). At 𝑥 = 1 (i.e., 𝑇 = 𝑇𝑐), the 
(1 − 𝑥) term vanishes and 𝑦 = 0—performance has completely collapsed.

Where does this elegant formula come from? The universal curve emerges inevitably 
from the collision of two forces:

1. The Engine (Exponential Gain): As things get warmer, basic Arrhenius chemistry 
dictates that reactions go faster. This provides the exponential driving term: 𝑒𝑥.

2. The Brakes (Any Smooth Ceiling): At high temperatures, some unknown destructive 
process kicks in and forces performance to zero at 𝑇𝑐.

Mathemtically, the thermal optimum is, by definition, the exact peak where performance 
stops rising and starts falling, the mathematical slope of the curve at that exact point must 
be zero. If you do a simple first-order approximation (a Taylor expansion) of any smooth 
biological ceiling right at that zero-slope peak, the math forces the ceiling to simplify into 
the exact same linear term: (1 − 𝑥).

The biological specifics of the destruction—whether it’s proteins melting, enzymes 
denaturing, or cell membranes rupturing—wash out entirely. You are left with the product 
of a fast-rising exponential engine and a linearly crashing ceiling: 𝑒𝑥(1−𝑥).

This explains the profound asymmetry. On the cold side, the exponential engine (𝑒𝑥) 
dominates, creating a slow, compounding climb. But on the hot side, the linear ceiling 
(1 − 𝑥) takes over and rapidly plunges toward zero. The universality arises not because all 
organisms share identical physiology, but because exponential scaling itself is universal, 
and any exponential process that slams into a smooth ceiling will be funneled into this 
exact same cliff-like shape.

This asymmetry has a profound implication for climate change. Notice how the curve 
is asymmetric: the decline above the optimum is far steeper than the rise below it. This 
means that warming is more dangerous than cooling for most organisms. A species living 
near its thermal optimum can tolerate a substantial drop in temperature (sliding down the 
gentle left slope) but is devastated by even a modest increase (tumbling off the steep right 
cliff ). Warm-adapted tropical species, already near the top of their performance curve, 
have almost nowhere to go but down.

Exercise 9.4 — The Asymmetry of Harm.

Let’s use the universal thermal performance curve, 𝑦(𝑥) = 𝑒𝑥(1 − 𝑥), to mathemat
ically verify why warming is more dangerous than cooling. Suppose a tropical frog is 
currently living exactly at its thermal optimum (𝑥 = 0, where performance 𝑦 = 1).
Consider two climate events that shift the frog’s temperature by an equal magnitude 
in rescaled units (0.5):

1. A cooling event drops the temperature to 𝑥 = −0.5. Calculate the frog’s new 
performance 𝑦(−0.5). What percentage of optimal performance is lost?

2. A warming event raises the temperature to 𝑥 = 0.5. Calculate the new perfor
mance 𝑦(0.5). What percentage of optimal performance is lost?

Compare the two results. You should find that the warming event destroys nearly 
twice as much performance as the equivalent cooling event, perfectly capturing the 
“cliff-like” danger of exceeding 𝑇opt.
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Problem 1 — Why Are There No Mammals Bigger Than a Blue Whale?.  Kleiber’s 
Law (𝐵 ∝ 𝑀 3

4 ) seems like a perfectly straight line on a log-log plot. But when scientists 
examined metabolic data from over 600 mammal species, they discovered a subtle surprise: 
the line curves slightly upward. This tiny curvature has enormous consequences—it sets 
an absolute upper limit on body size.

regression are extremely significant (P, 33 1027 or better), sug-
gesting that both the temperature and quadratic terms are important
predictors of metabolic rate. From the value of bT (the coefficient of
the inverse temperature term) obtained from the quadratic fit, we
calculate an effective activation energy of 21.96 3.2 kcalmol21 or
0.956 0.14 eV (95% confidence intervals). This value is less than
the free energy of the full hydrolysis of ATP to AMP under standard
cellular conditions (26 kcalmol21 or 1.13 eV; ref. 27), indicating that
the model produces a biologically realistic coefficient.

In addition to temperature, previous studies have attempted to
control for other factors thatmay affectmetabolic rate, such as shared
evolutionary history16,28, habitat, climate and food type8. To account
for these potential effects, we analyse the data using phylogenetic
generalized least squares regression29 and by conditioning on catego-
rical variables (Supplementary Information). For both analyses, we
find that the quadratic and temperature terms remain significant, with
some changes in the magnitude of the coefficients (Supplementary
Information). We also find that no single study or group of points is
responsible for the curvature in the data, and that the quadratic and
temperature terms remain significant across a variety of subsets of the
data (Supplementary Information). These results suggest that the
nonlinearity of the relationship between basalmetabolic rate andmass
on a logarithmic scale is highly robust.

The local scaling exponent, defined as the derivative of the scal-
ing relationship (equation (4)) with respect to log10M, increases
significantly—from 0.57 to 0.87—over the range of the fitted data
(Fig. 1b). This stands in sharp contrast to the constant exponent of a
pure power law, and indicates that the relationship between meta-
bolic rate andmass is quite different for large and small animals. This
finding explains the long-standing disagreement regarding the value
of the scaling exponent, because assuming a power law at the outset
results in linear fits to curved data. Carrying out such fits yields
scaling exponents similar to the slopes of tangent lines at the mean
of the log10M distribution of the underlying data sets (Supplemen-
tary Information). Indeed, performing linear fits over partial mass
ranges confirms this increasing trend and reveals different regions of
the data that are consistent with either 2/3 or 3/4 (Fig. 2). Using the
values of b1 and b2 from the fit of the full model (equation (4)), we
can predict the scaling exponents obtained in previous studies using
only the first three moments of their log10M distributions (Fig. 2d,
Supplementary Information). In general, we find that data sets with
fewer large mammals7,14 tend to exhibit smaller exponents than ones
weighting large mammals more heavily1,4. Together, these results
indicate that curvature in the data is a major factor underlying the
historical variation in estimates of the scaling exponent (Supplemen-
tary Information).

Our findings have critical implications for theories of metabolic
scaling. The West, Brown and Enquist (WBE) model17 derives equa-
tion (1) as a consequence of the relationship between the volume of a
vascular network (which is proportional to mass) and the number of
capillaries (which is proportional to metabolic rate). However, it
predicts pure 3/4-power scaling only as an asymptotic law in the limit
of infinite body mass. For animals of finite size, the model instead
yields an (implicit) scaling relation that exhibits curvature on a log-
arithmic scale30:

M5 c0B1 c1B
4/3 (5)

Under the assumptions of West et al., both coefficients in the
extended model (equation (5)) are positive, predicting concave
curvature—not the convex curvature found in the data—and result-
ing in a relatively poor fit (Fig. 3a and Supplementary Information).
This raises the question of whether the theory can be adapted to agree
with the data.

The WBE model posits that evolution resulted in a hierarchical
vascular system that minimizes energy loss in the transport of blood.
This assumption appears as an energy minimization criterion that
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Figure 1 | Curvature in metabolic scaling. a, Linear (red) and quadratic
(blue) fits (not including temperature) of log10B versus log10M. The orca
(green square) and Asian elephant (ref. 4; turquoise square at larger mass)
are not included in the fit, but are predictedwell. Differences in the quality of
fit are best seen in terms of the conditional mean of the error, estimated by
the lowess (locally-weighted scatterplot smoothing) fit of the residuals
(Supplementary Information). See Table 1 for the values of the coefficients
obtained from the fit. b, Slope of the quadratic fit (including temperature)
with pointwise 95% confidence intervals (blue). The slope of the power-law
fit (red) andmodels with fixed 2/3 and 3/4 exponents (black) are included for
comparison. This panel suggests that exponents estimated by assuming a
power law will be highly sensitive to the mass range of the data set used, as
shown in Fig. 2.

Table 1 | Regression coefficients without and with temperature correction

Regression coefficient Estimate Standard error P value

Without temperature correction*
b
0

21.5078 0.0377 ,23 10
216

b
1

0.5400 0.0295 ,23 10
216

b
2

0.0322 0.0053 8.95603 10
210

With temperature correction{
b
0

14.0149 1.1826 ,23 10
216

b
1

0.5371 0.0305 ,23 10
216

b
2

0.0294 0.0057 2.56803 10
27

bT 24,799.0 362.22 ,23 10
216

Regression coefficients, standard errors, and P values for quadratic models without and with
temperature correction (for mass in grams, basal metabolic rate in watts, and temperature in
kelvin). The former use the full McNab data set (minus the orca) of 636 species; the latter use a
subset of 447 species for which we obtained temperature data. All coefficients are highly
significant.
* log10B5b01b1log10M1b2(log10M)21 e.
{ log10B5b01b1log10M1b2(log10M)21bT/T1 e.
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The “Curved” Kleiber Law. The x-axis represents the log of body mass (𝑥 = log10 𝑀 ), 
while the y-axis represents the log of metabolic rate (𝑦 = log10 𝐵). The subtle upward 
curvature (𝑏2) is what creates an absolute physical limit for the size of mammals.

The Data: Define shorthand variables 𝑦 = log10 𝐵 and 𝑥 = log10 𝑀 . The best fit to the 
data is a quadratic:

𝑦 = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 (9.1)
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where 𝑏1 = 0.54 and 𝑏2 = 0.029 (and 𝑏0 is a constant we won’t need).
Quick review (from Chapter  6): For a simple power law like Kleiber’s (𝐵 ∝ 𝑀 3

4 ), the log-log 
relationship is 𝑦 = const + 3

4 ⋅ 𝑥. The slope is always 3
4 , regardless of size. But for a quadratic, the 

slope changes with 𝑥—and that’s where the physics gets interesting.

1. The Local Exponent: This is a one-line calculus problem. Differentiate 𝑦 = 𝑏0 +
𝑏1𝑥 + 𝑏2𝑥2 with respect to 𝑥 to find the local scaling exponent 𝑝:

𝑝 = 𝑑𝑦
𝑑𝑥

=? (9.2)

2. Small Mouse vs. Big Elephant: Now plug in real numbers. Use 𝑏1 = 0.54 and 𝑏2 =
0.029 to calculate 𝑝 for two real animals:

• A 10 g mouse: 𝑥 = log10 10 = 1
• A 5000 kg elephant: 𝑥 = log10(5 × 106) ≈ 6.7

How does the local scaling exponent change from mouse to elephant? Is the exponent 
closer to 3

4  for one of them, and approaching 1 for the other?
3. The Speed Limit: Your calculation reveals something important: the scaling exponent 

is not a fixed number—it creeps upward as animals get bigger. Now let’s push this to 
its most dramatic consequence.
Recall from Chapter 6 that Kleiber’s Law means bigger animals are more efficient: 
their cost-per-kilogram drops as 𝐵

𝑀 ∝ 𝑀𝑝−1.
But efficiency only improves when 𝑝 < 1. If 𝑝 ever reaches 1, the cost-per-kilogram 
stops decreasing—there is no longer any metabolic advantage to being bigger. Above 
this point, getting bigger actually becomes a disadvantage.
Set 𝑝(𝑥max) = 1 and solve for 𝑥max. Then convert back to mass: 𝑀max = 10𝑥max . 
Express your answer in both grams and tonnes (1 tonne = 106 g).

4. The Blue Whale Test: The blue whale (Balaenoptera musculus), at roughly 1.5 × 108 g 
(150 tonnes), is the largest animal that has ever lived—in 3.5 billion years of evolution, 
nothing has beaten it.
Compare your predicted 𝑀max to the actual blue whale. Is the whale sitting near, below, 
or above the metabolic limit? What does this tell us about how close life has pushed 
against the physical boundary?

Problem 2 — The Warm-Blooded Gamble.  Picture a lizard basking on a sun-warmed 
rock and a mouse scurrying in its shadow. The mouse pays a colossal energy tax to keep its 
body at 37° C, while the lizard freeloads off the sun. This seems wildly wasteful—so why 
did evolution ever invent warm-bloodedness?
In this problem, you’ll calculate both the cost and the payoff of running a warm engine, 
and decide for yourself whether the gamble is worth it.
Dimension cheat sheet:

Quantity Symbol Dimensions

Radiated power per area 𝐽 𝕄𝕋−3

Thermal energy 𝑘𝐵𝑇 𝕄𝕃2𝕋−2

Speed of light 𝑐 𝕃𝕋−1
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Planck’s constant ℎ 𝕄𝕃2𝕋−1

1. Deriving the Stefan-Boltzmann Law: Every warm object radiates energy. The radi
ated power per unit surface area (𝐽 ) depends on three fundamental ingredients:

• The characteristic thermal energy 𝑘𝐵𝑇
• The speed of light 𝑐 (photons carry the radiation)
• Planck’s constant ℎ (a fundamental constant of nature)

Don’t worry—you don’t need to know anything about quantum mechanics or photons 
here. This is pure dimensional analysis, exactly the same technique you mastered in PSet 
1. The symbols 𝑐 and ℎ are just quantities with known dimensions—treat them as any 
other building block.
Using dimensional analysis, find the exponent 𝛼 in:

𝐽 ∝ 𝑇 𝛼 (9.3)

Hint: Write 𝐽 ∝ (𝑘𝐵𝑇 )𝛼𝑐𝛽ℎ𝛾  and match the dimensions of 𝕄, 𝕃, and 𝕋 on both sides. You 
have three equations and three unknowns.

2. The Energy Tax: You’ve just derived one of physics’ most celebrated results—the 
Stefan-Boltzmann Law—using nothing but dimensional analysis. Now let’s use it to 
quantify the price of being warm-blooded.
The total radiated power is 𝑃 = 𝐽 × 𝐴 (surface area). The net energy loss is the 
difference between what an animal radiates and what it absorbs from the environment:

𝑃loss ∝ 𝐴(𝑇 𝛼
body − 𝑇 𝛼

env) (9.4)

The proportionality constant is the Stefan-Boltzmann constant, 𝜎 ≈ 5.67 ×
10−8 W /(m2 ⋅ K4).
Consider a mammal at 𝑇𝑚 = 310 K and a reptile at 𝑇𝑟 = 293 K, both in a room at 
𝑇env = 293 K.
Calculate the net radiated power (𝑃loss) for each animal. Why is the reptile’s cost 
essentially zero?
Hint: The reptile is the same temperature as the room. For the mammal, calculating 𝑇 4 −
𝑇 4 will give a huge number in the billions, but multiplying by the tiny constant 𝜎 brings the 
final power down to a normal biological scale.

3. The Performance Payoff: So the mammal pays a hefty energy tax. But what does it buy 
with all that extra spending? Biological reaction rates follow the Arrhenius equation: 
𝑘 = 𝐴𝑒− 𝐸𝑎

𝑘𝐵𝑇 , with 𝐸𝑎 ≈ 0.65 eV.
Calculate the ratio of biological “processing speeds”:

𝑘(310 K)
𝑘(293 K)

=? (9.5)

How many times faster is the mammal’s internal chemistry compared to the reptile’s?
Hint: Use 𝑘𝐵 = 8.617 × 10−5 eV/K.

4. Was It Worth It? You now have two hard numbers: the cost (from part b) and the payoff 
(from part c). Time to weigh them against each other.
A reptile is sluggish until it warms up. A mammal is ready to hunt—or to flee—the 
instant it wakes up. Using your answers from (b) and (c), argue in 2–3 sentences why 
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warm-bloodedness is a “high-risk, high-reward” evolutionary strategy. Specifically: why 
would this strategy be especially advantageous for predators or for animals living in 
cold, unpredictable environments (like the poles or at night)?

Problem 3 — The Molecular Lottery.  In the Money Game, random exchanges create 
an exponential distribution: most people end up poor, and only a lucky few end up rich. 
The exact same law governs the molecules inside your cells. At any instant, most molecules 
barely have enough energy to vibrate, while a tiny, lucky fraction have enough to break 
bonds and drive the chemistry of life. Enzymes—the molecular machines of biology—
work by rigging this lottery.
Setup: In class, we learned that the Boltzmann distribution gives the probability of finding 
a molecule with energy 𝐸:

𝑃(𝐸) ∝ 𝑒−𝐸/(𝑘𝐵𝑇) (9.6)

But for a chemical reaction, what matters is not the probability of having exactly energy 
𝐸𝑎—it’s the probability of having at least 𝐸𝑎. Think it like this: to buy something that 
costs 20 dollars, you don’t need exactly 20 dollars; you need 20 dollars or more.
For the exponential distribution, there is a beautiful shortcut. The fraction of molecules 
with energy ≥ some threshold 𝐸𝑎 is:

𝑓(≥ 𝐸𝑎) = 𝑒−𝐸𝑎/(𝑘𝐵𝑇) (9.7)

Why does this work? Because the exponential distribution has a special property: the 
fraction of the curve above any threshold has the same mathematical form as the curve 
itself.(1)

1. The Uncatalyzed vs. Catalyzed Lottery: At body temperature (𝑇 = 310 K), consider 
a biochemical reaction with two scenarios:

• Without enzyme: The energy barrier is 𝐸𝑎 = 20𝑘𝐵𝑇  (a tall wall).
• With enzyme: The enzyme lowers the barrier to 𝐸𝑎 = 5𝑘𝐵𝑇 .

Calculate the fraction of molecules that have enough energy to react in each case.
Hint: Use a calculator or the approximation 𝑒−20 ≈ 2 × 10−9.

2. The Miracle of Enzymes: By what factor does the enzyme speed up the reaction? (This 
is simply the ratio of the two fractions from part a.)

3. Exponential vs. Bell Curve: In a Bell Curve (Normal distribution), about 50% of 
values lie above the average. But the Boltzmann distribution is not a Bell Curve—it is 
an exponential, just like the wealth distribution in the Money Game.
Compute the fraction of molecules with energy above the average (𝐸 > 𝑘𝐵𝑇 ): this is 
simply 𝑒−1.
What does this number (compared to 50%) tell you about how the exponential distri
bution concentrates most of its population at low energies?

4. The Fever Amplifier: Here is a subtle but powerful consequence of the exponential 
shape. During a fever, body temperature rises from 𝑇0 = 310 K (37° C, or 98.6° F) to 
𝑇 ′ = 312 K (39° C, or 102.2° F)—a change of less than 1%.

(1)Formally, for the normalized exponential distribution 𝑃(𝐸) = (1/𝑘𝐵𝑇 )𝑒−𝐸/𝑘𝐵𝑇 , integrating from 
𝐸𝑎 to ∞ gives ∫∞

𝐸𝑎
𝑃(𝐸)𝑑𝐸 = 𝑒−𝐸𝑎/𝑘𝐵𝑇 . You don’t need to know how to do this integral—just trust the 

result and use it.
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For the uncatalyzed reaction (𝐸𝑎 = 20𝑘𝐵𝑇0), the physical barrier 𝐸𝑎 stays fixed (it is 
a property of the chemical bond), but the thermal energy 𝑘𝐵𝑇  increases. So:

𝐸𝑎
𝑘𝐵𝑇 ′ = 20 × 310

312
≈ 19.87 (9.8)

Compute the new fraction 𝑒−19.87 and compare to your answer from part (a). By what 
percentage does the uncatalyzed reaction speed up?
Now repeat for the catalyzed reaction (𝐸𝑎 = 5𝑘𝐵𝑇0). Compute 𝐸𝑎

𝑘𝐵𝑇 ′ = 5 × 310/312 
and then 𝑒 to that power.
Which reaction is more temperature-sensitive—the one with the high barrier or the 
low barrier? Why does this make sense from the shape of the exponential distribution?
Hint: Think of the exponential curve as a steep hill. A small shift at the top of the hill (where 
the curve is nearly flat) barely matters. But the same shift at the bottom of the hill (where the 
curve is steep) changes the enclosed area dramatically.

Problem 4 — Hacking the Biological Clock.  Most mammals the size of a house mouse 
( 25 g) are lucky to see their third birthday. So when biologists discovered that the Brandt’s 
bat (Myotis brandtii)—a creature that weighs less than a mouse (only 7 g)—can live for 
over 40 years, they were stunned. That’s like finding a human who lives to 10,000.
How does the bat cheat death? The answer, it turns out, is physics: it slows down time.
Reference values:

Quantity Value

Average activation energy 𝐸 = 0.65 eV

Boltzmann constant 𝑘𝐵 = 8.617 × 10−5 eV/K

Mouse body temperature 𝑇active = 310 K  (37° C)

Hibernation temperature 𝑇hibern = 278 K  (5° C)

1. The Naive Prediction: If all mammals follow the lifespan scaling law 𝑡 ∝ 𝑀 1
4  (from 

Chapter 7), and a 25 g mouse lives for 3 years, what should we predict for a 7 g Brandt’s 
bat? How embarrassingly wrong is this prediction compared to the bat’s actual 40-year 
lifespan?

2. The Torpor Solution: Your prediction from part (a) is off by more than an order 
of magnitude—something dramatic must be happening that our simple scaling law 
cannot capture. The answer is hibernation.
During hibernation, a bat’s body cools from 310 K down to about 278 K. Using the 
Arrhenius equation from Chapter 8, calculate how much slower the bat’s biological 
clock ticks in hibernation compared to normal activity:

Ratio = 𝑡hibern
𝑡active

= 𝑒
𝐸

𝑘𝐵
( 1

𝑇hibern
− 1

𝑇active
) (9.9)

Hint: This is the same Arrhenius ratio you computed in Problem 2. Calculate the exponent 
first. You should find 𝐸

𝑘𝐵
( 1

278 − 1
310) ≈ ….
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3. The Translation: Your ratio from (b) tells you how many “active days” are packed into 
one hibernation day. Based on this, how many days of normal-temperature life are 
metabolically equivalent to a single day of hibernation?
Hint: If the ratio is, say, 20, that means one hibernation day “costs” the body the same wear-
and-tear as 1

20 th of an active day.
4. Explaining the Outlier: Brandt’s bats hibernate for roughly 6–8 months of the year. 

In one or two sentences, explain how this thermal “time-stretching” helps reconcile the 
bat’s 40-year lifespan with what metabolic theory would predict for such a tiny animal.

Note: In reality, bats also have exceptionally efficient DNA repair mechanisms. For this problem, we assume 
the activation energy 𝐸 is constant.
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CHAPTER 10

Our World is Logarithmic

In Part II, we built a physics of life based on two numbers: Mass and Temperature.
• Mass determines your infrastructure (supply).
• Temperature determines your speed (kinetics).

But this picture is incomplete.
Imagine we take a fresh, living spinach leaf and put it in a blender. We seal the lid so 

nothing escapes. The resulting “green smoothie” has the exact same Mass (𝑀 ) as the living 
leaf. It has the exact same Temperature (𝑇 ). It has the same number of carbon atoms, the 
same energy content, and the same chemical composition.

But one is a living biological structure, and the other is… goop.
What is the difference? The difference is not stuff; it is arrangement. The living leaf has 

Organization. The smoothie has Chaos.
To make our physics of life complete, we need a way to quantify this “Organization.” 

We need a metric for Order.

10.1 Entropy: The Measure of Uncertainty

10.1.1 20 Questions Games

How do we measure Order? Surprisingly, the best way is to measure its opposite: Uncer
tainty.

Imagine I hide an object in a box. I ask you to guess what it is.
• If the box can only contain a “Red Ball”, you have zero uncertainty. You know exactly 

what’s inside.
• If the box could contain anything in the universe, you are maximally uncertain.

To narrow it down, you play “20 Questions.” If you ask “Is it bigger than a breadbox?”, you 
eliminate half the universe of possibilities in one go. If you ask “Is it alive?”, you cut the 
remaining space in half again. Each Yes/No question resolves uncertainty.

This is the core insight of Information Theory:

Information is not about “meaning”; it is about the resolution of uncertainty.
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If you have no choice (only 1 outcome), you have zero information. If you have 2 outcomes 
(Heads/Tails), you have 1 bit of information. The more choices you have, the more infor
mation you need to narrow it down to one.

10.1.2 Possibilities multiply but Information adds up

In Part II, we learned that physical quantities like Mass, Energy, and Volume are additive.

• If you combine two systems, the total energy is the sum: 𝐸tot = 𝐸1 + 𝐸2.
• If you combine two volumes, 𝑉tot = 𝑉1 + 𝑉2.

But probabilities are multiplicative.
• If you flip two coins, the probability of getting “Heads-Heads” is 12 × 1

2 = 1
4 .

• The number of possible states multiplies.

Let’s make this concrete with a “Menu Argument.” Imagine a restaurant with two inde
pendent menus:
1. Drinks (𝑊1 = 4 options: Water, Coke, Tea, Coffee).
2. Food (𝑊2 = 8 options: Burger, Pasta, Salad, etc.).

How many unique meals (microstates) can you order?

𝑊tot = 𝑊1 × 𝑊2 = 4 × 8 = 32 meals (10.1)

Now, suppose we want a measure of “Complexity” (𝑆) that feels like a physical quantity. 
We want it to be additive. We want the complexity of the meal to be the complexity of 
the drink plus the complexity of the food:

𝑆(Meal) = 𝑆(Drink) + 𝑆(Food) (10.2)

There is only one continuous function in mathematics that satisfies this property: the 
logarithm.

log(𝑥𝑦) = log(𝑥) + log(𝑦) (10.3)

Physicists and information theorists have a specific name for this “additive complexity”. 
They call it Entropy.

This is why, in statistical mechanics and information theory, Entropy (𝑆) must be 
defined as the logarithm of the number of available states (𝑊 ):

𝑆 = 𝑘𝐵 ln 𝑊
Entropy

Exchange rate
(Units)

Possibilities
(Microstates)

(10.4)

This definition isn’t arbitrary. It’s the only way to translate the multiplicative nature of 
probability into the additive nature of the physical world.



10.1 Entropy: The Measure of Uncertainty 111

Why do we need 𝑘𝐵 in entropy?

The constant 𝑘𝐵 is just a historical accident. It exists because we measure Temperature 
in Kelvin and Energy in Joules.
Think of 𝑘𝐵 as the “exchange rate” between the microscopic world of information 
(bits) and the macroscopic world of thermodynamics ( Joules/Kelvin).

𝑆 = 𝑘𝐵 ln 𝑊 (10.5)

If we could restart science from scratch, we would measure Temperature in units of 
Energy (𝑘𝐵 = 1). In that rational universe, Entropy would simply be Information, 
with no units at all.

Figure 10.1: Boltzmann’s grave in Vienna, showing the entropy formula. Source

Exercise 10.1 — The Library of Babel.

Imagine two libraries, each with 1,000 books.
• Library A (“Order”): Every single book is an identical copy of Hamlet.
• Library B (“Chaos”): Every book is different.

1. If you pick a book at random from Library A, what is the number of possible 
outcomes (𝑊 )? What is the Entropy (𝑆 ∝ ln 𝑊 )?

2. If you pick a book at random from Library B, what is 𝑊 ? What is the Entropy?
3. If we view DNA as a text (“Hamlet”), which library represents your cells main

taining genetic integrity, and which represents a random soup of nucleotides?

10.2 What is Temperature? (The Rigorous Definition)

In Chapter 8, we defined temperature loosely as “the average energy per particle” (𝐸 ≈
𝑘𝐵𝑇 ). That was a useful lie—good enough for scaling laws, but not the whole story.

Now that we have entropy in our toolkit, we can tell the truth. And the truth is 
beautifully simple: Temperature measures how “hungry” a system is for energy.

10.2.1 The Thought Experiment: Two Rooms, One Coin

Imagine two sealed rooms, each filled with coins scattered on a table:

https://en.wikipedia.org/wiki/Boltzmann%27s_entropy_formula#/media/File:Boltzmann_equation.JPG
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• Room A has 100 coins, and all of them are Heads. It is perfectly ordered.
• Room B has 100 coins, and they are a random jumble of Heads and Tails. It is already 

messy.

Now, you walk into each room and flip exactly one coin at random (this is like adding a 
tiny bit of energy).

• In Room A, that single flip is devastating. You just went from 1 possible arrangement 
to 100 possible arrangements. The entropy jumps enormously (Δ𝑆 is huge).

• In Room B, flipping one more coin barely matters. The room was already chaotic; one 
more flip is a drop in the ocean (Δ𝑆 is tiny).

The key insight: the same “dose” of energy creates vastly different amounts of new 
disorder, depending on how ordered the system already is.

Temperature is Everywhere

This entropy-based definition of temperature works for any system where you can 
count microstates and define an energy. Not just molecules bouncing around in a box. 
Not just coins on a table. Any system.
Consider the physical wiring of your brain. Your brain is a network: regions (nodes) 
are connected by bundles of axons (links), and these links are real, physical cables 
that cannot pass through each other. Given a fixed set of brain regions, there are 
many possible ways to route the wiring. Some layouts are neat and economical—
short, straight cables with minimal tangling. Others are a spaghetti mess of crossed 
and knotted fibers.
Physicists have shown that you can define a temperature for such a network.(1) At 
low temperature, the network settles into its ground state—the most economical, 
untangled wiring. At high temperature, the cables wander and curl, creating tangles, 
and entropy rises. When researchers measured the wiring of an actual mouse brain, 
they found it sits at a specific, measurable temperature—more tangled than optimal 
wiring would predict, but far less tangled than random spaghetti.
The same idea reaches far beyond neuroscience:

• Protein Folding: An amino acid chain navigates a vast landscape of possible 
shapes. The “energy” is bond strain and hydrophobic mismatch; the microstates 
are all possible folds. Temperature determines whether the protein snaps into its 
native structure (cold, ordered) or wanders aimlessly through misfolded confor
mations (hot, disordered).(2)

• Flocking Birds: In a flock of starlings, each bird tries to align with its neighbors. 
The “temperature” here is the strength of random noise—wind gusts, individual 
hesitation—that disrupts alignment. At low temperature the flock moves as a 
single, coordinated unit; at high temperature the birds scatter chaotically.(3)

(1)Y. Liu, N. Dehmamy, and A.-L. Barabási, “Isotopy and energy of physical networks,” Nature Physics 
17, 216–222 (2021).

(2)J. N. Onuchic, Z. Luthey-Schulten, and P. G. Wolynes, “Theory of protein folding: The energy 
landscape perspective,” Annual Review of Physical Chemistry 48, 545–600 (1997).

(3)W. Bialek et al., “Statistical mechanics for natural flocks of birds,” Proceedings of the National Academy 
of Sciences 109, 4786–4791 (2012).
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• Evolution: Genetic drift acts as a “temperature” for populations exploring fitness 
landscapes. In small populations (high temperature), random mutations domi
nate and the population drifts aimlessly. In large populations (low temperature), 
selection locks in the fittest genotype with high precision.(4)

The lesson: temperature is not just about heat. It is about the relationship between 
energy and disorder in any system with countable states. Wherever you can define 
microstates and energy—and where the system has reached some form of equilibrium 
or steady state—you can define an effective temperature, whether the system is a box 
of gas, a network of neurons, or a string of DNA.

10.2.2 From Intuition to Equation

This “sensitivity”—how much new entropy you get per unit of energy—is actually the most 
fundamental thing about a system’s thermal state. Physicists define it as:

1
𝑇

= 𝜕𝑆
𝜕𝐸Coldness

(Sensitivity)
Gain in Entropy per
Unit of Energy

(10.6)

Read this equation as a statement about appetite:
• Cold systems (𝑇  small → 1/𝑇  large) are starving for energy. Give them even a little, 

and their entropy skyrockets. They have high sensitivity.
• Hot systems (𝑇  large → 1/𝑇  small) are stuffed. They’ve already explored most of 

their possible arrangements. More energy barely changes anything. They have low 
sensitivity.

Notice that the equation says 1/𝑇 , not 𝑇 . This is not an accident. What physics really 
tracks is coldness—the hunger for energy—not hotness. Temperature as we usually think 
of it (𝑇 ) is just the reciprocal of this more fundamental quantity.

Exercise 10.2 — The Robin Hood of Energy.

Let’s test the idea that 1/𝑇 = Δ𝑆/Δ𝐸. Imagine two systems: a Hot System (𝑇 =
100) and a Cold System (𝑇 = 10). Suppose you act as Robin Hood: you steal 1 Joule 
of energy from the Hot System and give it to the Cold System.

1. The Hot System loses 1 Joule. How much entropy does it lose?
2. The Cold System gains 1 Joule. How much entropy does it gain?
3. What is the net change in total entropy for the universe?

(4)M. Lässig, V. Mustonen, and A. M. Walczak, “Predicting evolution,” Nature Ecology & Evolution 1, 
0077 (2017).
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Takeaway: Energy is perfectly conserved, but stealing energy from the rich (hot) and 
giving it to the poor (cold) always generates a net increase in total disorder.

10.2.3 Why Heat Flows from Hot to Cold

When you touch a hot stove, energy flows into your hand. Why that direction? Not because 
“energy wants to spread out”—energy doesn’t want anything. The real reason is entropy 
bookkeeping:

• The stove (hot, low 1/𝑇 ) loses a small amount of entropy when it gives up energy.
• Your hand (cold, high 1/𝑇 ) gains a large amount of entropy when it absorbs the same 

energy.

The net result: the universe’s total entropy increases, so the process happens spontaneously. 
Heat flows from hot to cold because the cold object offers a better return on investment 
for entropy. The universe is not generous; it is greedy for disorder.

But this is not just a cute explanation of stoves. It is a consequence of something far 
deeper.

The Second Law of Thermodynamics: The total entropy of an isolated system never 
decreases.

This is arguably the most fundamental law in all of physics. Unlike Newton’s laws or 
quantum mechanics, which are symmetric in time (their equations work equally well 
forward and backward), the Second Law is the only law that gives time a direction. It is 
the reason eggs break but don’t unbreak, the reason we age, and the reason the universe 
has a past and a future. Arthur Eddington put it best:

If your theory is found to be against the Second Law of Thermodynamics I can give 
you no hope; there is nothing for it but to collapse in deepest humiliation.

— Arthur Eddington, The Nature of the Physical World (1928)

Exercise 10.3 — The Coin Thermometer.

Consider a box containing 10 coins. The “energy” of the box is the number of Heads, 
and a “microstate” is any specific arrangement of Heads and Tails. Adding one unit 
of energy means flipping exactly one coin from Tails to Heads.

1. Calculate the number of microstates 𝑊  and the entropy 𝑆 = ln 𝑊  for three 
boxes:

• Box A: 0 Heads (all Tails).
• Box B: 2 Heads.
• Box C: 4 Heads.

Hint: The number of ways to choose 𝑘 Heads from 𝑛 coins is (𝑛
𝑘 ) = 𝑛!

𝑘!(𝑛−𝑘)! .



10.2 What is Temperature? (The Rigorous Definition) 115

2. For each box, calculate the change in entropy Δ𝑆 when you add one unit of energy 
(flip one more coin to Heads). Which box has the highest “coldness” (1/𝑇 ∝
Δ𝑆/Δ𝐸)?

3. Suppose Box A (0 Heads) and Box C (4 Heads) are placed in “thermal contact,” 
meaning they can exchange coins. Using the Second Law, predict which direction 
the “heat” (energy) will flow. Explain your reasoning.

10.3 Your Senses are Logarithmic Mirrors

Let’s pause and notice something remarkable about the equation 1/𝑇 = 𝜕𝑆/𝜕𝐸. Read it 
one more time:

A cold system is highly sensitive to new energy. A hot system is numb.
Does that remind you of anything from your own experience? Think about your ears. 

When a room is perfectly quiet, the faintest whisper is startling—your auditory system is 
cold, exquisitely sensitive. But step into a loud concert, and you can barely hear the person 
shouting next to you—your ears have become hot, saturated.

What if our sensory organs use a mathematically analogous trick—compressing a vast 
range of stimuli using logarithms, much the way entropy turns multiplicative microstates 
into an additive measure?

10.3.1 The Piano Illusion

To see this in action, look at the keys on a piano. Why do they appear evenly spaced?
To your ear, the step from “Middle C” to the next C sounds the same as the step from 

that C to the one above it. You perceive a linear progression of “octaves.” But physically, 
the frequency is actually doubling (262 Hz → 523 Hz → 1046 Hz).

Your brain does not count absolute differences (+1 year, +261 Hz); it counts ratios 
(+10%, × 2).

This means our perceived intensity of a sensation (𝑅) is approximately proportional to 
the logarithm of the physical stimulus relative to some reference threshold (𝑆0):

𝑅 ∝ ln( 𝑆
𝑆0

) (10.7)

10.3.2 The Problem: Whisper vs. Thunder

Why did nature build us this way? The answer is Dynamic Range. Nature presents us 
with data across massive orders of magnitude:

• The light of a distant star vs. the blazing sun.
• The sound of a rustling leaf vs. a thunderclap.

If your senses were linear (meaning the response is directly proportional to the stimulus, 
𝑅 ∝ 𝑆), you would face a fatal trade-off:
1. High Sensitivity: You could hear the leaf, but the thunderclap would instantly overload 

your neurons (deafening you).
2. Low Sensitivity: You could handle the thunder, but you would be deaf to the leaf (and 

the predator stalking you).
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By using a logarithmic scale, your senses “compress” this massive dynamic range into a 
narrow linear range that your neurons can handle. You can perceive both the “whisper” 
and the “thunder” without losing the ability to distinguish between them.

10.3.3 The Solution: Scale Invariance

This logarithmic compression has a profound mathematical side effect: Scale Invariance.
Let’s see why. Sensitivity is just the slope of the response curve (the derivative). Since 

𝑅 = ln 𝑆, calculus tells us the slope is:

Slope = d𝑅
d𝑆

= 1
𝑆

(10.8)

Notice the beautiful parallel here. Perceptual sensitivity ( 1
𝑆 ) has the exact same mathe

matical form as thermodynamic coldness ( 1
𝑇 ).

This simple derivative explains two crucial survival features:
1. Protection from Overload: As the signal strength (𝑆) increases, your sensitivity ( 1

𝑆 ) 
drops toward zero. The louder the sound, the “numb-er” your ear becomes. This prevents 
the thunder from blowing out your eardrums.

2. Constant Relative Error: For you to notice a difference, the neural response must 
change by a fixed amount (Δ𝑅 ≈ const).

Δ𝑅 ≈ Slope × Δ𝑆 = 1
𝑆

× Δ𝑆 (10.9)

Rearranging this gives us the famous Weber-Fechner Law:

Δ𝑆
𝑆

≈ const (10.10)

This means your relative error is constant. Whether you are weighing a mouse (10 g) or 
an elephant (1000 kg), your sensory system adapts to provide the same relative precision 
(e.g., 10%).

Is this logarithmic distortion just a biological quirk?
No. It is a survival necessity.
Nature solved the problem of surviving across orders of magnitude by building thermo

dynamic logic directly into your neurons. Our brains do not strive for Accuracy; they strive 
for Utility. By compressing the infinite dynamic range of the universe into a finite neural 
code, we trade linear truth for the ability to survive.

Perception brings meaning to sensation, so perception produces an interpretation of 
the world, not a perfect representation of it.

— Philip Zimbardo

Exercise 10.4 — The Weber's Law of Money.

We can test this logarithmic scaling with a thought experiment about money.
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• The Coffee: You enter a cafe. A coffee is listed at $5. The barista smiles and gives 
you a $1 discount. You feel great (“What a steal!”).

• The Car: You are buying a car for $25,000. The dealer smiles and gives you a $1 
discount. You feel nothing (“Is this a joke?”).

1. Calculate the relative change (Δ𝑆
𝑆 ) for both the coffee and the car.

2. Using Weber’s Law (𝑅 ∝ ln 𝑆), explain why your “happiness” depends on the 
fraction, not the absolute dollar amount.

10.4 Midpoint of Your Life

Why does time seem to speed up as you get older?
When you are 8 years old, one year represents 1

8 th (12.5%) of your life. It feels like an 
eternity. But when you are 80, that same year is only 1

80 th (1.25%) of your life. It passes in 
the blink of an eye.

If our perception of time is indeed logarithmic (𝑇 (𝑡) = ln 𝑡), what is the subjective 
“midpoint” of your life?

The midpoint is defined as the time 𝑡mid such that the subjective duration from the start 
(𝑡start) to the middle equals the subjective duration from the middle to the end (𝑡end):

ln(𝑡mid)⎵
𝑇(𝑡mid)

− ln(𝑡start)⎵
𝑇(𝑡start)

= ln(𝑡end)⎵
𝑇(𝑡end)

− ln(𝑡mid)⎵
𝑇(𝑡mid)

(10.11)

Solving this gets us

𝑡mid = √𝑡start ⋅ 𝑡end (10.12)

Assuming your memory starts around age 4 (𝑡start = 4) and you live until 80 (𝑡end = 80), 
the subjective midpoint is the geometric mean of your life:
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𝑀 =
√

4 × 80 =
√

320 ≈ 18 years old (10.13)

Subjectively, your life is half over by the time you graduate high school.

Midway upon the journey of our life I found myself within a forest dark, For the 
straightforward pathway had been lost.

— Dante Alighieri, Inferno

When Dante wrote these words, he was 35—the arithmetic midpoint of the biblical 
lifespan of 70. But our logarithmic calculation puts the subjective midpoint much earlier. 
Perhaps the dark forest finds us sooner than we think.

The take-home lesson is not that your life is half over. Quite the contrary, we should 
intentionally create new memories to make our life feel longer. Travel, learn new skills, and 
challenge yourself. The more new experiences you have, the more “logarithmic units” you 
accumulate.



CHAPTER 11

Information as THE Measure of 
Ignorance

Imagine you are opening a fresh pack of baseball cards. You pull out a card.
• If you see a generic utility player, you aren’t very surprised. They are common.
• But if you pull out a Shohei Ohtani (signed, rookie card), you are shocked. That 

is rare.

This intuition—that rarity equals information—is the core of Information Theory.
In the previous chapter, we defined Entropy as the logarithm of the number of available 

states (𝑆 = 𝑘𝐵 ln 𝑊 ). But that simple formula assumed every state was equally likely (like 
counting item combinations on a menu).

What if the outcomes have different probabilities?

11.1 THE measure of information

Boltzmann’s formula (𝑆 = 𝑘𝐵 ln 𝑊 ) is the universal truth. However, calculating “W” can 
be tricky when probabilities are unequal.

Let’s derive a more useful form by applying Boltzmann’s law to a simple thought 
experiment: a biased coin.

• Heads appears with probability 𝑝1.
• Tails appears with probability 𝑝2 = 1 − 𝑝1.

If we flip the coin 𝑁  times (where 𝑁  is huge), we expect to see:
• 𝑁1 = 𝑁𝑝1 Heads.
• 𝑁2 = 𝑁𝑝2 Tails.

The probability of this specific “typical” sequence (e.g., HHTHT…) is just the product of 
the probabilities:

𝑃seq = 𝑝𝑁1
1 𝑝𝑁2

2 (11.1)

Since there are 𝑊  such sequences covering the total probability (𝑊𝑃seq ≈ 1), the number 
of states is simply 𝑊 ≈ 1

𝑃seq
.

Plugging this into Boltzmann’s law (𝑆 = 𝑘𝐵 ln 𝑊 ) gives:

𝑆total = −𝑘𝐵 ln 𝑃seq = −𝑘𝐵(𝑁1 ln 𝑝1 + 𝑁2 ln 𝑝2) (11.2)

Dividing by 𝑁  gives the average entropy per flip:
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𝑆 = 𝑆total
𝑁

= −𝑘𝐵(𝑝1 ln 𝑝1 + 𝑝2 ln 𝑝2) (11.3)

Generalizing to any number of outcomes, we get Shannon Entropy:

𝑆 = −𝑘𝐵 ∑
𝑖

𝑝𝑖 ⋅ ln 𝑝𝑖
Information

Units
(Exchange Rate)

Frequency
Surprisal
(Value of message)

(11.4)

Why does this matter? Before 1948, “information” was a fuzzy concept. You could have “a 
lot” of it or “a little,” but you couldn’t put a number on it. Shannon changed everything. 
He proved that information is a measurable quantity, just like mass or energy.

Trivia: Why call it Entropy?

When Claude Shannon first derived this formula, he wasn’t sure what to call it. He 
asked the great mathematician John von Neumann for advice. Von Neumann replied:

“You should call it entropy, for two reasons. In the first place your uncertainty 
function has been used in statistical mechanics under that name, so it already has a 
name. In the second place, and more important, nobody knows what entropy really 
is, so in a debate you will always have the advantage.”

You may notice that it looks like an expected value (𝐸[𝑋] = ∑ 𝑝𝑖𝑥𝑖). It suggests that the 
quantity −𝑘𝐵 ln 𝑝 is the “information content” of a single event.

We call this Surprisal (𝐼):

𝐼(𝑥) = − ln 𝑝(𝑥) (11.5)

• High Probability (𝑝 ≈ 1): Surprisal is near 0. “The sun rose today.” (Boring)
• Low Probability (𝑝 ≈ 0): Surprisal is huge. “It snowed in the Sahara.” (High Infor

mation)

Entropy is just the average surprisal of a system.

This definition is the bedrock of our modern world. It is one of the reasons your smart
phone works, the reason the internet exists, and the reason AI models can learn to speak. 
By quantifying uncertainty, Shannon didn’t just solve a math problem; he gave us the 
language to describe and control complexity.
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Why is it THE measure of information?

We derived this from physics, but Shannon derived it from pure logic. He asked: “Is 
there a universal yardstick for Uncertainty?”
He proved that if you want a measure 𝐻  to make logical sense, it must satisfy three 
common-sense rules:
1. Continuity: A small change in probabilities shouldn’t cause a massive jump in 

uncertainty.
2. Monotonicity: If all outcomes are equally likely, having more options means more 

uncertainty.
3. Additivity: The information from two independent events (𝐴 and 𝐵) should just 

add up (𝐻𝐴+𝐵 = 𝐻𝐴 + 𝐻𝐵).

I think all three are self-evident and intuitive. Here is the kicker: Shannon proved 
that, under these three axioms, there is only one function that qualifies (up to choice 
of units):

𝑆 = −𝑘 ∑ 𝑝𝑖 ln 𝑝𝑖 (11.6)

This means Shannon Entropy isn’t just a “good idea.” Given these axioms, it is the 
unique mathematical measure of uncertainty.

Fun fact: Shannon’s 1948 paper was titled “A Mathematical Theory of Communication”. 
When republished as a book in 1949, the title was changed to “The Mathematical 
Theory of Communication”. While such a change might usually seem arrogant, it was, 
in this case, simply accurate: he had discovered the unique, fundamental law of 
information.

Exercise 11.1 — Entropy in the Wild: Length vs. Complexity.

Security experts tell you to use “passphrases” (long strings of text) instead of “complex” 
passwords. Why?
Assume a hacker’s computer can guess 1 billion (109) combinations per second.

1. The Complex Short: An 8-character password using uppercase, lowercase, num
bers, and symbols (𝑀 ≈ 90).

• Calculate the total combinations 𝑊 = 𝑀𝐿.
• How long does it take to crack? Convert your answer to days.

2. The Simple Long: A 16-character phrase using only lowercase letters (𝑀 = 26) 
(e.g., “physicsisfuntons”).

• Calculate the total combinations 𝑊 .
• How long does it take to crack? Convert your answer to years.

3. The Lesson: Calculate the Entropy in Bits (𝑆 = log2 𝑊 ) for both.
• Why is doubling the length (𝑁 ) so much more powerful than increasing the 

complexity (𝑀 )?
• Hint: Look at the formula 𝑆 = 𝑁 log2 𝑀 .
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11.2 The Entropy of Language

You just proved that length beats complexity for passwords. But here is a deeper question: 
how much information does the English language actually carry?

11.2.1 Maximum Entropy: The Random Typewriter

Suppose English uses 27 characters (26 letters plus a space), and every character appears 
with equal probability. This is maximum chaos—the linguistic equivalent of a monkey 
smashing keys at random. Each character carries:

𝐻max = log2(27) ≈ 4.75 bits/letter (11.7)

A typical English word is about 5 letters long, so each word would carry roughly 5 ×
4.75 ≈ 24 bits.

But open any English novel and you will notice something immediately: this random 
estimate is wildly too high. English is not random. It is full of structure.

11.2.2 Actual Entropy: The Rules of the Game

In 1951, Shannon himself set out to measure the true entropy of English. He did this 
with an ingenious experiment: he gave human subjects a passage of text with certain letters 
removed and asked them to guess the missing ones. The better they guessed, the lower the 
entropy.(1)

Why is the actual entropy so much lower than 4.75 bits? Two powerful reasons:

1. Unequal Frequencies. Not all letters are created equal. The letter ‘e’ appears roughly 
13% of the time, while ‘z’ barely makes an appearance at 0.07%. This imbalance alone 
reduces entropy, because Shannon’s formula penalizes uniformity—the more skewed 
the distribution, the lower the average surprisal.

2. Grammar and Correlations. Letters are not independent. After ‘q’, you can predict 
‘u’ with near certainty. After “informati”, the next letter is almost certainly ‘o’. Each 
constraint the language imposes is a gift of free information—it narrows the space of 
possibilities without you needing to observe anything new.

Shannon’s result was striking:

𝐻actual ≈ 1.3 bits/letter (11.8)

That is barely more than one bit per letter—roughly a quarter of the maximum. English 
is about 75% redundant. Three out of every four bits you read are, in a strict information-
theoretic sense, unnecessary.

This is why text files compress so well. Algorithms like ZIP exploit this redundancy, 
squeezing out the predictable bits and keeping only the surprising ones. And it is why you 

(1)C. E. Shannon, “Prediction and entropy of printed English,” Bell System Technical Journal 30, 50–
64 (1951).
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can read this sentence even if I rmve sm of th vwls—the redundancy lets your brain fill in 
the gaps.

Exercise 11.2 — Context Reduces Entropy.

Consider the following sentence with a missing three-letter word:
“The quick brown ___ jumps over the lazy dog.”

Estimate the entropy (in bits) needed to guess the missing word under three 
assumptions:

1. Maximum Chaos: The missing letters are completely random, drawn indepen
dently from 26 letters. How many bits do you need? (Hint: 𝑆 = 3 × log2(26).)

2. English Statistics: Each letter carries about 1.3 bits (Shannon’s estimate). How 
many bits now?

3. Full Context: You recognize this famous sentence. How many possibilities are 
there? What is the entropy?

Takeaway: Structure gives you information “for free.” The more context you have, the 
less entropy remains.

In the 1930s, the Harvard linguist George Kingsley Zipf noticed something strange. He 
ranked every word in a large body of English text by frequency—“the” was first, “of ” was 
second, “and” was third, and so on. Then he plotted the frequency of each word against 
its rank.

The result was approximately a straight line on a log-log plot. The frequency of a word 
is roughly inversely proportional to its rank:

𝑃(𝑟) ∝ 1
𝑟

(11.9)

The most common word (“the”) appears about twice as often as the second most common 
(“of ”), three times as often as the third (“and”), and so on. This is Zipf ’s Law.

What makes this truly striking is its near-universality. Zipf ’s Law appears in every 
human language ever studied: English, Mandarin, Spanish, Arabic, ancient Sumerian 
cuneiform—all show approximately the same power-law distribution. Even sign languages 
follow it. Even the “words” of dolphin communication show Zipfian signatures.(2) (The fit 
is approximate, not perfect—the exponent varies somewhat across corpora and languages
—but the broad pattern is remarkably consistent.)

Why? Is there something fundamental about how brains process information that forces 
this pattern to emerge?

In 2003, two physicists proved that Zipf ’s Law is not a coincidence—it is the inevitable 
outcome of an evolutionary tug-of-war between two competing pressures.(3)

Think of communication as a negotiation between two parties:

(2)B. McCowan, S. F. Hanser, and L. R. Doyle, “Quantitative tools for comparing animal communication 
systems: information theory applied to bottlenose dolphin whistle repertoires,” Animal Behaviour 57, 409–
419 (1999).

(3)R. Ferrer i Cancho and R. V. Solé, “Least effort and the origins of scaling in human language,” 
Proceedings of the National Academy of Sciences 100, 788–791 (2003).
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• The Speaker (Sender): The speaker is lazy. She wants to minimize effort. The ideal 
language for the speaker has one word that means everything—“thing.” Point at 
a cup? “Thing.” Point at the sun? “Thing.” Groceries? “Thing.” This is the ultimate 
laziness. But from the hearer’s perspective, this single-word language is a nightmare 
of ambiguity. The hearer’s entropy is maximized—every utterance is equally uninfor
mative.

• The Hearer (Receiver): The hearer wants clarity. The ideal language for the hearer 
has a unique word for every concept—a vast, unambiguous vocabulary. “Ceramic-
handled-mug-containing-Earl-Grey-at-72-degrees.” There is zero ambiguity, zero 
entropy. But the speaker now has to memorize and produce an impossibly large 
vocabulary. The speaker’s effort is maximized.

These two forces are in direct opposition. The speaker pushes toward maximum entropy 
(fewer words, more ambiguity), and the hearer pushes toward minimum entropy (more 
words, less ambiguity).

Ferrer i Cancho and Solé formalized this as an optimization problem. Define the total 
communicative cost as a weighted sum:

Ω = (1 − 𝜆)𝐻speaker + 𝜆𝐻hearer (11.10)

where 𝜆 controls the balance of power. When 𝜆 ≈ 0, the speaker dominates: one word for 
everything. When 𝜆 ≈ 1, the hearer dominates: a unique word for every object. But at a 
critical value of 𝜆—the point where neither side wins—something remarkable happens. 
Now imagine slowly turning the dial 𝜆 from 0 to 1.

At first, the speaker wins completely. With 𝜆 ≈ 0, the cheapest solution is a single all-
purpose grunt—one word for everything. The word-frequency distribution is trivial: one 
word used 100% of the time.

Now nudge 𝜆 upward. The hearer’s need for clarity starts to matter, and new words 
begin to appear. But for a while, the distribution barely changes—it stays concentrated on 
a handful of words.

Then, at a critical value 𝜆∗, something dramatic happens. The distribution snaps into 
a power law: a few words are used constantly (“the,” “of,” “and”), while a long tail of rare 
words appears only occasionally (“aardvark,” “quizzically,” “brouhaha”). This is Zipf ’s Law
—and it emerges at precisely the point where neither the speaker nor the hearer wins.

Push 𝜆 past the critical point, and the hearer takes over. The vocabulary explodes: every 
shade of meaning gets its own word, and language becomes an unusable encyclopedia that 
no speaker could ever memorize.

This is known as a phase transition in statistical physics. You see it all the time.Water 
does not gradually become steam—it sits as liquid until exactly 100°C, then abruptly 
transforms. Language does the same thing. Zipf ’s Law is the critical point of human 
communication: the narrow boundary between a collapsed, single-grunt language and an 
exploded, infinite-vocabulary one. Human language lives right at the edge.

Information Arms Race in Plant-Herbivore Communication

In 2020, Zu et al. showed that the same mathematical war over entropy shapes plant-
herbivore chemical communication.(4)
Notice the mathematical isomorphism between human language and ecology:
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• Senders (Speakers / Plants) want to Maximize Entropy: Speakers want one 
word for everything (laziness). Plants want to share redundant chemical signals 
with other species to confuse herbivores (flooding the channel with noise).

• Receivers (Hearers / Herbivores) want to Minimize Entropy: Hearers want a 
unique word for every concept (clarity). Herbivores evolve extreme specialization 
(e.g., monarch butterflies on milkweed) to precisely identify their host plant 
through the chemical noise.

The players are different—words versus molecules—but the mathematical structure 
is strikingly parallel. Redundant plant chemistry and specialized insect diets are not 
arbitrary quirks of biology; they reflect the same fundamental trade-off over infor
mation.

(4)P. Zu et al., “Information arms race explains plant-herbivore chemical communication in ecological 
communities,” Science 368, 1377–1381 (2020).
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CHAPTER 12

The Art of Honest Guessing

In the previous two chapters, we built a rigorous theory of uncertainty. We learned that 
Entropy—𝑆 = −𝑘𝐵 ∑ 𝑝𝑖 ln 𝑝𝑖—is the unique, universal yardstick for measuring how 
much we don’t know. And we saw how this single formula connects the disorder of a gas 
to the redundancy of English prose to the chemical arms races of ecology.

But knowing how to measure ignorance is only half the story. The deeper question is: 
what can you do with it?

Imagine you are a scientist studying a new ecosystem. You have measured a few things
—the total number of species, the total number of individuals, the total metabolic energy. 
But you have not measured the specific abundance of each species. You need to predict it.

What distribution should you guess? A Bell Curve? An Exponential? A squiggle shaped 
like a dinosaur?

The answer, as we will see, is none of the above—and all of the above. There is a principle 
that tells you exactly which distribution to use, given only what you know. It is called the 
Principle of Maximum Entropy, and it is, in a precise mathematical sense, the art of being 
maximally honest.

This chapter will take us from that principle to one of the most powerful ideas in all 
of science: a single equation that governs everything from stock markets to neural circuits 
to the gene regulatory networks inside your cells. The variables change names, but the 
mathematics is identical. Nature, it turns out, has a remarkably small vocabulary.

12.1 Principle of Maximum Entropy

The Principle of Maximum Entropy is the mathematical definition of honesty.
It states that, given what you know (constraints), you must choose the probability 

distribution that makes the fewest possible assumptions about what you don’t know.
Any other choice would imply you have “secret information” that you don’t actually 

possess. Maximizing entropy is simply the art of saying:

I promise to tell the truth (the constraints), the whole truth, and nothing but the 
truth (no hidden bias).

This solves the mystery that has haunted you since your first Statistics class. Why did your 
professor make you study the Uniform, Exponential, and Normal curves instead of, say, a 
squiggle shaped like a dinosaur?
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It wasn’t to torture you. It’s because these are the only honest answers to the three most 
common questions in science.

12.1.1 The Exponential Family

Whenever we apply the Principle of Maximum Entropy to a constraint 𝑓(𝑥), the resulting 
probability distribution always takes the same form—a member of the Exponential 
Family:

𝑝(𝑥) ∝ exp[−𝜆𝑓(𝑥)]
Probability

Multiplier
(How strictly to enforce)

The Constraint
(What you know)

(12.1)

Why is this shape inevitable? The formal proof uses calculus, but the reason is intuitive 
once you see it. It boils down to a conflict between two worlds—and the one function that 
bridges them.

1. MaxEnt means “keep things independent.” The core philosophy of Maximum 
Entropy is: commit only to what you know, and remain as random as possible about 
everything else. In probability, “as random as possible” means treating events as inde
pendent. And independent probabilities combine by multiplication. (The chance of 
flipping two heads is 0.5 × 0.5.)

2. Constraints add up. Now think about the constraints we actually know. They are 
almost always totals or averages—things that add. Consider air molecules under gravity: 
it costs energy for a molecule to climb higher. If it rises 10 meters, then another 10 
meters, the energy cost adds up linearly.

3. The bridge—turning addition into multiplication. Here is the conflict. Our 
constraints live in the world of addition. Our MaxEnt requirement (independent 
probabilities) lives in the world of multiplication. What is the one mathematical 
function that perfectly translates addition into multiplication?

The exponential. Because 𝑒𝐴+𝐵 = 𝑒𝐴 ⋅ 𝑒𝐵.

If you want to distribute probability as randomly as possible (MaxEnt) while respecting a 
rule that adds up (a constraint), you must use an exponential curve. There is no other option. 
Different constraints yield different specific distributions, but they are all just different 
flavors of this same exponential recipe.

The Formal Proof (Lagrange Multipliers)

Optional: the formal proof in five lines.
We want to maximize entropy 𝑆 = − ∑ 𝑝𝑖 ln 𝑝𝑖 subject to two rules:
1. Probabilities must sum to 1: ∑ 𝑝𝑖 = 1
2. The average of our constraint is fixed: ∑ 𝑝𝑖𝑓(𝑥𝑖) = 𝐶

Using the method of Lagrange multipliers, we set up the Lagrangian:
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ℒ︀ = − ∑ 𝑝𝑖 ln 𝑝𝑖 − 𝜆0(∑ 𝑝𝑖 − 1) − 𝜆1(∑ 𝑝𝑖𝑓(𝑥𝑖) − 𝐶) (12.2)

To find the maximum, we take the derivative with respect to each probability 𝑝𝑖 and 
set it to zero:

𝜕ℒ︀
𝜕𝑝𝑖

= − ln 𝑝𝑖 − 1 − 𝜆0 − 𝜆1𝑓(𝑥𝑖) = 0 (12.3)

Solving for 𝑝𝑖, we get:

𝑝𝑖 = 𝑒−1−𝜆0𝑒−𝜆1𝑓(𝑥𝑖) = 1
𝑍

𝑒−𝜆1𝑓(𝑥𝑖) (12.4)

The constraint function 𝑓(𝑥𝑖) lands directly in the exponent, perfectly confirming 
our intuitive derivation. The multiplier 𝜆1 controls how sharply the distribution is 
peaked, and 𝑍 is just a normalizing constant to ensure probabilities sum to 1.

Now let’s put the recipe to work. We will plug three different constraints into 𝑝(𝑥) ∝
𝑒−𝜆𝑓(𝑥) and watch the three most important distributions in science fall out automatically.

12.1.2 The Uniform Distribution: 𝑓(𝑥) = 0 (Total Ignorance)

Constraint

Finite range [𝑎, 𝑏] + Zero other info.

What happens when you have no constraint at all—no average, no variance, nothing? 
Then 𝑓(𝑥) = 0, and the recipe gives:

𝑝(𝑥) ∝ 𝑒−𝜆⋅0 = 𝑒0 = 1 (12.5)

The probability is the same everywhere. This is the Uniform Distribution—a flat line 
across the allowed range.

Why does this make sense? Imagine a murder mystery with 3 suspects and zero 
evidence. If you say “It’s probably B” (𝑝𝐵 = 0.9), you are inventing suspicion out of thin 
air. To be honest, you must split the probability equally: 𝑝𝐴 = 𝑝𝐵 = 𝑝𝐶 = 1

3 . A flat line is 
the only shape that doesn’t “point” at anything. It is the geometry of “I don’t know.”

12.1.3 The Exponential Distribution: 𝑓(𝑥) = 𝑥 (Scarcity)

Constraint

Positive values (𝑥 > 0) + Fixed Total Amount.

Finally, suppose you know only the average ⟨𝑥⟩ of a non-negative quantity (energy, time, 
money). The constraint is simply 𝑓(𝑥) = 𝑥, and the recipe gives:
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𝑝(𝑥) ∝ 𝑒−𝜆𝑥 (12.6)

This is the Exponential Distribution—or, in physics, the Boltzmann Distribution (𝑝 ∝
𝑒−𝐸/𝑘𝑇 ), where the multiplier 𝜆 turns out to be 1/𝑘𝑇 .

But wait, what about the 𝑥 ≥ 0 constraint? We promised that all constraints go into 
the exponent. How do you put a hard boundary into an equation? By assigning an infinite 
penalty. Imagine a constraint function 𝑓floor(𝑥) that equals ∞ for negative numbers, and 
0 for positive ones. Plug both constraints into the recipe:

𝑝(𝑥) ∝ 𝑒−𝜆𝑥−𝑓floor(𝑥) (12.7)

For negative numbers, the exponent becomes −∞, and 𝑒−∞ = 0. The probability instantly 
drops to zero. For positive numbers, the penalty is 0, leaving just 𝑒−𝜆𝑥. This floor is strictly 
necessary: without it, the curve would blow up to infinity on the left, and we could never 
normalize the probabilities to sum to 1.

Why does this make sense? Given that floor, you must spend more often on cheap states 
and less often on expensive ones, otherwise the average would blow up. But you have no 
reason to “aim” at any particular cost. The most honest rule is: every extra unit of cost cuts 
the probability by the same percentage as the last unit. That “same percentage drop per step” 
is exactly what an exponential decay looks like. Notice the difference from the Gaussian: a 
Bell Curve would say there is a typical value and a characteristic width—a built-in “middle 
class.” But your constraints never told you that. With only a mean and 𝑥 ≥ 0, the cheapest 
state (𝑥 = 0) is the most common, and probability thins out smoothly with no special 
sweet spot.

12.1.4 The Normal Distribution: 𝑓(𝑥) = 𝑥 and 𝑓(𝑥) = 𝑥2 (Stability)

Constraint

Fixed Average + Fixed Variance.

Now suppose you know two things: the average ⟨𝑥⟩ = 𝜇 and the second moment ⟨𝑥2⟩ 
(which, together with the mean, determines the variance(1)). Two constraints means two 
multipliers in the recipe—one 𝜆1 for the mean, one 𝜆2 for the second moment:

𝑝(𝑥) ∝ 𝑒−𝜆1𝑥−𝜆2𝑥2 (12.8)

This looks complicated, but there is a standard algebraic trick called “completing the 
square.” The two terms in the exponent can be rearranged into a single squared term:

−𝜆1𝑥 − 𝜆2𝑥2 = −𝜆2(𝑥 − 𝜇)2 + const (12.9)

where the constant gets absorbed into the normalization. The result is the Gaussian (Bell 
Curve):

𝑝(𝑥) ∝ 𝑒−𝜆2(𝑥−𝜇)2 (12.10)

(1)The variance is Var(𝑥) = ⟨𝑥2⟩ − ⟨𝑥⟩2. If the mean 𝜇 = 0, then the second moment is the variance.



12.1 Principle of Maximum Entropy 131

The linear constraint (𝜆1) simply shifts the center to 𝜇, while the quadratic constraint (𝜆2) 
controls the width. Two constraints, two jobs, one bell shape.

Why does this make sense? Imagine throwing darts at a bullseye. You know the target 
(center) and that your hands shake (variance), but you have no specific bias to miss left 
or right. Because the errors are independent and unbiased, they naturally pile up in the 
middle and thin out symmetrically toward the edges. Any other shape would imply the 
fluctuations are “structured” or intentional, rather than random noise.

Figure 12.1: The MaxEnt recipe in action. Each distribution is the unique output of 
𝑝(𝑥) ∝ 𝑒−𝜆𝑓(𝑥) for its corresponding constraint 𝑓 .

Exercise 12.1 — Reverse-Engineering Nature.

The recipe works in reverse: if you observe a distribution in nature, its shape tells you 
what constraint 𝑓(𝑥) must be acting on the system.
For each scenario below, identify the constraint 𝑓(𝑥), plug it into the recipe, and state 
which MaxEnt distribution falls out.

1. The Falling Leaf: You record the angle (0° to 360°) at which seeds disperse from a 
tree on a perfectly calm day. You know the boundaries, but have zero information 
about wind direction.

2. The Radioactive Decay: You are modeling the survival time of a particle. You 
know the average survival time, and that time must be positive (𝑡 > 0). You know 
nothing else (no “maximum age”).

3. The Penguin Height: You measure the height of 1,000 adult penguins. Biological 
processes enforce a specific target size (Mean) and a characteristic genetic spread 
(Variance).

The Maximum Entropy Theory of Ecology
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Physics isn’t just for particles. John Harte (UC Berkeley) applied Boltzmann’s logic to 
ecosystems. He asked: “If we know nothing about the specific biological interactions, 
what is the most unbiased guess for the structure of an ecosystem?”
He defined four state variables (constraints):

• 𝐴0: Total Area • 𝑆0: Total Species

• 𝑁0: Total Individuals • 𝐸0: Total Metabolic Energy

By maximizing entropy subject only to these constraints, the Maximum Entropy 
Theory of Ecology accurately predicts universal patterns like the Species-Abun
dance Distribution and the Species-Area Relationship. This suggests that entropy 
is one of the most important lens for us to understand the biosphere.(2)

12.2 From One Variable to Many: The Universal Model

We now have a recipe: tell MaxEnt what you know, and it hands you the only honest 
probability distribution. One constraint gives one exponential.

But notice something about every example so far. We always asked about a single 
variable—the energy of one molecule, the height of one penguin, the angle of one leaf. 
The real world is not made of isolated variables. It is made of interacting components—
neurons talking to neurons, species competing with species, friends influencing friends.

So here is the natural next question: what happens when we feed MaxEnt information 
about a whole network?

The answer depends on what kind of information we have. Think of it as an order of 
knowledge:

1. First Order (Individual): The simplest thing you can say about a system is how each 
component behaves alone—its average. (“Neuron 𝑖 fires 30% of the time.”)

2. Second Order (Pairwise): The next simplest thing is how components behave in pairs
—their correlation. (“Neurons 𝑖 and 𝑗 tend to fire together.”)

3. Third Order and beyond: Three-way interactions, four-way interactions, etc. In prac
tice, measuring these is almost impossible.

In most real experiments, we stop at second order—not out of laziness, but because it 
is the frontier of what our instruments can measure. And here is the key insight: the 
order of your knowledge determines the shape of the model. If you know only individual 
averages and pairwise correlations, then the MaxEnt recipe—the same recipe that gave us 
the Boltzmann distribution—guarantees that the probability of any network state must 
take a very specific form.

Let’s see this in action with the brain.
Remember the Honest Principle: MaxEnt gives every constraint its own “weight” in 

the exponential.
• For every firing rate we measured (⟨𝑠𝑖⟩), the model adds a weight ℎ𝑖.
• For every pair correlation we measured (⟨𝑠𝑖𝑠𝑗⟩), the model adds a weight 𝐽𝑖𝑗.

(2)If you are interested in this topic, you can check out Harte, J. (2011). Maximum Entropy and Ecology: 
A Theory of Abundance, Distribution, and Energetics. Oxford University Press.
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{𝑠} = (𝑠1, 𝑠2, …, 𝑠𝑁) (12.11)

𝑃 ({𝑠}) ∝ exp[∑
𝑖

ℎ𝑖𝑠𝑖 + ∑
𝑖,𝑗

𝐽𝑖𝑗𝑠𝑖 𝑠𝑗]
Probability of

Microstate {𝑠}

Weight for firing rate
(Intrinsic Bias)

Weight for correlation
(Network Connection)

State of neuron 𝑖 State of neuron 𝑗

(12.12)

Does this equation look familiar? It should. It is exactly the Boltzmann Distribution 
(𝑃 ∝ 𝑒−𝐸), the fundamental law of statistical mechanics.

But here, “Energy” isn’t just joules or heat. The Principle of Maximum Entropy reveals 
that “Energy” is simply the cost of violating the constraints:

𝐸 = −(∑
𝑖

ℎ𝑖𝑠𝑖 + ∑
𝑖,𝑗

𝐽𝑖𝑗𝑠𝑖𝑠𝑗) (12.13)

This equation describes any network of binary nodes with pairwise interactions. To under
stand it intuitively, let’s leave the brain and look at society.

12.2.1 The Physics of Peer Pressure

To understand this universal model, let’s step away from neurons and magnets and talk 
about something we all understand: social dynamics.

Imagine a group of friends trying to decide on a Friday night plan: go to the Movies 
(𝑠 = +1) or Stay Home (𝑠 = −1).

The “Hamiltonian” (Energy function) describes the tension in the group. Nature wants 
to minimize this tension (Energy), just as you want to maximize social harmony.

𝐸 = − ∑
𝑖,𝑗

𝐽𝑠𝑖 𝑠𝑗 − ∑
𝑖

ℎ𝑠𝑖
Social Tension

(Peer Pressure)

(Friend 𝑖’s Choice)

(Friend 𝑗’s Choice)
(Personal Preference)

(12.14)

Let’s decode these symbols into human behavior:

1. 𝐽 : Peer Pressure (The Bond) This measures the strength of the social connection.
• Agreement lowers Tension: If you and your friend pick the same plan (𝑠𝑖 = 𝑠𝑗), 

the term −𝐽𝑠𝑖𝑠𝑗 becomes negative. The “social energy” drops. The group is happy.
• Disagreement creates Tension: If you pick opposite plans, the term becomes 

positive. It creates social friction.
2. ℎ: Personal Preference (The Trend) This is the intrinsic pull of the event itself, 

ignoring your friends.
• If the movie is a quiet indie film, ℎ ≈ 0. You don’t care much.
• If it’s a blockbuster starring Shohei Ohtani, ℎ is huge and positive. It acts like a 

strong wind pushing everyone toward +1.
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Figure 12.2: The Ising Model of Society. Each node is a person (𝑠𝑖 = ±1). Edges repre
sent friendship bonds (𝐽{𝑖𝑗}). If 𝐽 > 0, friends try to align their choices to minimize social 
tension (Energy).

Exercise 12.2 — The Impact of Alcohol.

You may notice that we have ignored the term 𝑇  in the previous discussion. Let’s 
bring it back. In physics, 𝑇  is the temperature. In our social context, it is the alcohol 
level.
Look at the probability equation: 𝑃 ∝ exp(−𝐸/𝑇 ). Explain what happens to the 
group’s decision-making in these two limits:

1. The Sober State (𝑇 → 0): The term 𝐸/𝑇  is enormous. Even a tiny increase in 
social tension 𝐸 makes the probability vanish (𝑒−∞ → 0). Does the group become 
rigid (everyone obeys norms) or flexible?

2. The Drunk State (𝑇 → ∞): The term 𝐸/𝑇  approaches zero, so 𝑒0 → 1. The 
probability is the same regardless of the tension 𝐸. Do friends still align with each 
other, or does everyone act randomly?

This simple battle—between “what I want” (ℎ), “what my friends want” (𝐽 ), and “how 
crazy the night is” (𝑇 )—is the universal story of collective behavior. It is the same math 
that describes how a magnet activates, how a stock market crashes, and how a brain thinks.

We have built a model based on “social atoms” and pairwise friendships. You might 
think this is too simple for biology. Neurons are not drunken friends flipping coins.

But here is the shocker. In 2006, a group of physicists and neuroscientists tested this 
exact hypothesis using real data from retinal ganglion cells. They asked: can this simple 
“social” model (𝑃 ∝ 𝑒−𝐸

𝑇 ) describe the complex firing patterns of real neurons?
The answer was a resounding yes. They found that this simple model captured over 

90-99% of the multi-information in the neural network.
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This is profound because the individual pairwise correlations were astonishingly weak. 
Yet, these weak local bonds summed up to create strong, collective network states.

The brain does not need to memorize complex 3-way or 4-way interactions. Simple, 
local rules (like Hebbian learning: “cells that fire together, wire together”) are sufficient to 
build a near-optimal statistical model of the sensory world.(3)

12.2.2 The Universal Grammar of Complexity

Importantly, this idea extends far beyond the brain. It is the foundational model in many 
disciplines because it is the simplest possible way to describe a system with pairwise 
interactions.

Whether you are a hedge fund manager trying to get rich, an ecologist counting wolves, 
you are effectively solving the exact same equation.

• Finance (Portfolio Theory): A Portfolio Manager is just a physicist finding the 
“Ground State” of a financial magnet.

𝐹 = ∑
𝑖,𝑗

𝐶𝑖𝑗𝑛𝑖𝑛𝑗 − 𝜁 ∑
𝑖

𝑅𝑖𝑛𝑖

risk minus returns

correlations
between assets

no. of assets
risk tolerance

return on 𝑖’th asset

(12.15)

• Ecology (Lotka-Volterra): Nature balances intrinsic growth (𝑟𝑖) against competition 
or symbiosis (𝛼𝑖𝑗).

1
𝑛𝑖

𝑑𝑛𝑖
𝑑𝑡

= 𝑟𝑖 + ∑
𝑗

𝛼𝑖𝑗𝑛𝑗

per capita growth rate

interaction coefficient

species population

intrinsic growth rate

(12.16)

• Gene Regulatory Networks (Biology): Cells balance “on-off ” switching of genes 
(𝑥𝑖 = ±1) based on basal rates (ℎ𝑖) and regulatory links (𝐽𝑖𝑗).

𝐻 = ∑
𝑖,𝑗

𝐽𝑖𝑗𝑠𝑖𝑠𝑗 + ∑
𝑖

ℎ𝑖𝑠𝑖

network “energy”

regulatory interaction
(activation/repression)

gene states (on/off)
basal expression rate

(12.17)

Why does this happen? Is it a conspiracy of nature?
No. It is the inevitable consequence of the MaxEnt recipe we established at the start 

of this chapter. Every one of these fields measures the same two orders of information—
individual behavior and pairwise interactions—and the Principle of Maximum Entropy 

(3)Note: the MaxEnt model’s success at reproducing firing statistics does not by itself prove that the 
brain uses a Hebbian mechanism—it only shows that pairwise correlations capture most of the statistical 
structure.



136 Chapter 12. The Art of Honest Guessing

turns those measurements into the same exponential-of-a-quadratic form. The variable 
names change, but the logic is identical.

Summary: The Vocabulary of Complexity

The variable names change, but the roles are identical.

Concept Finance Ecology Gene Networks

The Nodes (𝑥𝑖) Assets Species Genes

Linear Bias (ℎ𝑖) Return Growth Basal Rate

Pairwise Force (𝐽𝑖𝑗) Covariance Interaction Regulation

The Goal Min Risk Coexistence Stability

Extension: Maximum Caliber (MaxEnt for Time)

The Principle of Maximum Entropy gives us the most honest guess for a state (a 
snapshot). But biology and physics are often about process (a movie).
E.T. Jaynes extended the logic to Maximum Caliber (MaxCal). Instead of counting 
microstates, we count micro-paths. We ask: “Given that particles move from A to B 
with a certain average speed, what is the most likely trajectory they took?”
Just as MaxEnt derives the Boltzmann Distribution, MaxCal derives the fundamen
tal laws of motion:

• Diffusion (Fick’s Law): The most entropic path for random walkers.
• Chemical Kinetics: The most entropic path for reacting molecules.

It unifies statics and dynamics under the same logic: Nature is as random as possible, 
not just in where she sits, but in how she moves.



CHAPTER 13

Information is Physical

13.1 Why Do We Eat?

We are often taught that we eat “for energy.” But this is, at best, incomplete.
Energy is conserved; it cannot be created or destroyed. When you eat a burger, the 

energy in that burger doesn’t disappear. It is converted into heat, kinetic movement, and 
chemical waste. If you measured the total energy coming out of your body (radiated heat + 
excretion), it would match the energy going in (since our body weight is roughly constant). 
What we actually consume is free energy—energy in a structured, usable form—along 
with molecular building blocks. Metabolism converts high-grade chemical free energy 
into work, heat, and higher-entropy waste.

This brings a fundamental question: if we aren’t “using up” energy, what are we actually 
consuming?

In Chapter 10, we learned that Order is not about “stuff ”; it is about Arrangement. 
A living spinach leaf and a blender-full of “spinach goop” have the exact same atoms. 
The difference is that the leaf has Low Uncertainty (structure), while the goop has High 
Uncertainty (chaos). In Chapter 11, we learned that the universe is rigged against us. 
The Second Law of Thermodynamics states that nature relentlessly maximizes Entropy. 
The coffee cools down. The sandcastle crumbles. The perfume disperses. Nature seeks the 
“Maximum Entropy” distribution—the state of maximum ignorance and death.

Many years later, as he faced the firing squad, Colonel Aureliano Buendía was to 
remember that distant afternoon when his father took him to discover ice.

— Gabriel García Márquez, One Hundred Years of Solitude (1967)

In the fictional town of Macondo, ice was so miraculous it seemed like magic. Why? Think 
about our history as a species. Humans tamed fire—a process that increases entropy—
roughly a million years ago. It was easy. Nature wanted it to happen. But producing ice? 
Creating a block of ice means forcing a chaotic jumble of water molecules into a rigid, 
low-entropy crystal lattice. You have to fight the Second Law. We didn’t learn to do it 
reliably until the 19th century. It is always easier to burn a house down than to build one.

Life, however, is the supreme “maker of ice” in a universe that only wants to burn. A 
seed takes carbon dioxide from the air and water from the soil, using sunlight to organize 
them into a complex tree. A baby turns mashed carrots into a brain. How? In 1944, Erwin 
Schrödinger resolved this paradox in his famous book What is Life?. He argued that living 
things do not simply feed on energy; they feed on low-entropy energy—what he called 
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“Negative Entropy” (or “Negentropy”). In modern terms, organisms consume chemical 
free energy and building blocks from their environment, using them to maintain their 
internal order and offset the decay into chaos that the Second Law demands.

• The Input: We take in highly ordered food (Low Entropy, Low Uncertainty).
• The Output: We excrete broken-down waste and radiate heat (High Entropy, High 

Uncertainty).

We exist by stripping order from our environment to maintain the order within ourselves. 
We pay for our internal structure by exporting chaos into the universe. We are not engines 
of energy; we are engines of information processing.

The Gaia Hypothesis

We can view the entire Earth as doing the same thing. The planet absorbs low-entropy 
sunlight and radiates high-entropy infrared heat into space. In between, the biosphere 
uses that entropy gradient to maintain its own order—ecosystems, weather patterns, 
ocean currents. This entropy flow is related to James Lovelock’s Gaia Hypothesis, 
which proposes that life and the physical environment interact as a self-regulating 
system that helps maintain conditions favorable for life. The Gaia Hypothesis is 
broader than entropy alone—it encompasses feedbacks among atmosphere, oceans, 
and the biosphere—but the entropy gradient from the Sun is what ultimately powers 
the whole machine.

In this chapter, we will explore the precise physics of this information-life connection: the 
fundamental cost of processing information and the molecular demons that do the work.

13.2 Landauer’s Principle

Before we answer that question, we need to take a slight detour to confront a radical idea: 
Information is not an abstract mathematical concept—it is a physical quantity, just like 
mass or energy.

We are used to thinking of information as intangible—bits in a computer, thoughts in 
a mind. But one of the most profound discoveries of the 20th century is that information 
is physical. You cannot erase a bit without heating up the universe. You cannot store a 
memory without building a physical structure.

This insight resolved a century-old paradox. Does information processing cost energy?
Logical irreversibility (erasure) requires physical irreversibility (heat dissipation). To 

erase 1 bit of information, you must dissipate a minimum amount of energy:

𝐸cost ≥ 𝑘𝐵𝑇 ln 2 (13.1)

This is not an engineering limitation. It is a fundamental law of the universe. In fact, 
in 2012, physicists experimentally verified this exact limit using a microscopic glass bead 
trapped by lasers, proving that erasing a single bit of information produces exactly the tiny 
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amount of heat predicted by Landauer(1).
At room temperature (𝑇 ≈ 300 K), this works out to about 3 × 10−21 Joules per bit—

a tiny number. But this limit has profound implications. It means that any computation 
that includes irreversible steps—erasing bits, overwriting memory—must generate heat 
as a fundamental consequence of physics.

This is why your laptop gets hot. Every time your processor irreversibly erases a bit, 
physics demands a minimum heat cost of 𝑘𝐵𝑇 ln 2. However, real chips dissipate far more 
than this Landauer floor—the dominant heat source in modern electronics is the charging 
and discharging of transistor capacitances, not the Landauer limit itself. But the principle 
matters: the Landauer limit sets the absolute bedrock, and it means that no amount of 
clever engineering can make irreversible computation perfectly cold. Data centers now 
consume roughly 1–2% of the world’s electricity, and a large fraction of that energy goes 
into cooling—paying the thermodynamic bill at industrial scale.

13.2.1 Where Does the ln 2 Come From?

The ln 2 comes directly from Boltzmann’s formula (𝑆 = 𝑘𝐵 ln 𝑊 ). Let’s walk through it 
step by step.

Step 1: Count the states.
• Before erasure: The bit is in a definite state—either 0 or 1. But the eraser doesn’t know 

which. From the eraser’s perspective, there are 𝑊before = 2 possible states it could 
be in.

• After erasure: The bit is reset to a known value (say, 0). Now the eraser knows exactly 
what it is: 𝑊after = 1.

Step 2: Calculate the entropy change of the memory.

Δ𝑆memory = 𝑘𝐵 ln 𝑊after − 𝑘𝐵 ln 𝑊before

= 𝑘𝐵 ln 1 − 𝑘𝐵 ln 2
= −𝑘𝐵 ln 2

(13.2)

The memory’s entropy decreases. It becomes more ordered.
Step 3: Pay the entropy bill.
Here’s the key physics: total entropy never decreases. This is the Second Law of 

Thermodynamics. If one part of the universe becomes more ordered (entropy goes down), 
another part must become more disordered (entropy goes up) to compensate.

If the memory loses 𝑘𝐵 ln 2 of entropy, the environment must gain at least that much:

Δ𝑆environment ≥ +𝑘𝐵 ln 2 (13.3)

How does the environment gain entropy? By absorbing heat. When something gets 
warmer, its atoms jiggle more randomly—more possible arrangements, more entropy. The 
relationship is simple: Δ𝑆 = 𝑄/𝑇  (entropy gained = heat absorbed ÷ temperature). So 
the minimum heat released is:

𝑄min = 𝑇 ⋅ 𝑘𝐵 ln 2 (13.4)

(1)Bérut, A., et al. (2012). Experimental verification of Landauer’s principle linking information and 
thermodynamics. Nature, 483(7388), 187-189. https://doi.org/10.1038/nature10872

https://doi.org/10.1038/nature10872
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Exercise 13.1 — The Thermodynamic Cost of Forgetting.

You decide to finally move on from an old relationship. To do so, you need to erase 
your ex’s phone number from your memory. The number has 10 digits, each of which 
can be 0-9.

1. How many bits of information does the phone number contain? (Hint: Each digit 
has 10 possibilities. Use 𝑆 = log2 𝑊 .)

2. At body temperature (𝑇 = 310 K), what is the minimum heat your brain must 
release to forget this number?

3. If you ate a single M&M (about 4 Calories ≈ 17, 000 J), how many phone 
numbers could you theoretically forget?

13.3 The Demons in Your Cells

Now we can answer our original question: Why do we eat?
Life maintains order by sorting. Your kidneys sort waste from nutrients. Your DNA 

polymerase sorts correct nucleotides from incorrect ones. Your neurons sort “fire” from 
“don’t fire.”

Every act of biological sorting involves distinguishing between alternatives—“which 
type is this?”—and at some point, information about rejected alternatives must be 
discarded. That is where Landauer’s principle comes due: specifically, the thermodynamic 
cost arises in the erasure of information (resetting the measurement apparatus), not in 
every act of recognition or sorting per se. But the practical effect is the same: maintaining 
order requires a continuous expenditure of free energy.

In 1867, physicist James Clerk Maxwell imagined a tiny being—a “demon”—that could 
sort fast molecules from slow ones, seemingly creating order for free. The resolution of 
this paradox (as we saw above) is that the demon must remember its measurements, and 
erasing that memory costs energy.

Your cells are full of such demons—molecular machines that sort, measure, and maintain 
order by consuming ATP. The Landauer limit sets the absolute floor for the energy cost of 
information processing, but real molecular machines typically burn far more energy than 
this minimum. The extra cost pays for speed, specificity, and robustness against thermal 
noise.

13.3.1 Ion Pumps: The Simplest Demons

Consider the ion pump. These membrane proteins sort 𝐾+ and Na+ ions to create 
electrical batteries across your cell membranes. Every time a pump moves an ion against 
its concentration gradient (from chaos toward order), it must “know” which ion to grab. 
That measurement costs energy.

13.3.2 Kinetic Proofreading: Buying Accuracy

An even more striking example is Kinetic Proofreading during DNA replication.
When cells copy DNA, they copy a string of bits (A, T, C, G). The polymerase must 

select the correct nucleotide from a soup of all four types. But here’s the problem: the 
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energy difference between a correct base pair (A-T) and an incorrect one (A-C) is small
—only about 2‐ 3 𝑘𝐵𝑇 . This means thermal noise will cause errors.

How bad? If discrimination relied on binding energy alone, the probability of grabbing 
the wrong base would be roughly:

𝑃error ≈ 𝑒
−Δ𝐸
𝑘𝐵𝑇 ≈ 𝑒−2 ≈ 1

10
(13.5)

One error per 10 bases would be catastrophic. Your genome has 3 × 109 bases—that’s 300 
million errors per replication!

The Trick: Add a Delay
Cells use a clever trick discovered by John Hopfield in 1974: after binding a 

nucleotide, the polymerase waits before permanently incorporating it. During this delay, 
the nucleotide can fall off.

Here’s the key insight: wrong bases bind more weakly, so they fall off faster. If the 
correct base has a 90% chance of surviving the checkpoint, and the wrong base has only a 
10% chance, then after one checkpoint:

𝑃error ≈ 1
10

× 1
10

= 1
100

(13.6)

Each checkpoint multiplies the discrimination(2). Two checkpoints give 1
1000 . Three give 

1
10,000 . Each additional round of discrimination costs energy (typically ATP), and each 
round buys roughly another factor of 10 in accuracy.

This is a simplified model. In reality, DNA replication achieves its extraordinary fidelity 
through three layered mechanisms:

• The polymerase’s nucleotide selectivity (geometric and kinetic discrimination at the 
active site),

• its 3′->5′ exonuclease proofreading (if a wrong base is incorporated, the poly
merase can back up and excise it),

• and post-replicative mismatch repair (a separate enzyme system scans newly syn
thesized DNA for remaining errors).

Together, these layers achieve a final error rate of roughly 10−9–10−10 per base per repli
cation.

But the core principle of kinetic proofreading remains: accuracy beyond the equilib
rium limit requires spending free energy.

Higher precision = More bits of information = More energy cost.

Exercise 13.2 — The Cost of Perfection.

(2)Hopfield, J. J. (1974). Kinetic Proofreading: A New Mechanism for Reducing Errors in Biosynthetic 
Processes Requiring High Specificity. PNAS.
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This is a toy model to illustrate energy–accuracy tradeoffs, not a literal description of how 
DNA proofreading works. In reality, not every replication error causes cancer, and DNA 
fidelity involves more than simple checkpoints.
Your genome has 𝑁 = 3 × 109 base pairs. Suppose, as a rough target, that each 
replication should produce fewer than  1 error total.

1. What error rate per base (𝑃error) is required? Express as a power of 10.
2. If thermal discrimination alone gives 𝑃error ≈ 1

10 , how many “10× checkpoints” 
are needed to reach your target?

3. If each checkpoint costs 1 ATP (≈ 20𝑘𝐵𝑇  of energy), what is the total energy 
cost per base for proofreading? How does this compare to the Landauer limit for 
the same number of bits?

4. Your cells replicate DNA at  1000 bases/second. Estimate the power (energy/
time) spent on proofreading alone during DNA replication.

The BRCA1 Story

In 2013, actress Angelina Jolie publicly revealed she carried a mutation in the BRCA1 
gene and chose preventive surgery. BRCA1 is not part of the polymerase proofread
ing machinery described above—it belongs to a different layer of genomic defense. 
BRCA1 is a tumor suppressor involved in DNA damage repair, especially the 
repair of double-strand breaks through homologous recombination. When BRCA1 
is defective, cells lose the ability to accurately repair certain dangerous forms of DNA 
damage. Over many cell divisions, unrepaired damage accumulates—chromosomal 
rearrangements, deletions, and mutations pile up in cancer-relevant genes.

The logic is the same as kinetic proofreading: accuracy requires energy and mol
ecular machinery. Remove a layer of quality control, and errors accumulate. Jolie’s 
doctors estimated her lifetime breast cancer risk at ≈ 87% (compared to ≈ 12% for 
the general population), though exact risk depends on the specific mutation, family 
history, and other factors. Her decision was, at its core, informed by the physics of 
information: fewer error-correction mechanisms mean less fidelity, and over time, less 
fidelity means disease.

13.4 How Much Information Can Matter Hold?

Can we derive the limits of information physically? Yes—and the tool is one you already 
know: dimensional analysis.

The question is: what is the maximum amount of information, 𝐼 , that can be stored 
in a physical system of radius 𝑅 and energy 𝐸? Information (measured in bits or nats) 
is a dimensionless number. So we need to build a dimensionless combination from the 
relevant physical variables.

As Scott Aaronson pointed out, this bound requires the marriage of quantum mechanics 
and special relativity—but not gravity. Our ingredients are:

• Radius of the system (𝑅): 𝕃
• Total Energy of the system (𝐸): 𝕄𝕃2𝕋−2

• Speed of light (𝑐): 𝕃𝕋−1

• Reduced Planck constant (ħ): 𝕄𝕃2𝕋−1
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You have four variables and three independent dimensions (𝕄, 𝕃, 𝕋). By the Buckingham 
𝜋 theorem (Chapter  3), there is exactly 4 − 3 = 1 independent dimensionless group. 
Finding it is a standard exercise in dimensional analysis (try it!). The result is:

𝐼 ∝ 𝑅𝐸
ħ 𝑐

(13.7)

This is the Bekenstein bound. A full quantum field theory derivation gives the exact 
prefactor:

𝐼bits ≤ 2𝜋𝑅𝐸
ħ 𝑐 ln 2

(13.8)

How Big is This Bound?
Let’s calculate the absolute quantum-physical upper bound on the information that 

could be stored in matter with the mass and size of a human brain (𝑀 ≈ 1.5 kg, 𝑅 ≈
0.1 m). This is not how many memories a brain can store—it is the ultimate limit set by 
quantum mechanics and relativity. Using 𝐸 = 𝑀𝑐2, the brain’s mass represents an energy 
of ≈ 1.35 × 1017 Joules. Plugging this into the Bekenstein bound yields a maximum of 
roughly  1042 bits.

For perspective:
• A modern 1 Terabyte hard drive holds ≈ 8 × 1012 bits.
• The entire global internet is estimated to hold on the order of 1024–1025 bits (and 

growing rapidly).

The physical matter in your brain could, in principle, store a billion billion times more 
information than the entire internet. This staggering gap highlights how far macroscopic 
biology and technology are from the quantum mechanical limits of nature.
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CHAPTER 14

Survival of the Best-Informed

At noon in the Sahara, the sand surface reaches 70°C—hot enough to kill most insects in 
seconds. Yet the Saharan silver ant (Cataglyphis bombycina) deliberately ventures out at the 
hottest moment of the day, when its lizard predators have retreated underground. It has 
roughly ten minutes before it cooks alive.(1)

How does it survive? The ant cannot carry a map. It cannot leave a chemical trail—
the pheromones evaporate instantly off the scorching sand. Instead, it uses a tiny strip of 
polarized-light detectors in its eyes to read the angle of sunlight in the sky, integrating 
each step into an internal compass that points straight home.(2)

This six-legged navigator embodies the entire argument of this chapter in a single 
foraging trip:

1. Efficient Encoding: Its retina squeezes maximum information from a tiny number of 
photoreceptors, tuned to the polarization statistics of desert sky.

2. Severe Filtering: From all the light flooding its eyes, it keeps only the handful of bits 
encoding the homeward vector and discards everything else.

3. Better Decisions: It uses those bits to bet its life—venturing out precisely when the 
risk-reward ratio favors the ant over the lizard.

This three-stage information pipeline—encode, filter, decide—is the architecture of survival. 
Each stage has its own physics, and each has been honed by billions of years of evolution.

In Chapter  13, we looked at information from the inside—the microscopic cost of 
running molecular demons, measured in units of 𝑘𝐵𝑇 . Now we zoom out to the macro
scopic payoff. How does information shape the behavior of whole organisms? How does 
it determine who survives and who goes extinct?

14.1 Efficient Encoding: The Infomax Principle

14.1.1 The Fly That Already Knew the Answer

The brain consumes about 20% of your body’s energy despite being only 2% of your mass. 
With such a steep energy bill, every neuron must earn its keep. Can evolution optimize 
how neurons encode information?

(1)Wehner, R., Marsh, A. C., & Wehner, S. (1992). Desert ants on a thermal tightrope. Nature, 357, 
586–587.

(2)Wehner, R. (2003). Desert ant navigation: how miniature brains solve complex tasks. Journal of 
Comparative Physiology A, 189, 579–588.
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In 1981, the neurobiologist Simon Laughlin answered this question experimentally.(3) 
He recorded the contrast-response curves of large monopolar cells (LMCs), first-order 
interneurons in the blowfly’s compound eye, and then separately measured the statistical 
distribution of contrast levels in the fly’s natural habitat—natural scenes including dry 
sclerophyll woodland and lakeside vegetation.

What he found was striking: the neuron’s response curve was not linear. It was precisely 
shaped so that every output firing rate was used equally often, given the statistics of the 
forest. The fly had solved an optimization problem that engineers wouldn’t formalize for 
another decade.

Let’s reverse-engineer what the fly did.

14.1.2 The Auto-Exposure Camera in Your Eye

Think of a neuron as a camera with a fixed number of brightness levels. Suppose it can 
output only two levels: “Low” or “High.” And suppose light intensity ranges from 0 to 100.

A naive sensor puts its threshold at 50—the middle of the input range:
• Light < 50 → “Low” (but in the forest, 75% of the time light is dim)
• Light > 50 → “High” (only 25% of the time)

Result: The neuron is stuck on “Low” most of the time. Three-quarters of its vocabulary is 
wasted on a single word—like a dictionary that uses the letter ‘z’ as often as ‘e’.

An Infomax sensor moves its threshold to the median of the input distribution—the 
point where inputs are equally likely to fall above or below. In our toy distribution, that 
split occurs around intensity 33:

• Light < 33 → “Low” (50%)
• Light > 33 → “High” (50%)

Now every output is used equally often. The camera has auto-exposed itself to the forest.
We can quantify the improvement using output entropy:

𝐻(𝑌 ) = − ∑
𝑖

𝑃(𝑦𝑖) log2 𝑃(𝑦𝑖) (14.1)

• Naive (75%/25%): 𝐻 = 0.81 bits
• Infomax (50%/50%): 𝐻 = 1.0 bit

The Infomax sensor transmits 23% more information through the same channel. This is 
“free” information—gained purely by matching the encoding to the environment.

This is the Infomax Principle: in a simple, low-noise channel, a good sensor should 
use all its output levels with equal probability. (In real sensory systems, the same principle 
is modified by noise and biological costs.) It achieves this by being more sensitive (finer-
grained) where inputs are common, and less sensitive (coarser) where they are rare—exactly 
like a camera that spends more pixels on the dim forest floor, where the food and predators 
are, and fewer on the rare blast of open sky.

Laughlin’s blowfly confirmed this: evolution had tuned the LMC’s contrast-response 
curve to match the cumulative distribution of contrast levels in its habitat. Your retina, 
your auditory hair cells, and even your touch receptors use the same trick.

(3)Laughlin, S. B. (1981). A simple coding procedure enhances a neuron’s information capacity. 
Zeitschrift für Naturforschung C, 36(9–10), 910–912.
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Exercise 14.1 — Grade Inflation.

In many universities, “Grade Inflation” has led to situations where 50% or more of 
students receive an “A”.

1. If you see a student with an “A” from such a university, how much information 
do you gain about whether they are truly exceptional vs. just average? (Hint: Is 
the “signal” compressed or spread out?)

2. Compare this to a “Curved” system where As are limited to the top 10% and Bs to 
the next 20%. Why does an “A” in this system carry more information (more bits)?

3. Connect this to biology: If a neuron fires at its maximum rate 50% of the time 
(like giving 50% As), is it an efficient sensor? What should it do to fix this?

14.1.3 Criticality: Tuning the Network

The Infomax principle tells one neuron what to do. But a brain is not a single neuron—it 
is a network of billions. How should the whole network be tuned?

Think of a group chat. If everyone simply echoes the last message (total conformity), 
no new information flows—you already know what the next message will say. But if 
everyone texts random gibberish (total independence), no useful information flows either
—nothing correlates with anything, so no message can build on another. The optimal point 
is in between: enough correlation to amplify weak signals, enough independence to avoid 
redundancy.

This is the idea of criticality—the knife edge between order and chaos. It connects 
directly to the Ising model from Chapter 12. Recall that the model has a “temperature” 
parameter 𝑇 :

• At low 𝑇 , the network is frozen—every neuron agrees with its neighbors. The system 
just says “all on” or “all off.” (The group chat is pure echo.)

• At high 𝑇 , the network is random—every neuron fires independently. The system is 
pure noise. (The group chat is gibberish.)

• At the critical temperature 𝑇 = 𝑇𝑐, correlations extend across the entire network, even 
though each neuron only talks to its neighbors. The system’s information capacity is 
maximized.

Many studies suggest that neural systems often operate near critical-like regimes, though 
the interpretation remains debated:

• Neural avalanches (bursts of firing activity) follow power-law distributions—the 
statistical fingerprint of a critical system.

• The pairwise MaxEnt model from Chapter  12, fitted to retinal data, places the 
network near 𝑇𝑐.

• Some anesthetic states, which disrupt consciousness, appear to push brain dynamics 
measurably away from criticality.

Why would evolution tune the brain to this precarious point? Because criticality optimizes 
three things simultaneously:
1. Maximum dynamic range: the network responds to both whispers and shouts.
2. Maximum information transmission: signals propagate far without dying out or 

exploding.
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3. Maximum computational flexibility: the network produces complex, varied patterns 
without rigid repetition.

Infomax tells each neuron what to encode. Criticality tells the network where to sit in 
parameter space so that encoding is optimal. One is the goal; the other is the mechanism.

14.2 Severe Filtering: The Unbearable Slowness of Being

How fast can you think? Consider a typist working from a handwritten manuscript—
120 words per minute, or 10 keystrokes per second. You might guess this represents 10 ×
log2(50) ≈ 56 bits/s, based on the number of keys. But recall from Chapter  11 that 
English has only ≈ 1 bit of entropy per character—the rest is predictable redundancy. The 
typist’s true information throughput is just:

𝐼 = 2words
s

× 5characters
word

× 1 bit
character

= 10bits
s

(14.2)

This number—10 bits per second—turns out to be universal. Whether you measure typing, 
reading, speaking, playing chess, or competing in StarCraft, human behavioral throughput 
clusters around the same value. Zheng and Meister surveyed measurements spanning 
nearly a century and found this result to be remarkably robust.(4)

Now compare this to the sensory input. Your cone array has a raw capacity of roughly 
109 bits/s. Even after retinal compression, the optic nerve still carries ∼ 108 bits/s. Your 
brain throws away 99.999999% of the data it receives.

The Sifting Number (𝑆𝑖):

𝑆𝑖 = Sensory Rate
Behavioral Rate

= 109 bits/s
10 bits/s

= 108 (14.3)

To grasp how extreme this filtering is: the ratio of water flowing through Hoover Dam to 
the rate at which you drink from a glass is also roughly 108. Your brain is drinking from 
a fire hose of sensory data through a tiny straw of consciousness.

14.2.1 The Invisible Gorilla

This colossal bottleneck is not an abstraction—you can feel it. In 1999, psychologists Daniel 
Simons and Christopher Chabris showed subjects a video of six people passing basketballs 
and asked them to count passes by the players in white shirts.(5) Midway through, a person 
in a gorilla suit walked into the scene, beat its chest, and walked off—in full view for nine 
seconds.

(4)Zheng, J., & Meister, M. (2025). The Unbearable Slowness of Being: Why do we live at 10 bits/s?. 
Neuron, 113(2), 192–204.

(5)Simons, D. J., & Chabris, C. F. (1999). Gorillas in our midst: sustained inattentional blindness for 
dynamic events. Perception, 28(9), 1059–1074.
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Half the subjects did not see the gorilla.
This is not a failure of the eyes—the gorilla’s image hit every retina in the room. It is 

the sifting number made visceral: with your bandwidth fully allocated to counting passes, 
there was simply nothing left for gorillas.

14.2.2 Two Brains in One Skull

The sifting number reveals that your brain operates in two distinct modes:

1. The Outer Brain (Parallel & Fast): Your sensory cortex processes millions of signals 
simultaneously—high-dimensional, high-bandwidth.

2. The Inner Brain (Serial & Slow): Your conscious decision-making handles one thing 
at a time, at a mere 10 bits per second.

Why would evolution build a supercomputer and then choke it with a 10-bit bottleneck? 
Because you are a body in a single place. You can only walk in one direction, eat one food, 
flee one predator. The Outer Brain is a Maxwell’s Demon—it sorts all incoming sensory 
data and passes forward only the one critical bit: “There is a lion to your left.” Everything 
else is ruthlessly discarded.

We survive not by processing data, but by ignoring it. We are not information sponges; 
we are information filters.

Exercise 14.2 — The Sifting Number Across Senses.

The visual sifting number is 108. Let’s estimate it for other senses.

1. Hearing: The auditory nerve transmits roughly 104 bits/s. In a conversation, you 
process about 2–3 words per second, each carrying ≈ 5 bits of Shannon entropy. 
Estimate the auditory sifting number.

2. Typing: A professional typist types ≈120 words per minute. Using a naive 
log2(50) per keystroke gives ≈56 bits/s, but Shannon’s estimate of English 
entropy gives only 10 bits/s. Which estimate is correct for measuring human 
cognitive throughput, and why?

3. The Universal Bottleneck: All your estimates should converge on the same 
output bandwidth of ∼ 10 bits/s. Why does the input bandwidth vary enormously 
across senses, but the output bandwidth stays constant? What does this imply 
about where the bottleneck lives—in the sensors or in the decision-maker?

14.3 Better Decisions: Bet-Hedging

So we have sensors that squeeze maximum information from the environment (Infomax), 
and a brain that ruthlessly filters it down to the one thing that matters (the Bottleneck). 
But why bother? Having information is only half the story. Information is valuable because 
it improves decisions.

14.3.1 The Product of Many Hairs

Here’s a puzzle. What is the product of the hair thickness of every person on Earth?
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At first this sounds impossibly hard—8 billion numbers multiplied together, each 
around 70 μm. The answer must be astronomically large, right? But wait: there are roughly 
150 million bald people on Earth. Their hair thickness is 0 μm. And:

70 × 70 × 70 × ⋯ × 0 × ⋯ × 70 = 0 (14.4)

It doesn’t matter how thick the other 7.85 billion hairs are. A single zero kills the product.
This is exactly how populations work. Each generation, a population multiplies by a 

dimensionless growth factor: 𝑁𝑡+1 = 𝑁𝑡 × 𝜆𝑡. A single year with 𝜆𝑡 = 0 wipes everything 
out—no matter how spectacular the growth was before. That’s why evolution cares about 
the geometric mean growth rate, not the arithmetic mean. And it’s why the most important 
survival strategy in biology is not “grow fast” but “never hit zero.”

14.3.2 Why Sex? The Banana’s Warning

The multiply-by-zero catastrophe gives us a profound window into one of biology’s biggest 
questions: Why does sexual reproduction exist?

Sex is expensive. You only pass on 50% of your genes. You need to find a mate. It takes 
two to tango. From a selfish gene’s perspective, asexual reproduction—cloning yourself—
is twice as efficient. So why bother?

One major explanation is the zero.
Asexual reproduction produces a population of near-identical clones. Their genes are 

the same. Their vulnerabilities are the same. When a pathogen evolves to exploit that 
shared weakness, every individual’s survival multiplier 𝑘 drops to zero simultaneously. 
The entire population gets multiplied by zero in a single stroke.

This is not a theoretical concern. It happened—and it’s happening again.
A century ago, the world’s most popular banana was the Gros Michel (“Big Mike”), 

a clonally propagated export cultivar—larger, sweeter, and creamier than anything you’ve 
ever tasted. Every Gros Michel was a genetic clone of every other, propagated by cuttings, 
not seeds. The global banana industry was a monoculture of identical twins.

Over the early-to-mid 20th century, a soil fungus called Fusarium oxysporum (Panama 
disease) devastated Gros Michel export plantations. Because every plant was genetically 
identical, the fungus that could kill one could kill them all. The global export crop was 
largely wiped out—billions of plants, a cultivar-wide 𝑘 = 0.

The replacement? The Cavendish banana—the one you eat today. It too is a clone. It 
too is genetically uniform. And right now, a new strain of Panama disease (Tropical Race 
4) is spreading across the globe, threatening to do it all over again.

(The hit card game Balatro encodes this history perfectly: its “Gros Michel” Joker gives 
a +15 multiplier but has a 1 in 6 chance of being destroyed each round. Once destroyed, 
it unlocks the “Cavendish” Joker—which gives an even better × 3 multiplier but has only 
a 1 in 1000 chance of extinction.)

Sexual reproduction is one of nature’s most powerful solutions to the multiply-by-zero 
problem—though biologists debate several complementary hypotheses (the Red Queen, 
Muller’s Ratchet, and others). By shuffling genes every generation, sex ensures that no 
pathogen can find a single key that unlocks every lock. In a sexually reproducing popula
tion, even the deadliest plague will have 𝜆 = 0 for some individuals but 𝜆 > 0 for others. 
The population survives. The geometric mean stays above zero.

Sex is not about maximizing growth. It is about avoiding the zero. In the multiplicative 
casino of evolution, genetic diversity is the ultimate hedge.
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Exercise 14.3 — Clone Wars.

Consider two species of grass competing for a meadow. Species A reproduces asex
ually (clones). Species B reproduces sexually (genetic shuffling).

1. In a stable environment with no new diseases, which species grows faster? Why?
2. A new fungal pathogen appears that kills any grass plant with a specific gene 

variant. In Species A, 100% of individuals carry this variant. In Species B, only 
20% do. After the epidemic, what fraction of each species survives?

3. Over evolutionary time (thousands of generations with periodic new diseases), 
which species is more likely to persist? Use the concept of the geometric mean to 
explain.

4. Bonus: Domestic crops like wheat and corn have been bred to be genetically 
very uniform. What does the banana’s story suggest about the risks of modern 
agriculture?

14.3.3 The Desert Annual’s Dilemma

Consider the Desert Annual, a plant living in an environment where rainfall is unpre
dictable.

• Good year: Rain falls, plants grow huge, release 100 seeds each (× 100).
• Bad year: Drought, every germinated seedling dies (× 0).

If rain comes 90% of the time, a “maximize average” strategy says: “Germinate everything!” 
The expected yield per year is huge: 0.9 × 100 + 0.1 × 0 = 90 seeds.

But let’s run this strategy through 10 real years. Suppose 9 are good and 1 is bad. You 
start with a population of 1 seed. The Optimist Strategy (germinate 100%):

Year Weather Multiplier Population

1 ☀ Good × 100 100

2 ☀ Good × 100 10,000

3 ☀ Good × 100 106

⋮ ⋮ ⋮ ⋮

9 ☀ Good × 100 1018

10 ☁ Drought × 0 0

Table 14.1: The Optimist Strategy. Nine spectacular years, wiped out by a single drought.

A single zero is fatal. It doesn’t matter how many good years you had. 1018 × 0 = 0.
Now the Hedger Strategy (germinate 80%, keep 20% dormant):
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• Good year: 0.80 × 100 + 0.20 × 1 = 80.2 (dormant seeds survive but don’t multiply)
• Bad year: 0.80 × 0 + 0.20 × 1 = 0.2 (80% die, 20% survive)

After 9 good years and 1 bad year:

Population = 1 × 80.29 × 0.2 ≈ 2.8 × 1016 (14.5)

The Hedger’s population is “only” 1016—smaller than the Optimist’s peak of 1018. But 
the Optimist is extinct, and the Hedger is alive. The Hedger wins by never hitting zero.

Populations multiply, they don’t add. A single zero kills everything.

The Multiply-by-Zero Catastrophe

Suppose you start with a population of size 𝑥0. Each year, the environment deals you 
a random multiplier 𝑘𝑖: a good year gives 𝑘 > 1 (growth), a bad year gives 𝑘 < 1 
(shrinkage). After 𝑛 years, your population is:

𝑥𝑛 = 𝑥0 ⋅ 𝑘1 ⋅ 𝑘2 ⋅ 𝑘3…𝑘𝑛 (14.6)

This is a multiplicative process. And multiplicative processes have a devastating 
property: a single zero kills everything.

100 × 100 × 100 × … × 0 = 0 (14.7)

Zero is an absorbing state—it never recovers. Taking the log turns the product into 
a sum:

ln 𝑥𝑛 = ln 𝑥0 + ln 𝑘1 + ln 𝑘2 + … + ln 𝑘𝑛 (14.8)

But ln(0) = −∞. In an additive process, negative infinity is a black hole—it swallows 
all prior accumulation.
This is why long-term multiplicative fitness is governed not by the arithmetic mean 
of 𝑘, but by the geometric mean:

𝑘geo = (𝑘1 ⋅ 𝑘2…𝑘𝑛)
1
𝑛 = exp(1

𝑛
∑

𝑛

𝑖=1
ln 𝑘𝑖) (14.9)

The geometric mean is always ≤ the arithmetic mean—and it is exquisitely sensitive 
to catastrophic events.

Exercise 14.4 — The Antibiotic Casino.

Bacteria in your gut face a deadly threat: antibiotics.
• Active cells divide/grow (×2) but are killed by antibiotics (×0).
• Dormant cells (“persisters”) don’t grow (×1) but survive antibiotics (×1).

1. Strategy A (The Optimist): 100% of cells remain active to maximize growth.
• What happens to this population after a single dose of antibiotics?

2. Strategy B (The Hedger): The bacteria keep 1% of their population dormant as 
insurance.
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• In good times (no drug), they grow slightly slower: 0.99 × 2 + 0.01 × 1 =
1.99.

• In bad times (drug), they crash but survive: 0.99 × 0 + 0.01 × 1 = 0.01 (1% 
survival).

• Why does this strategy win the evolutionary race in the long run?
3. The Value of Information: If the bacteria could sense the antibiotic coming, what 

would the optimal strategy be? How does this connect “sensing” to “fitness”?

14.3.4 The Gambler’s Dilemma and the Kelly Criterion

To understand exactly how much a population should bet on good vs. bad times, let’s look 
at the mathematics of gambling. Suppose you are offered a game with a biased coin that 
lands Heads 60% of the time (𝑝 = 0.6). If it lands Heads, you win your bet; if Tails, you 
lose it. You start with $1,000. What fraction 𝑓  of your wealth should you bet on each flip?

• The Optimist (“All In”): Bet 100% (𝑓 = 1). If you win, you double your money. But 
the moment you hit a single Tails, your wealth drops to zero.

• The Hedger (“Play it Safe”): Bet 1% (𝑓 = 0.01). You will almost certainly never go 
broke, but your wealth grows painfully slowly.

• The Kelly Optimal: There is a mathematically perfect fraction that maximizes long-
term growth.

The Kelly Criterion

If you bet fraction 𝑓 , your wealth multiplies by (1 + 𝑓) on a win and (1 − 𝑓) on a 
loss. After 𝑁  rounds with 𝑊  wins and 𝐿 losses, your total multiplier is:

𝐾 = (1 + 𝑓)𝑊 (1 − 𝑓)𝐿 (14.10)

To maximize growth, we take the logarithm and divide by 𝑁  to find the expected 
growth rate 𝑔:

𝑔 = 𝑝 ln(1 + 𝑓) + (1 − 𝑝) ln(1 − 𝑓) (14.11)

Setting the derivative 𝑑 𝑔
𝑑𝑓 = 0 gives the optimal bet fraction, known as the Kelly 

Criterion:

𝑓⋆ = 2𝑝 − 1 (14.12)

For our coin (𝑝 = 0.6), you should bet exactly 20% of your wealth.
John Kelly, working alongside Claude Shannon at Bell Labs, realized this was math
ematically identical to transmitting data across a noisy channel. The fundamental 
equation of bet-hedging states that your maximum growth rate 𝑊  is:

𝑊 = 𝑊max − 𝐻(𝑃) − 𝐷KL(𝑃 ‖ 𝐵) (14.13)

where 𝐻(𝑃) is the Shannon entropy of the environment, and 𝐷KL(𝑃 ‖ 𝐵) is the 
Kullback-Leibler divergence between the true probabilities 𝑃  and your betting allo
cation 𝐵.
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The elegant solution: to maximize growth, you must set 𝐷KL = 0. This means your 
strategy must exactly mirror the environment’s true probabilities.

Biology discovered the Kelly Criterion billions of years ago. It shows up everywhere as a 
hedge against unpredictable environments:

• Bacterial Persistence: Even in good times, a small fraction (e.g., 1%) of E. coli stays 
dormant to survive sudden antibiotic attacks.

• Viral Latency: Viruses like HIV and Herpes hide dormant in cells to evade the 
immune system until conditions improve.

• Seed Banks: Desert plants don’t germinate all their seeds at once; they keep a fraction 
dormant in the soil for years.

Warren Buffett's First Rule

The same mathematics applies to your bank account.
If you invest your entire portfolio in a single asset (“going all-in”), your wealth follows 
a multiplicative process: each year multiplies your total by a return factor 𝑘. Most years 
𝑘 > 1 and you feel like a genius. But if any single year delivers 𝑘 = 0—a bankruptcy, 
a fraud, a market collapse—your lifetime of gains vanishes.
This is why Warren Buffett famously said:

• Rule #1: Never lose money.
• Rule #2: Never forget Rule #1.

Buffett is not being folksy. He is stating, with mathematical precision, that in a 
multiplicative game the worst outcome matters more than the best. A portfolio that 
returns +50%, +40%, +60%, then −100% ends at zero—no matter how large the earlier 
gains were. The zero ate everything.
The practical lesson—diversify, never go all-in, keep reserves—is the financial version 
of the seed bank. It is the Kelly Criterion applied to money. And it is, at its core, 
the exact same physics that makes bacteria hedge their bets and plants keep dormant 
seeds in the soil.

14.4 Survival of the Best-Informed

We began this part of the course by asking why we eat. The answer is not “energy”—energy 
is conserved. The answer is “order.” Life creates order by acting as a Maxwell’s Demon, 
sorting atoms and making decisions.

But sorting costs entropy. Every measurement, every error correction, and every memory 
erasure generates heat.

So here is the complete ledger of what it means to be alive:

1. We Pay in Heat (Landauer): The Second Law demands a tax for every bit of infor
mation processed. We eat to pay this tax.

2. We Buy Information (Infomax): Our sensors are meticulously tuned to squeeze every 
possible bit out of the environment—then our brains ruthlessly filter it to the one thing 
that matters.
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3. We Profit in Survival (Bet-Hedging): We use that information to place smarter bets 
than blind chance would allow, dodging extinction in an uncertain world.

How much is information worth? We can estimate it. Recall the Antibiotic Casino exer
cise: a bacterium that can sense an antibiotic 10 minutes early switches from the Hedger 
strategy (always keep 1% dormant) to a perfect strategy (go 100% dormant when danger 
is real, 100% active when it’s safe). Its growth multiplier jumps from 1.99 in good times 
to 2.0, and its crash multiplier jumps from 0.01 to 1.0. Over 100 generations with 20 
antibiotic events, the informed bacterium’s geometric mean fitness is:

𝑘informed = 2.0 80
100 ⋅ 1.0 20

100 ≈ 1.74 (14.14)

𝑘blind = 1.99 80
100 ⋅ 0.01 20

100 ≈ 0.69 (14.15)

The blind hedger’s geometric mean is below one—it is going extinct. The informed 
bacterium’s is above one—it is thriving. The difference between death and survival is a 
handful of bits: knowing when the antibiotic is coming.

“Information is any difference that makes a difference.”
— Gregory Bateson

This is why life pays Landauer’s bill. This is why 20% of your calories go to your brain. This 
is why the silver ant risks the scorching Sahara with nothing but a polarized-light compass. 
In the grand thermodynamic casino, the house (entropy) always wins eventually. But by 
burning energy to buy information, life manages to stay at the table—placing winning 
bets round after round, long after the stones have crumbled to dust.
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PSet 3

Problem 1 — DNA Barcodes in a Muddy Pond.  Ecologists can identify species from 
traces of DNA left in water, soil, or air. This is called environmental DNA (eDNA). A 
short DNA barcode works like a biological license plate. (Real barcodes are hundreds of 
letters long; we use a short 10-letter barcode here as a toy model to practice the information 
math.)
The alphabet is tiny—only four letters: A, C, G, and T. But a short string of letters can 
still carry a surprising amount of information.
Recall the definition of information: if a system has 𝑊  equally likely states, identifying 
which state you are in requires

𝐼 = log2 𝑊 bits (14.1)

One bit is the information gained from a single yes/no question. For example, choosing 
among 𝑊 = 8 items takes log2 8 = 3 yes/no questions—exactly 3 bits.

1. From Letters to Bits: Each position in a DNA barcode has 4 possible letters. How 
many yes/no questions do you need to identify one letter?
A barcode has 𝐿 = 10 positions. Because the positions are independent, the total 
information is the sum over all positions. How many bits does the full barcode carry?

2. Enough for a Field Guide? A wetland has about 50,000 possible species. Imagine 
playing "20 Questions" with species: each yes/no question cuts the list in half.
How many questions (bits) do you need to uniquely identify any species from 50,000?
Compare this to the bits available from part (a). How many bits are “left over”?

3. The Typo Problem: Sequencing machines sometimes misread a letter. Each misread 
letter corrupts 2 bits of information. Compare these three barcodes by counting how 
many positions differ between each pair:

Species Barcode

A ACGTACGTAA

B ACGTACGTAT

C TGCATGCATT

Which pair is easiest to confuse if one letter is misread? Which pair is safest? How 
many bits of “safety margin” does each pair have?
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4. Redundancy Is Not Waste: A careful barcode library spends 4 of its 20 bits on error 
protection, shrinking the usable barcode space by a factor of 24 = 16.
How many bits of labeling capacity did this rule cost? How many usable bits remain? 
Is that still enough for 50,000 species?
In 1–2 sentences, explain the tradeoff: we spent some of our bits on protection against 
noise instead of on labeling capacity. Why is this a good deal in a noisy world?

The Barcode of Life

Our 10-letter barcode is a toy model. Real DNA barcodes are much longer—the 
standard animal barcode (the COI gene) is 658 letters. With 658 × 2 = 1, 316 
bits of capacity, it can label not just 50,000 species but billions, with vast redun
dancy left over for error correction. The international Barcode of Life project has 
already catalogued over 500,000 species this way, turning a scoop of pond water 
into a complete biodiversity census.

Problem 2 — Why Your Eyes Work in Starlight and Sunlight.  The light intensity 
between a moonlit forest and a sunlit beach differs by a factor of 1010. Yet you can see a 
friend’s face in both settings. Your retina handles a dynamic range that would overload a 
single fixed-exposure camera. How?

1. Log vs. Linear: A lanternfish lives at 500 m depth, where bioluminescent flashes vary 
over only a factor of 102 (100-fold range). Its retinal neurons can distinguish ≈ 100 
brightness levels.
A logarithmic sensor maps intensity 𝑆 to a neural response 𝑅 = 𝑎 ln 𝑆. The constant 
𝑎 is chosen so that the full range of intensities (𝑆 = 1 to 𝑆 = 1010) maps onto all 100 
neural levels:

𝑎 = 100
ln(1010)

(14.2)

(Use ln(1010) = 10 ln 10 ≈ 23.)

• With this value of 𝑎, how many neural levels does the lanternfish’s 102 sub-range 
occupy? (Hint: the sub-range spans ln(102) = 2 ln 10 ≈ 4.6. Multiply by 𝑎.)

• A linear sensor would spread all 100 levels evenly across the same 102 range. How 
many levels per unit of intensity? By what factor is the linear sensor finer than the 
logarithmic one over this narrow range?

2. The Design Principle: In one sentence, state when logarithmic coding is optimal and 
when linear coding is better. Your retina spans starlight to sunlight (1010-fold range)—
which strategy does it use? The lanternfish lives in a narrow 102 range—which should 
it use?

3. Weber’s Law on the Savanna: A hawk circling at altitude looks for prey. Its visual 
system obeys Weber’s Law: it can detect a brightness difference only if the relative 
contrast exceeds a threshold:

Δ𝑆
𝑆

> 𝑤 (14.3)
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where Δ𝑆 is the luminance difference between mouse and background, 𝑆 is the 
background luminance, and 𝑤 ≈ 0.02 (2%) for raptors.
Suppose a mouse on a rock produces a luminance contrast of 10%, and the same mouse 
against a distant hillside produces only 1% contrast. Calculate Δ𝑆

𝑆  for each case.
In which case can the hawk detect the mouse? Compare each ratio to 𝑤 = 0.02. 
Why does this help explain why small prey animals seek cover near large, uniform 
backgrounds?

Your Phone Solves the Same Problem

Every digital camera faces the retina’s dilemma. Raw sensor data is linear, but 
human vision is logarithmic—so cameras apply a gamma curve (𝑅 ∝ 𝑆1/2.2) that 
compresses bright intensities and stretches dim ones. This is why “HDR” photos 
look natural: the camera is mimicking the logarithmic coding your retina evolved 
millions of years ago. The physics is identical.

Problem 3 — The Immune System's Sorting Hat.  Your adaptive immune system faces a 
problem eerily similar to DNA proofreading: it must tell the difference between your own 
cells and foreign invaders. A T cell patrols your body, pressing its receptor against every 
cell it meets and asking: “Friend or foe?”
The energy difference between binding a foreign peptide (correct match) and binding one 
of your own peptides (wrong match) is small—only about Δ𝐸 ≈ 3𝑘𝐵𝑇 . Too many false 
negatives, and you die of infection. Too many false positives, and your immune system 
attacks your own body (autoimmunity).

1. The Thermodynamic Error Floor: In this simplified thermodynamic model, the raw 
discrimination error is approximated by a Boltzmann factor:

𝑃error ≈ 𝑒−Δ𝐸/𝑘𝐵𝑇 (14.4)

Using Δ𝐸 ≈ 3𝑘𝐵𝑇 , calculate 𝑃error. (Hint: 𝑒−3 ≈ 0.05.)
Your body presents roughly 𝑁 ≈ 104 different self-peptides to each T cell during 
selection. If a T cell made no corrections, how many self-peptides would it accidentally 
react to? (Hint: multiply 𝑃error × 𝑁 .) Is this acceptable?

2. Kinetic Proofreading in the Thymus: T cells use the same kinetic proofreading trick 
as DNA polymerase (from Chapter 13). After a T cell receptor binds a peptide, the 
cell waits through a series of signaling checkpoints before committing to activation. 
Weakly-bound (self ) peptides detach before the cascade completes.
If each checkpoint provides ≈ 10 × discrimination:

• To achieve fewer than 1 false activation per 104 self-peptides, what error rate per 
peptide is required? How many checkpoints 𝑛 are needed?

• How many bits of information does each checkpoint buy? (Hint: log2 10 ≈ 3.3 
bits.)

3. The Landauer Bill for Immunity: Each checkpoint costs the cell roughly 1 ATP (≈
20𝑘𝐵𝑇 ). From Chapter  13, the minimum thermodynamic cost to process 1 bit of 
information is Landauer’s limit: 𝑘𝐵𝑇 ln 2 ≈ 0.7𝑘𝐵𝑇 .
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For each checkpoint (≈ 3.3 bits), calculate the Landauer minimum cost. (Hint: 𝐸min =
3.3 × 0.7 𝑘𝐵𝑇 =?.) Compare this to the actual ATP cost (20𝑘𝐵𝑇 ). By what factor is 
the T cell “overpaying”?

4. The Autoimmune Catastrophe: Suppose a genetic defect weakens one signaling 
checkpoint in the T cell cascade (reducing from 3 to 2 effective proofreading steps). 
Each checkpoint provides 10 × discrimination, so losing one checkpoint increases the 
error rate by a factor of ___. If the original rate allowed < 1 false activation per 104 self-
peptides, roughly how many self-peptides now trigger an attack?
In 1–2 sentences, explain the common physics shared by autoimmune diseases and 
cancer: both arise when the body’s error-correction machinery degrades. In cancer, fewer 
DNA-repair checkpoints mean more mutations accumulate. In autoimmunity, weaker 
immune regulation (inhibitory receptors like CTLA-4 and PD-1) allows more self-
reactive T cells to escape into the body.

HIV: Attacking the Spell Checker

HIV primarily attacks CD4+ T cells—the coordinators of the immune response. 
By destroying these cells, HIV weakens the immune system’s ability to sort friend 
from foe, enabling opportunistic infections.
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In the previous parts of this book, we explored how life is shaped by fundamental 
constraints:

• Part I showed us that body size constrains form and function.
• Part II showed us that energy and temperature constrain metabolism.
• Part III showed us that information constrains behavior.

These constraints are powerful, but they are local—they depend on the specifics of our 
planet, our chemistry, our biology. In Part IV, we confront something deeper: the universal 
constraints built into the fabric of reality itself.

Consider three profound questions:

1. Why do we live in three spatial dimensions? — Not two, not four, but exactly three.
2. Why do we move so slowly? — Light circles the Earth more than seven times per 

second. We crawl.
3. Why are we so large? — We are 1010 times larger than the atoms we are made of.

These questions sound almost philosophical. But they have precise physical answers—and 
those answers involve three fundamental constants: 𝐺 (gravity), 𝑐 (the speed of light), and 
ħ (the quantum of action).

Each constant acts as a bridge, connecting previously unrelated physical quantities 
and revealing hidden structure in the universe. As we emphasized at the very beginning, 
paradigm-breaking physics often introduces new units or forges bridges between existing 
ones.

In Part IV, we will use this principle as our North Star. By the end, you will see how 𝐺, 
𝑐, and ħ together define the architecture of reality—and why life exists in the particular 
corner of that architecture where it does.



CHAPTER 15

Why Life Lives in 3 Dimensions

Back in Chapter 4, we built the Force bridge: 𝐹 ≡ 𝑚𝑎 created a new unit (𝕄𝕃𝕋−2) that 
translates between mass and motion, and we used it to derive centripetal force and pressure.

Now we put that bridge to its most ambitious use. Newton’s next stroke of genius was 
to provide the most important “sentence” in the Force dictionary: the Law of Universal 
Gravitation. This law introduces a new fundamental constant, 𝐺, which serves as a second 
bridge—connecting matter to the geometry of space itself. And hidden inside this law is 
the answer to one of the deepest questions in physics: Why do we live in exactly three 
spatial dimensions?

15.1 Bridging Matter and Geometry

15.1.1 Gravitational Constant 𝐺
Every mass attracts every other mass with a force proportional to the product of their 
masses and inversely proportional to the square of the distance between them. Let 𝑀  be 
the large mass (Earth, Sun) and 𝑚 be the small mass (you, a planet):

𝐹 = 𝐺𝑀 𝑚
𝑟2

Force
(the output)

Gravitational
Constant

Large mass
(e.g., Earth)

Small mass
(e.g., you)

Distance
squared

(15.1)

Combining this with our definition 𝐹 = 𝑚𝑎, we get a complete equation of motion:

𝑚𝑎 = 𝐺𝑀𝑚
𝑟2

Definition
(𝐹 ≡ 𝑚𝑎)

Specific Law
(Gravity) (15.2)

Notice that 𝑚 cancels! The acceleration due to gravity is independent of the falling object’s 
mass—exactly what Galileo observed when he (allegedly) dropped balls from the Leaning 
Tower of Pisa. What remains is:
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𝑎 = 𝐺𝑀
𝑟2 (15.3)

For an object near Earth’s surface, 𝑀 = 𝑀Earth and 𝑟 ≈ 𝑅Earth. This gives us the familiar 
gravitational acceleration:

𝑔 ≡ 𝐺𝑀Earth
𝑅2

Earth
≈ 9.8m/s2 (15.4)

The constant 𝑔 is not a fundamental constant of nature—it is a derived quantity that 
depends on Earth’s mass and radius.

Exercise 15.1 — Gravity on Other Worlds.

The formula 𝑔 = 𝐺 𝑀
𝑅2  tells us that gravitational acceleration depends on a planet’s 

mass and radius.

1. The Moon has 𝑀Moon ≈ 0.012𝑀Earth and 𝑅Moon ≈ 0.27𝑅Earth. Estimate 𝑔Moon 
as a fraction of 𝑔Earth.

2. Mars has 𝑀Mars ≈ 0.11𝑀Earth and 𝑅Mars ≈ 0.53𝑅Earth. Estimate 𝑔Mars.
3. An astronaut who weighs 70 kg on Earth would weigh how much on the Moon? 

On Mars?

Why Does Mass Cancel? Einstein's Deepest Insight

The 𝑚 on the left (from 𝐹 = 𝑚𝑎) is inertial mass—resistance to acceleration.
The 𝑚 on the right (from the gravity law) is gravitational mass—the “charge” that 
feels gravity.
Why should these two completely different concepts be exactly the same number? 
There is no obvious reason. Yet every experiment ever performed confirms they are 
identical to extraordinary precision.
Einstein realized this “coincidence” was too perfect to be accidental. In 1907, he had 
what he called “the happiest thought of my life”: if inertial and gravitational mass are 
truly identical, then gravity and acceleration are indistinguishable. An observer in 
a closed box cannot tell if they are standing on Earth or accelerating through space 
at 9.8m/s2.
This is the Equivalence Principle—the conceptual foundation of General Relativity, 
which reinterprets the nature of gravity as the curvature of spacetime itself.

15.2 A New Bridge

This law introduces a new fundamental constant, 𝐺, which serves as a bridge between 
previously unconnected units.

Analyzing the dimensions:

[𝐹 ] = [𝐺][𝕄]2

[𝕃]2
(15.5)

Substituting [𝐹 ] = 𝕄𝕃𝕋−2, we find:
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[𝐺] = 𝕃3𝕄−1𝕋−2 (15.6)

Before this law, “mass” and “distance/time” were separate entities.

𝐺 acts as a conversion factor that links the world of matter (𝕄) to the geometry of 
space and time (𝕃, 𝕋).

This is paradigm-breaking physics: a new bridge between units.

15.2.1 Deriving Kepler’s Third Law from Dimensional Analysis

To show its power, let’s ask a question: What determines the orbital period of a planet?
Suppose you want to predict how long it takes a planet to orbit the Sun. What physical 

quantities could this depend on?
• The orbital radius 𝑅 (distance from the Sun) (unit: 𝕃)
• The mass of the Sun 𝑀  (unit: 𝕄)
• The gravitational constant 𝐺 (unit: 𝕃3𝕄−1𝕋−2)

Note that the planet’s mass 𝑚 doesn’t appear—it canceled out when we derived 𝑎 = 𝐺𝑀
𝑟2 . 

The planet is just a “test particle” falling around the Sun.
Now let’s play our dimensional analysis game. We want to find a time scale 𝑇  from the 

ingredients 𝑅, 𝑀 , and 𝐺. The dimensional analysis would force us to conclude:

𝑇 2 ∝ 𝑅3

𝐺𝑀
(15.7)

This is remarkable. In 1619, Johannes Kepler spent years analyzing Tycho Brahe’s astro
nomical observations and discovered empirically that 𝑇 2 ∝ 𝑅3. We just derived the same 
relationship—and more (the dependence on 𝐺𝑀 )—using only units!

15.2.2 Dimensional Magic: Mercury’s Precession

Newton’s gravity predicts that a single planet orbiting a star traces a perfectly closed ellipse. 
However, because of the gravitational pull from other planets (like Venus and Jupiter), 
Mercury’s orbit should slowly rotate (precess) over time. In 1859, the astronomer Urbain 
Le Verrier meticulously calculated this Newtonian precession but found an anomaly: an 
extra 43″ per century that Newton’s theory simply could not explain.

Einstein’s General Relativity (1915) solved the mystery by introducing the speed of 
light 𝑐 into gravity. The precession angle 𝜑 (per orbit) must depend on:

• The gravitational constant 𝐺 (𝕃3𝕄−1𝕋−2)
• The Sun’s mass 𝑀  (𝕄)
• The speed of light 𝑐 (𝕃𝕋−1)
• Mercury’s orbital radius 𝑅 (𝕃)

Since 𝜑 is an angle, it is dimensionless. There is exactly one way to combine these quantities 
to cancel out all units:
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𝜑 ∝ 𝐺𝑀
𝑐2𝑅

(15.8)

This is a profound realization. Even if we know absolutely nothing about curved spacetime 
or tensor calculus, the mere existence of 𝑐 as a dimensional bridge forces the exact scaling 
of Einstein’s correction. Dimensional analysis essentially discovers relativity!

(Einstein’s full theory gives 𝜑 = 6𝜋𝐺𝑀
𝑐2𝑎(1−𝑒2)  per orbit, where 𝑎 is the semi-major axis and 𝑒 the 

orbital eccentricity. For Mercury, this precisely matches the missing 43″ per century.)

Exercise 15.2 — How Big is a Black Hole?.

A black hole is an object so dense that its gravitational pull traps everything, even 
light. The radius 𝑅 of a black hole (its “event horizon”) depends only on three physical 
constants:

• The strength of gravity 𝐺
• The mass of the collapsed star 𝑀
• The speed of light 𝑐

Your Job: Find the only combination of these variables that produces a length (𝕃).
(Hint: The exact answer from General Relativity is 𝑅 = 2𝐺𝑀

𝑐2 , known as the Schwarz
schild radius. If you do the dimensional analysis correctly, you will derive black hole physics 
using nothing but units!)

15.3 Why 1/𝑟2?

It makes intuitive sense that gravity weakens with distance. But why exactly 1
𝑟2 ? Why not 

1
𝑟3  or even 1

𝑟2.1 ? This seemingly “silly” question has profound implications for why we exist.
The answer lies in the dimensionality of space. Imagine a mass emitting “gravitational 

influence” uniformly in all directions—like a light bulb radiating light. (Why uniform? 
The principle of maximum entropy from Chapter 11 tells us that without knowing the 
Universe has a preferred direction, we should assume isotropy.)

At distance 𝑟, this influence spreads over the surface of a sphere with area 𝐴 ∝ 𝑟2. Since 
the total influence is conserved, the intensity must decrease as:

Force ∝ 1
Area

∝ 1
𝑟2 (15.9)

This is not unique to gravity—the electrostatic force follows the same law for the same 
reason.(1)

Exercise 15.3 — The Geometry of Senses.

The inverse square law isn’t just for gravity—it applies to any biological signal that 
spreads geometrically. How does signal intensity 𝐼  drop with distance 𝑟 in each 
environment?

(1)The Coulomb force is 𝐹 = 𝑘𝑒
𝑞1𝑞2
𝑟2 . Electromagnetism is deeply connected to biology (nerve signals, 

molecular interactions), but we won’t have time to cover it in this course.
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1. The Ocean (3D): A blue whale sings in the open ocean. Sound spreads outward 
over a sphere of area 𝐴 = 4𝜋𝑟2. How does the intensity 𝐼  scale with distance?

2. The Pond Surface (2D): A water strider communicates by creating ripples on 
the surface of a pond. The ripples spread in flat circles of circumference 𝐶 = 2𝜋𝑟. 
How does 𝐼  scale with 𝑟?

3. The Blood Vessel (1D): An endocrine gland secretes a hormone into a narrow 
capillary. The chemical travels straight down the tube. If the cross-sectional area 
is constant, how does 𝐼  change with 𝑟? What is the biological advantage of this 
geometry?

The Philosopher Who Reverse-Engineered Space

A 22-year-old philosophy student in Königsberg saw the connection first. In 1749, 
Immanuel Kant—yes, that Kant—published his very first work, Thoughts on the True 
Estimation of Living Forces, in which he made a breathtaking claim: the inverse square 
law determines that space has three dimensions, not the other way around.(2)
Kant’s reasoning ran in the opposite direction from how we usually think. Today’s 
physics textbooks start with three-dimensional space and derive the inverse square law 
from it (as we just did above: flux spreads over a sphere, 𝐴 ∝ 𝑟2, so 𝐹 ∝ 1/𝑟2). Kant 
flipped the logic. He argued that the fundamental law of force between masses—
𝐹 ∝ 1/𝑟2—is the deeper fact, and the three-dimensionality of space is a consequence:

“The three-dimensional character seems to derive from the fact that substances 
in the existing world act on each other in such a way that the strength of the 
action is inversely proportional to the square of the distances.”

— Immanuel Kant, 1747

This is a remarkable philosophical move. At the age when most of us are choosing a 
major, Kant was asking: Why does space have the shape it does? And he proposed that 
the answer lies not in geometry, but in physics—in the law of gravity itself. Whether 
Kant’s direction of explanation is correct remains debated among philosophers of 
physics, but the mathematical link he identified between the inverse square law and 
three-dimensionality is, as one commentator puts it, “plainly true.”

15.4 Why We Live in 3D

Here is the key insight: the force law depends on the number of spatial dimensions.
In a 𝑑-dimensional universe, gravitational influence spreads over a (𝑑 − 1)-dimensional 

“sphere” with “surface area” ∝ 𝑟𝑑−1. Therefore:

(2)For a modern analysis of Kant’s argument and its connection to Gauss’s Law and spatial symmetry, 
see D. E. Gatzia and R. D. Ramsier, ‘Dimensionality, symmetry and the Inverse Square Law’, Notes Rec. 
R. Soc. 75, 333–347 (2021).
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𝐹 ∝ 1
𝑟𝑑−1 (15.10)

• 2D (Flatland): 𝐹 ∝ 1
𝑟

• 3D (our universe): 𝐹 ∝ 1
𝑟2

• 4D: 𝐹 ∝ 1
𝑟3

Now comes the remarkable result. In 1873, Joseph Bertrand proved that among all possible 
central force laws 𝐹 ∝ 𝑟𝛼, only two produce stable, closed orbits:

• 𝐹 ∝ 1
𝑟2  (our gravity → elliptical orbits)

• 𝐹 ∝ 𝑟 (Hooke’s Law → oscillations)

Figure 15.1: Bertrand’s theorem in action: The 𝐹 ∝ 1
𝑟2  force law (left) produces stable, 

closed elliptical orbits. Even a slight deviation, such as 𝐹 ∝ 1
𝑟2.1  (center), causes orbits to 

precess in a rosette pattern. More extreme force laws, such as 𝐹 ∝ 1
𝑟4  (right, representing 

a 4D universe), are completely unstable and result in catastrophic collapse.

Any other power law causes orbits to precess, never closing on themselves. More critically, 
for 𝑑 ≥ 4, a perturbation analysis shows that circular orbits are unstable: a slight nudge 
causes planets to spiral into the Sun or fly off into space. No stable solar systems. No 
planets. No life.

The stability of our solar system—and the possibility of life—is a direct consequence 
of living in exactly 3 spatial dimensions.

This is the anthropic argument for dimensionality: we observe 3D because only in 3D can 
stable planetary orbits, chemistry, and life exist. Science fiction like Interstellar and Cixin 
Liu’s The Three-Body Problem imagines travel to higher dimensions—but Bertrand’s 
theorem tells us such universes would be barren and chaotic.

Ehrenfest's Question: Why Three Dimensions?
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The idea that the number of spatial dimensions is linked to the stability of orbits was 
first proposed by the Dutch physicist Paul Ehrenfest in a remarkable 1917 paper 
titled “In what way does it become manifest in the fundamental laws of physics that space 
has three dimensions?” He showed that both gravitational orbits and atomic stability 
single out 𝑑 = 3 as special—in higher dimensions, neither planets nor atoms can 
form stable bound states.
You might worry that our argument relies on Newtonian gravity, which we know 
is only an approximation. What about Einstein’s general relativity? In 1963, F. R. 
Tangherlini generalized the Schwarzschild solution (the exact GR solution for 
gravity around a spherical mass) to 𝑛 dimensions and showed that the conclusion is 
unchanged: stable circular orbits exist only when 𝑑 = 3. The anthropic argument for 
three dimensions is not a Newtonian artifact—it is a robust feature of gravitational 
physics itself.

15.5 Biological Flatland: 2D vs. 3D in the Struggle for Life

So far, we have looked at dimensionality through the grand lens of cosmic physics—
planetary orbits, black holes, and the structure of spacetime. But does the dimensionality 
of space matter to a hunter seeking its prey, or a food web trying to avoid collapse?

The answer is a resounding yes. In 2012, a team of ecologists led by Samraat Pawar 
published a landmark study showing that the geometry of the space in which organisms 
search for food fundamentally dictates the dynamics of ecosystems.

Think about how predators hunt.
• 2D Search Space: A sheep grazing on a grassland, or a starfish crawling along the 

seabed, is constrained to search on a flat two-dimensional surface.
• 3D Search Space: A pelagic shark patrolling the open ocean, a bird hunting insects 

in the air, or a monkey foraging in the forest canopy searches through a three-
dimensional volume.

This simple geometric distinction has profound consequences for how resource consump
tion scales with body mass 𝑀 . In general, the consumption rate (or search rate) of a 
predator scales as:

Rate ∝ 𝑀𝛾 (15.11)

In a perfectly flat 2D world, resource encounter rates scale sublinearly with body mass, 
with an exponent of 𝛾 ≈ 0.85. Because a 2D search is relatively inefficient, larger predators 
are limited in how quickly they can find and consume prey.

But in a 3D volumetric search space, everything changes. The exponent shifts to 𝛾 ≈
1.06—it scales superlinearly!
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Figure 15.2: The geometry of search: 2D search spaces (left) restrict predators to surfaces, 
leading to sublinear consumption scaling (𝑀0.85). 3D search spaces (right) allow volu
metric search, leading to superlinear scaling (𝑀1.06). Empirical data from Pawar et al. 
(2012) confirms this transition, showing that 3D interactions are significantly stronger 
and potentially more destabilizing than 2D interactions.

Why does this matter for the stability of life on Earth?
Superlinear scaling means that as a 3D predator gets larger, its hunting efficiency grows 

faster than its body size. A massive blue whale or a predatory bird can consume resources 
at a dizzying rate. This creates extremely strong interactions between predators and prey.

According to mathematical food web models, exceptionally strong predator-prey inter
actions are highly destabilizing. They lead to wild population oscillations and rapid 
extinctions. If the entire world were a 3D volume, food webs would likely be too unstable 
to survive.

This is where “flatlands” save the day. Most ecosystems are a mix of 2D and 3D search 
spaces. Even in the open ocean or dense forest, crucial interactions happen on two-dimen
sional boundaries—like seabeds, shorelines, or forest edges. These 2D interfaces act as 
stabilizing anchors, dampening the chaotic oscillations driven by 3D volumetric hunters.

Once again, the geometry of space isn’t just an abstract backdrop—it dictates the very 
survival of the biosphere.

Exercise 15.4 — Survival in the Bulk.

You are a mission specialist on a ship traversing the 5th-dimensional “Bulk” (as seen 
in Interstellar). Your navigation computer is glitching because it is programmed for 
3D physics. You need to manually recalibrate the sensors to survive.

https://doi.org/10.1038/nature11130
https://doi.org/10.1038/nature11130
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1. The Flux Calibration: In our 3D universe, gravity spreads over a sphere of area 
𝐴 = 4𝜋𝑟2, creating the Inverse Square Law 𝐹 ∝ 1

𝑟2 . In the Bulk, gravity spreads 
over a 4D hypersphere, where the “surface area” scales as 𝑟3. Derive the new Force 
Law 𝐹(𝑟) for this space.

2. The “Tube” Universe: Your ship passes through a dimensional anomaly that 
compresses space into a single 1D line (like an infinite tube). If gravitational flux 
cannot spread out sideways (because there is no “sideways”), how does the force 
of gravity change with distance 𝑟? (Hint: If the area is constant, what happens to the 
intensity?)

3. The Architect’s Dilemma: You want to build a stable solar system in a universe 
that has 10 dimensions (like String Theory). You know from Bertrand’s Theorem 
that planets will crash if they feel the full 10D gravity.
Propose a geometric solution: How can you have 10 dimensions exist but force 
gravity to behave as if there are only 3?
(Hint: Think about the shape of a garden hose.)

I hope you can now appreciate the absolute beauty of Newton’s works. And why he is not 
exaggerating when making perhaps the most ambitious claim in a scientific book:

“It remains that, from the same principles, I now demonstrate the frame of the 
System of the World.”

— Isaac Newton, Principia
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CHAPTER 16

Gravity Suspended: Life in Water

Water rewrites the rules of physics. On land, gravity is king—it limits how big you can 
grow and how you move. But the moment you slip beneath the surface, you enter a world 
governed by entirely different forces.

16.1 Why Whales Live in the Sea

Why are the largest animals on Earth—whales—found only in the ocean? And why did 
life itself begin in the water?

The answer lies in a fundamental conflict between two scaling laws.
Recall from Chapter 2 that:
• Weight scales with volume: 𝑊 ∝ 𝐿3

• Bone strength (cross-sectional area) scales as: 𝐴 ∝ 𝐿2

As an animal grows larger, its weight increases faster than its bones can support. At some 
critical size, the bones would simply shatter under the animal’s own weight. This sets an 
upper limit on the size of land animals.

16.1.1 Buoyancy

In water, there is a new force: buoyancy. Instead of memorizing Archimedes’ Principle, 
let’s derive it using dimensional analysis. We want to find an upward force 𝐹𝑏. What could 
it depend on?

• Gravity 𝑔 (the cause of pressure): [𝕃𝕋−2]
• The fluid’s density 𝜌water: [𝕄𝕃−3]
• The object’s volume 𝑉 : [𝕃3]

To build a Force ([𝕄𝕃𝕋−2]), there is only one valid combination:

𝐹𝑏 ∝ 𝜌water𝑉 𝑔 (16.1)

In this case, Archimedes’ Principle proves that the dimensionless coefficient is exactly one, 
so we can write:

𝐹𝑏 = 𝜌water𝑉 𝑔 (16.2)

Similarly, the animal’s weight is just gravity acting on its own mass 𝑀 = 𝜌animal𝑉 :

𝐹𝑔 = 𝑀𝑔 = 𝜌animal𝑉 𝑔 (16.3)
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Let’s define the net force with upward as positive (so buoyancy is positive and gravity is 
negative):

𝐹net = (𝜌water − 𝜌animal) 𝑉  𝑔Net Force

Sink or Float?
(Zero if densities match!)

Body size

Gravity (16.4)

Since most animals have densities very close to water (𝜌animal ≈ 𝜌water), the net force is 
nearly zero. The animal is effectively weightless!

In the ocean, the 𝐿3 weight scaling is canceled by 𝐿3 buoyancy. The crushing force that 
limits land animals disappears.

This is why the blue whale can weigh 150+ tonnes—far heavier than any dinosaur. Water 
doesn’t just support life. By canceling gravity, it unlocks new regions of size-space that 
land animals can never reach.

16.1.2 Why Plausibility Isn’t Proof

Sperm whales routinely dive to depths of over 1,000 meters to hunt giant squid. Unlike 
fish (which use gas-filled swim bladders), a whale’s body is mostly muscle and bone—
denser than water.

In the 1970s, scientists proposed an elegant hypothesis: a massive organ in the sperm 
whale’s head, filled with a waxy oil called spermaceti, could function as a buoyancy 
regulator. The idea was that by controlling blood flow to the organ, the whale could melt 
the wax (making it less dense) to ascend, or cool and solidify it (making it denser) to 
descend. This temperature-driven phase change alters density, which directly shifts the 
buoyancy force.

It is a beautiful qualitative story. But when we actually do the math, the numbers refuse 
to cooperate.

Let’s look at the basic physics. A large sperm whale has an estimated mass of roughly 
𝑀 = 42, 000 kg and a body volume of roughly 𝑉 = 40m3. This gives an average density 
of:

𝜌whale = 𝑀
𝑉

= 42, 000
40

= 1050kg/m3 (16.5)

Since seawater has a density of 𝜌water ≈ 1025kg/m3, the whale’s density is greater than 
that of the surrounding water. Using a clean, back-of-the-envelope gravity of 𝑔 ≈ 10m/s2, 
the net force on the whale is:

𝐹net = (𝜌water − 𝜌whale)𝑉 𝑔 = (1025 − 1050) × 40 × 10 = −10, 000 N (16.6)

This represents a massive downward force of 10, 000 N pulling the whale toward the abyss. 
The whale is negatively buoyant: it naturally sinks!
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This negative buoyancy is not surprising, given that other deep-diving marine mammals
—such as beaked whales and elephant seals—routinely descend to extreme depths without 
any specialized waxy buoyancy organs. They simply glide down or actively swim to manage 
their depth.

But could the spermaceti organ at least help offset this sinking force? The physics says 
no:
1. The scale is too tiny: The waxy oil can contract by a few percent when solidifying, 

which changes the buoyancy force by only about 1, 300 N—far too small to balance 
the 10, 000 N net sinking force of the whale’s dense body.

2. The thermodynamics are impossible: Melting or freezing 2.5 tonnes of spermaceti 
wax in a matter of minutes during a deep dive would require heat transfer rates that 
are biologically impossible.

This rejection highlights a vital lesson in biophysics: qualitative elegance is never a 
substitute for quantitative verification.

If this giant, oil-filled organ isn’t a buoyancy balloon, what is it? The answer lies in a 
completely different physical property of water—which we will return to soon. But first, 
buoyancy doesn’t just change how animals grow and dive; it also changes how life spreads 
across the planet.

16.2 Benefits of Water Life

16.2.1 The Dispersal Difference

Buoyancy doesn’t just change how animals grow—it changes how life spreads.
On land, dispersal is a constant fight against gravity. Because air is incredibly thin (𝜌air ≈

1.2kg/m3), seeds and spores will quickly fall to the ground unless they have aerodynamic 
adaptations. Plants must engineer parachutes (dandelions) or helicopter wings (maple 
seeds) to maximize air resistance, or they must bribe animals with fruit to carry their seeds 
across the landscape.

In the ocean, gravity is canceled by buoyancy (𝜌life ≈ 𝜌water). A stationary coral reef 
or sea urchin doesn’t need parachutes or fruit. They can simply release millions of eggs 
and sperm directly into the water column—a strategy called broadcast spawning. Because 
these microscopic larvae are neutrally buoyant, they don’t sink. They are suspended by the 
water and carried by ocean currents, sometimes drifting for hundreds or thousands of miles 
before settling. The physical properties of water (its high density and viscosity) turn the 
ocean into a global, free transit system.

But this free transit system is not without its costs. While the physical properties of 
water make dispersal easy, they also impose severe physical taxes on any organism that 
wants to dive deep into the ocean’s three-dimensional bulk. To understand how marine 
life copes with these challenges—and to eventually solve the mystery of how sperm whales 
hunt in the deep—we must first explore the primary price of depth: pressure.
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Figure 16.1:  The Dispersal Difference. On land, gravity dominates. Spores and seeds 
must deploy high-surface-area structures (like dandelion parachutes or maple wings) to 
stay aloft in the thin, low-density air, or bribe animals to carry them. In the ocean, the 
high density of water cancels gravity via buoyancy (𝜌life ≈ 𝜌water). Microscopic larvae float 
effortlessly in the water column and are carried for hundreds of miles by ocean currents, 
turning the sea into a free global transit network.

16.2.2 Sound in the Sea: The Acoustic Highway

While water’s high density provides the mechanical support of buoyancy, it also funda
mentally rewrites the rules of sensory perception and communication. On land, thin and 
highly compressible air allows light to travel for miles, while sound waves are rapidly 
absorbed and scattered by the air’s molecular collisions. In the sea, the physics is completely 
reversed. Light is swallowed by water molecules within a few hundred meters, leaving 
the deep ocean in absolute, pitch-black darkness. But water’s dense, nearly incompressible 
molecular structure makes it an extraordinary medium for sound.

To understand why water is such an efficient acoustic medium, let’s look at the physics 
of sound propagation. Sound is a longitudinal pressure wave. Its speed 𝑣 in a fluid depends 
on two competing physical properties: the fluid’s Bulk Modulus 𝐵 (which measures its 
resistance to compression, [𝕄𝕃−1𝕋−2]) and its Density 𝜌 ([𝕄𝕃−3]).

Using dimensional analysis, we can combine 𝐵 and 𝜌 to form a velocity [𝕃𝕋−1]:
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[𝐵
𝜌

] = 𝕄𝕃−1𝕋−2

𝕄𝕃−3 = 𝕃2𝕋−2 = [𝑣2] (16.7)

This gives the Newton-Laplace equation for the speed of sound:

𝑣 = √𝐵
𝜌

(16.8)

Let’s do a quantitative comparison between air and water:

• For Air: Air is highly compressible. Under adiabatic conditions (no heat exchange), its 
bulk modulus is 𝐵air = 𝛾𝑃0, where 𝛾 = 1.4 is the heat capacity ratio for air and 𝑃0 ≈
1.013 × 105 Pa is atmospheric pressure. This yields 𝐵air ≈ 1.4 × 105 Pa. With a 
density of 𝜌air ≈ 1.2kg/m3, the speed of sound is:

𝑣air = √1.4 × 105

1.2
≈ 340 m/s (16.9)

• For Water: Water is nearly incompressible. Its bulk modulus is 𝐵water ≈ 2.2 ×
109 Pa—four orders of magnitude greater than air’s! Even though water’s density is 
much higher (𝜌water ≈ 1000kg/m3), the massive increase in 𝐵 completely dominates:

𝑣water = √2.2 × 109

1000
=

√
2.2 × 106 ≈ 1480 m/s (16.10)

Sound travels more than four times faster in water than in air (≈ 1500 m/s vs ≈
343 m/s). More importantly, because water is so incompressible, molecules do not need 
to move very far to transmit pressure waves, which minimizes acoustic energy loss due 
to molecular collisions. In this aquatic realm, sound—not light—is the supreme sensory 
medium. Large marine mammals like whales map their dark, three-dimensional world 
and communicate across entire ocean basins using acoustics.

This is why specialized structures, such as the sperm whale’s giant spermaceti organ, have 
evolved to function as acoustic lenses to focus sound rather than as buoyancy regulators. In 
the pitch-black depths of the ocean, the spermaceti organ isn’t a balloon—it’s a searchlight. 
But instead of emitting light, it focuses intense, high-frequency echolocation clicks to scan 
the dark waters for giant squid.

The SOFAR Waveguide: A Deep-Sea Acoustic Trap

Under the right conditions, the ocean’s physical stratification turns it into a global 
acoustic waveguide. The speed of sound in seawater depends on temperature and 
pressure. Near the surface, temperature drops rapidly, which slows sound down. In 
the deep ocean, the temperature stabilizes, but rising pressure speeds sound back up.
This competing gradient creates a distinct minimum sound speed profile at a depth 
of roughly 1,000 meters—the SOFAR (Sound Fixing and Ranging) channel.
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Because waves naturally bend (refract) toward regions of slower wave speed, any 
sound generated within this channel is continuously refracted back toward its center. 
Trapped like light in a fiber-optic cable, low-frequency sound waves can travel 
thousands of miles across entire ocean basins, allowing whales to communicate and 
map their dark, three-dimensional world using this global acoustic highway.

Sound travels so efficiently through water because the medium is dense and nearly incom
pressible—molecules packed tight transmit pressure waves with extraordinary efficiency.

But this acoustic highway does not come cheap. The very physical properties that make 
water a supreme medium for buoyancy and sound also charge a brutal mechanical tax on 
any organism that dares to dive deep. To descend into the pitch-black hunting grounds of 
the abyss, a whale must pay the primary price of depth: pressure.

16.3 Pressure: The Price of Depth

Water grants buoyancy for free, but it charges a brutal tax: Pressure.
Every 10 meters of depth adds roughly 1 atmosphere of pressure. At 30 meters, you 

experience 4 times the surface pressure (1 atm from the air, plus 3 atm from the water). At 
the bottom of the Mariana Trench (11 km), the pressure exceeds 1,100 atm—equivalent 
to having an entire adult elephant standing on your thumb.

For incompressible objects made mostly of liquid or solid (like a water-filled jellyfish), 
this high pressure is virtually harmless. Liquids do not compress under ordinary marine 
pressures. But for any organism carrying air pockets—such as lungs, swim bladders, or 
sinuses—pressure changes declare physical war.

16.3.1 Boyle’s Law for Your Lungs

Pressure is physically the concentration of force—how much mechanical “push” is packed 
into every square unit of a surface. To understand its physical impact on gases, let’s look 
at its dimensions:

[𝑃 ] = [𝐹 ]
[𝐴]

= 𝕄𝕃−1𝕋−2Pressure

Force

Area

(16.11)

If we want to model how pressure affects the volume of air inside our lungs, the relevant 
physical quantities are Pressure (𝑃 ), Volume (𝑉 ), and Temperature (𝑇 ). Recall from 
Chapter 11 that temperature is fundamentally a reflection of thermal energy and never 
appears alone in dimensional analysis; it enters as the thermal energy scale 𝑘𝐵𝑇 , which 
has the dimensions of energy (𝕄𝕃2𝕋−2).

Let’s use dimensional analysis to compare the product 𝑃𝑉  with the thermal energy 
𝑘𝐵𝑇 :

• Pressure 𝑃 : [𝕄𝕃−1𝕋−2]
• Volume 𝑉 : [𝕃3]
• Product 𝑃𝑉 : [𝕄𝕃2𝕋−2]
• Thermal energy 𝑘𝐵𝑇 : [𝕄𝕃2𝕋−2]

Because 𝑃𝑉  and 𝑘𝐵𝑇  share the exact same physical dimensions, dimensional analysis 
dictates that:
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𝑃𝑉 ∝ 𝑘𝐵𝑇 (16.12)

The only element dimensional analysis cannot reveal is the dimensionless constant of 
proportionality. In this case, that constant is the number of gas molecules, 𝑁  (a pure, 
dimensionless count). Experiment confirms this elegant relationship as the Ideal Gas 
Law:

𝑃 ⋅ 𝑉 = 𝑁 ⋅ 𝑘𝐵𝑇
Pressure

Volume

Number of
molecules

Thermal
Energy (16.13)

For a sealed pocket of air inside a diver’s body during a breath-hold, the number of gas 
molecules 𝑁  is completely fixed. Furthermore, because mammalian homeostasis keeps our 
core body temperature 𝑇  constant, the entire right-hand side 𝑁𝑘𝐵𝑇  remains constant. 
Therefore, for a fixed mass of gas at a constant temperature:

𝑃𝑉 = constant (16.14)

This is Boyle’s Law. It implies a severe and non-linear trade-off: since pressure increases 
linearly with depth, the volume of a gas pocket must contract in inverse proportion to 
the pressure. The most dramatic and dangerous changes in volume occur in the first few 
meters of a dive: descending from the surface (1 atm) to just 10 meters depth (2 atm) cuts 
your lung volume in half! By contrast, descending from 90 meters (10 atm) to 100 meters 
(11 atm) changes the volume by a mere fraction.

16.4 Coping with the Crush: Biological Strategies for Deep 
Diving

How do living organisms survive this brutal mechanical pressure without having their 
bodies imploded? Let’s first examine the two distinct strategies humans use to explore 
the deep.

16.4.1 Human Technological Limits: Scuba

The most common way we dive is by cheating the physics of Boyle’s Law. Rather than 
letting the surrounding pressure squeeze our lungs, we use Scuba (Self-Contained Under
water Breathing Apparatus).

A scuba regulator delivers air from a high-pressure tank at the exact same pressure as 
the surrounding water (for example, at 30 meters depth, it delivers air at 4 atm). Because 
the internal pressure of the air inside the lungs perfectly matches the external hydrostatic 
pressure, the lung volume remains completely normal (𝑉 ≈ 𝑉0).

• The Hidden Danger: Keeping the lungs at a constant volume under high pressure 
creates a catastrophic risk if you ascend while holding your breath. As you swim 
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upward, external pressure drops rapidly. According to Boyle’s Law, the air inside your 
lungs must expand (𝑉 ↑). If the air has no escape, it will rupture the delicate alveolar 
tissue and enter the bloodstream, causing a fatal air embolism. This is why the first 
and most critical rule of scuba diving is: Never hold your breath.

16.4.2 Human Physiological Limits: Free Diving

In contrast, a free diver takes a single breath of air at the surface and dives without any 
breathing equipment. As they descend, they do not add high-pressure air. Consequently, 
the increasing hydrostatic pressure of the water crushes their chest cavity, squeezing the 
air inside and forcing the lungs to shrink (𝑉 ↓).

• The Physical Barrier: The human chest is supported by a bony rib cage, not a flexible 
balloon. It can compress only until the lungs reach their Residual Volume (RV ≈
20% of the total lung capacity). Beyond this point, the ribs cannot flex any further. 
Early physiologists reasoned that if a diver descended past this point, the rigid ribcage 
would either fracture and buckle inward, or the massive pressure difference would 
draw blood out of the surrounding tissues, flooding the lungs.

Exercise 16.1 — The 'Impossible' Depth: A Historical Calculation.

In the 1960s, scientists and the US Navy predicted that humans could never free dive 
deeper than about 30–40 meters. They reasoned that the pressure at that depth would 
compress the chest past its “Residual Volume” limit, causing a fatal lung squeeze.
Let’s test this prediction using Boyle’s Law. Assume a diver with a total lung capacity 
of 𝑉0 = 6 liters at the surface (𝑃0 = 1 atm) and a residual volume of 𝑉rv = 1.2 liters 
(which is exactly 20% of their capacity).

1. Use Boyle’s Law (𝑃𝑉 = constant) to calculate the pressure 𝑃limit at which the 
lung volume is compressed exactly to the residual volume 𝑉rv.

2. Convert this pressure to depth in meters (using the hydrostatic relation 𝑃(𝑑) =
1 atm + 𝑑

10 m ). Does this theoretical limit agree with the 1960s scientific consen
sus of 30–40 meters?

3. Alice, through deep physical conditioning and utilizing the blood shift mecha
nism, can safely tolerate lung compression down to 4% of her surface volume 
(𝑉 = 0.04𝑉0). What is the theoretical maximum depth she could reach under this 
extreme compression?

4. Today’s divers routinely pass 100 meters. What critical biological reflex did the 
early models miss that allows humans to survive past the “impossible” depth 
calculated in part 2?

16.4.3 Overriding the Limits: The Mammalian Dive Reflex

How do elite divers survive depths that simple calculations declare physically impossible? 
When Nitsch reached 253.2 meters, his body experienced a pressure of over 26 atm. 
According to Boyle’s Law, his lung volume was compressed to less than 1

26 ≈ 4% of its 
surface volume—far below the physical residual volume limit.
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Humans are able to override the rigid limit of Boyle’s Law thanks to an ancient evolu
tionary inheritance: the Mammalian Dive Reflex. The moment cold water contacts our 
face, our autonomic nervous system triggers a suite of dramatic physiological changes:

1. Bradycardia: The heart rate slows significantly—by 10–25% in most people, and by 
up to 50% in trained freedivers—dramatically reducing oxygen consumption and 
conserving our limited metabolic reserves.

2. Peripheral Vasoconstriction: Capillaries in the limbs and skin constrict, restricting 
blood flow to non-essential tissues and prioritizing the supply of oxygen to the brain 
and heart.

3. The Blood Shift: This is the key physical savior. As the lungs are compressed below 
their residual volume, blood plasma is actively redirected from the extremities into the 
network of capillaries surrounding the lung’s alveoli. Because liquid blood is incom
pressible, this engorgement of thoracic blood vessels acts as a physical hydraulic fluid. 
It swells the lung tissue, providing the necessary internal structural support to prevent 
the lung walls from collapsing and the chest cavity from imploding.

16.4.4 Marine Mammals: Built for the Deep

While humans can trigger these reflexes through training and raw willpower, marine 
mammals have evolved over millions of years to bypass the limitations of Boyle’s Law 
entirely. Whales and seals take the free-diving strategy to its absolute physical limit:

• Hinged, Flexible Ribs: Unlike the rigid chest of a human, a whale’s ribcage is hinged 
and highly flexible. This allows their lungs to collapse completely under pressure 
without breaking bones or requiring a massive blood shift.

• Active Lung Collapse: Some marine mammals (especially seals) actively exhale 
before they dive. As they descend past 50–100 meters, the high pressure collapses 
the gas-exchanging alveoli entirely, forcing any remaining air into the rigid, non-
absorptive conducting airways (the trachea and bronchi). This collapse is actually 
a protective mechanism: by keeping nitrogen gas away from the blood-exchanging 
surfaces, it prevents nitrogen from dissolving into their blood, eliminating the risk of 
“the bends” (decompression sickness).

• Chemical Oxygen Storage: Because their lungs collapse, deep-diving marine mam
mals do not rely on stored lung air for oxygen. Instead, they store almost all their 
oxygen chemically in their blood (using exceptionally high concentrations of hemo
globin) and directly in their muscle tissue (using high concentrations of myoglobin, 
which colors their muscles a dark, almost black red).

By collapsing their lungs and using myoglobin to store oxygen, sperm whales leave the 
surface behind and dive into the absolute darkness of the deep ocean. Up in the sunlit 
surface waters, gravity is suspended by buoyancy, and life disperses freely. Down in the 
abyss, pressure squeezes air pockets out of existence, and light is completely swallowed. 
But by mastering the physics of this fluid realm—exploiting buoyancy to grow to colossal 
sizes, using the acoustic highway to navigate the darkness, and adapting their physiology 
to withstand the crushing depth—marine animals turn what should be an uninhabitable 
void into a thriving, three-dimensional home.
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CHAPTER 17

Life at Low Reynolds Number

Imagine pushing a heavy metal box across a polished ice rink. You give it a single, hard 
shove, and it glides effortlessly across the entire rink, barely slowing down. The main 
challenge is starting it.

Now, imagine pushing that same box across a thick, high-friction shag carpet. It moves 
only while you actively push it. The moment you stop applying force, it dies instantly. The 
challenge is not starting—it is keeping it going.

These two environments are the dual worlds of fluid mechanics:

• The World of Inertia (The Ice Rink): Objects are large and fast. Once they get 
moving, their momentum carries them forward. This is the everyday world of humans, 
fish, and birds.

• The World of Viscosity (The Carpet): Objects are microscopic and slow. Momentum 
is useless; friction dominates every movement. This is the alien world of bacteria, 
sperm, and single-celled algae.

To understand how microscopic life moves—and why it looks and behaves so differently 
from us—we must explore the physics of this sticky regime.

17.1 The Cost of Motion: The Reynolds Number

Every fluid has a split personality. It is constantly caught in a tug-of-war between two 
opposing physical forces:

1. Inertial Force (𝐹in): The force required to shove fluid molecules out of your way. This 
is the force that creates splashing, wakes, and chaotic turbulence. Let’s find its scaling 
using dimensional analysis. The inertial force should depend on:

• The fluid’s mass density 𝜌 ([𝕄𝕃−3])
• The characteristic size of the object 𝐿 ([𝕃])
• The velocity of the object 𝑣 ([𝕃𝕋−1])

To construct a Force ([𝕄𝕃𝕋−2]), there is only one valid combination:

𝐹in ∝ 𝜌 ⋅ 𝐿2 ⋅ 𝑣2Inertial Force

Fluid
Density

Cross-section Area
(𝐿2)

Velocity Squared

(17.1)
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2. Viscous Force (𝐹vis): The internal molecular friction of the fluid that resists sliding. 
It dampens motion and promotes smooth, orderly, laminar flow. The viscous force 
depends on:

• The fluid’s dynamic viscosity 𝜇 ([𝕄𝕃−1𝕋−1])
• The size of the object 𝐿 ([𝕃])
• The velocity 𝑣 ([𝕃𝕋−1])

Using dimensional analysis to build a Force:

𝐹vis ∝ 𝜇 ⋅ 𝐿 ⋅ 𝑣Viscous Force

Fluid
Viscosity

Size
(𝐿)

Velocity

(17.2)

To determine which of these fluid personalities dominates a given system, we compute the 
ratio of these two forces. This ratio is the famous, dimensionless Reynolds Number (Re):

Re = 𝐹in
𝐹vis

= 𝜌𝐿 𝑣
𝜇

Reynolds
Number

Inertial
Forces

Viscous
Forces

Density
Size

Velocity

Viscosity

(17.3)

For a given fluid (like water), the density 𝜌 and viscosity 𝜇 are fixed. Thus, the Reynolds 
number is dictated entirely by scale: Re ∝ 𝐿𝑣. In fluid mechanics, size is destiny.

Organism Size (𝐿) Speed (𝑣) Re

The World of Inertia (Re ≫ 1) (Inertia dominates)

Blue Whale 30 m 10 m/s 3 × 108

Human 2 m 1 m/s 2 × 106

Goldfish 10 cm 0.1 m/s 104

Fruit Fly 2 mm 1 m/s 100

The World of Viscosity (Re ≪ 1) (Friction dominates)

Sperm 50𝜇 m 50𝜇 m/s 10−3

Bacterium 1𝜇 m 10𝜇 m/s 10−5

Note: Standard properties for water are 𝜌 ≈ 103 kg/m3 and 𝜇 ≈ 10−3  Pa ⋅ s. The fruit fly is evaluated 
in air (𝜌 ≈ 1.2 kg/m3, 𝜇 ≈ 1.8 × 10−5  Pa ⋅ s).
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17.2 Swimming at Low Reynolds Number

For a whale (Re ≈ 108), swimming is a matter of shedding vortices and gliding through 
a slippery medium. But for a bacterium (Re ≈ 10−5), swimming in water is like a human 
trying to swim in thick corn syrup or wet cement.

In this micro-world, your classical macroscopic intuition fails completely. There is no 
coasting, no gliding, and no turbulence.

In a landmark 1977 lecture titled Life at Low Reynolds Number, Nobel laureate 
Edward Purcell proved a mathematical constraint that dictates the limits of microscopic 
motion:

The Scallop Theorem: In a regime where viscous forces dominate (zero Reynolds 
number), a swimmer undergoing reciprocal (time-reversible) motion will achieve 
exactly zero net displacement.(1)

A motion is reciprocal if playing the movie of the motion backward looks identical to 
playing it forward. Consider a simple scallop shell that has only a single hinge. The scallop 
opens its shell, then closes it.

• High Re (Our World): The scallop can open slowly and snap shut fast. The fast 
snap shoots a jet of water backward, giving the scallop forward momentum. The force 
depends on 𝑣2 (inertia), so speed differences break the symmetry.

• Low Re (Micro-world): Time and speed are irrelevant; only geometry matters. 
Pushing water aside as the hinge opens pushes the scallop backward by distance 𝑋. 
Closing the hinge pulls it forward by that exact same distance 𝑋, regardless of how 
fast or slow it snaps.

𝑋net = 𝑋forward − 𝑋backward = 0 (17.4)

The microscopic scallop will merely oscillate back and forth in place forever.

Exercise 17.1 — The Coasting Bacterium.

Let’s calculate exactly how fast a bacterium stops when its motors go idle.
Consider an E. coli bacterium with mass 𝑚 = 10−15 kg and a viscous drag coeffi
cient 𝛾 = 10−8 kg/s. It is swimming at a typical speed 𝑣 = 30𝜇m/s when its motor 
suddenly stops.

1. Coasting Time: The characteristic time scale for viscous damping is 𝜏 = 𝑚
𝛾 . 

Calculate 𝜏 .
2. Coasting Distance: The coasting distance before stopping is approximately 𝑑 =

𝑣 × 𝜏 . Calculate 𝑑 in meters and angstroms (Å = 10−10 m).
3. The Verdict: Compare the coasting distance to the diameter of a single hydrogen 

atom (≈ 1  Å). Does a bacterium ever “glide”?

(1)The Scallop Theorem applies strictly to force-free, torque-free bodies in an infinite, incompressible, 
Newtonian fluid at zero Reynolds number.
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17.2.1 Evolution’s Solutions: Breaking Symmetry

To swim at low Reynolds number, an organism must move in a non-reciprocal way. 
Its shape-deformation cycle must look different when played backward. Evolution has 
engineered two elegant solutions to break this symmetry:

1. The Helical Corkscrew (Bacteria): Bacteria like E. coli spin rigid, helical flagella like 
a boat’s propeller. A rotating screw continuously drives fluid backward. Because the 
rotation is continuous, it never needs a “reset stroke,” breaking time-reversal symmetry.

2. The Traveling Wave (Sperm): Eukaryotic sperm wave their flexible flagella from base 
to tip, generating a traveling wave. A wave propagating from head to tail looks different 
when reversed (traveling from tail to head), allowing the cell to crawl forward.

Exercise 17.2 — The Physics of the Flexible Oar.

To understand why flexibility breaks the Scallop Theorem, we look at the drag 
anisotropy of a slender rod in viscous flow.
Slender-body theory (Lighthill 1976) shows that it is twice as hard to drag a thin rod 
sideways through water (broadside drag 𝐹⟂) as it is to pull it along its length (end-
on drag 𝐹∥):

• Broadside Drag: 𝐹⟂ ≈ 4𝜋𝜇𝐿𝑣
• End-on Drag: 𝐹∥ ≈ 2𝜋𝜇𝐿𝑣

1. The Rigid Flapper: Imagine a microscopic organism with a rigid oar. The oar 
moves perpendicular to the body during the power stroke (broadside) and returns 
along the exact same path during the recovery stroke (also broadside). Use the 
Scallop Theorem to explain why the net force over a full cycle is zero.

2. The Flexible Oar: Now, imagine the oar is flexible. During the power stroke, it 
remains straight and pushes broadside (𝐹⟂). During the recovery stroke, the oar 
bends, dragging through the fluid mostly end-on (𝐹∥). If both strokes occur at 
speed 𝑣 over length 𝐿, calculate the net propulsion force:

𝐹net = 𝐹power − 𝐹recovery (17.5)

Express your answer in terms of 𝜇, 𝐿, 𝑣. Is it non-zero? How did flexibility break 
the Scallop Theorem?

17.2.2 The Sperm: Swimming with Waves

We introduced the traveling wave as one of evolution’s two strategies for breaking the 
Scallop Theorem. But how, exactly, does a wave propel a cell? The answer is a beautiful 
application of the drag anisotropy we explored in the exercise above.

Picture a sperm cell. Its head is a compact, hydrodynamic payload carrying the genome. 
Its tail—a single, long flagellum about 50𝜇m long—is a flexible elastic filament driven by 
thousands of molecular motors (dyneins) arranged along its length. These motors don’t 
all fire at once. Instead, they activate sequentially from base to tip, sending a sinusoidal 
bending wave down the flagellum.

At any instant, a small segment of the flagellum is tilted at some angle 𝜃 to the swimming 
direction. As the wave passes, this segment moves sideways through the fluid. But here is 
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the critical physics: because of drag anisotropy, the viscous force on this segment is not 
purely sideways. It has a component along the swimming direction.

To see why, decompose the velocity of each flagellar segment into two components: one 
parallel to the segment’s local axis (𝑣∥), and one perpendicular to it (𝑣⟂). Each component 
generates a different drag force:

𝐹∥ = 𝜉∥𝑣∥, 𝐹⟂ = 𝜉⟂𝑣⟂ (17.6)

where 𝜉⟂ ≈ 2𝜉∥ from slender-body theory. If the drag were isotropic (𝜉⟂ = 𝜉∥), the lateral 
forces from each half-wavelength would cancel perfectly—no net thrust. But the factor-
of-two anisotropy means the perpendicular drag overpowers the parallel drag. When you 
project all the forces back onto the swimming axis and sum over the entire flagellum, a net 
forward thrust survives.

The resulting propulsion speed, first derived by Gray and Hancock (1955), scales as:

𝑣 ≈
𝜉⟂ − 𝜉∥

𝜉⟂ + 𝜉∥
⋅ 𝜔𝑏2𝑘Swimming \ Speed

Drag \ Anisotropy

Total Drag

Wave \ Parameters

(17.7)

where 𝜔 is the wave frequency, 𝑏 is the wave amplitude, and 𝑘 is the wavenumber (= 2𝜋/𝜆, 
where 𝜆 is the wavelength). The message is clear: the swimming speed is proportional 
to the drag anisotropy. If 𝜉⟂ = 𝜉∥, the speed is exactly zero—confirming the Scallop 
Theorem from a different angle.

R Why a traveling wave, not a standing wave? A standing wave is reciprocal—it 
looks the same played forward and backward. Only a traveling wave (propagating 
steadily from head to tail) breaks time-reversal symmetry. This is why the molecular 
motors along the flagellum must fire in a coordinated sequence, not all at once. The 
phase delay between adjacent motors is what creates the wave’s directionality.

Exercise 17.3 — The Speed of a Sperm.

A human sperm has a flagellum of length 𝐿 = 50𝜇m that beats with a wave ampli
tude 𝑏 = 5𝜇m, wavelength 𝜆 = 25𝜇m, and frequency 𝑓 = 20 Hz.

1. Calculate the wavenumber 𝑘 = 2𝜋/𝜆 and angular frequency 𝜔 = 2𝜋𝑓 .
2. Using the Gray-Hancock formula with 𝜉⟂ = 2𝜉∥, show that the drag anisotropy 

ratio simplifies to (𝜉⟂ − 𝜉∥)/(𝜉⟂ + 𝜉∥) = 1/3.
3. Estimate the swimming speed 𝑣 ≈ 1/3 ⋅ 𝜔𝑏2𝑘. Express your answer in 𝜇m/s.
4. The measured speed of human sperm is approximately 50–100𝜇m/s. How does 

your estimate compare? What factors might account for any discrepancy?

17.2.3 The Motor: A Molecular Rotary Engine

If sperm swim by waving a flexible tail, how do bacteria swim? The answer is one of the 
most remarkable molecular machines in all of biology: the bacterial flagellar motor.
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Unlike the eukaryotic flagellum (which bends), a bacterial flagellum is a rigid, helical 
filament—essentially a nanoscale corkscrew. It cannot wave. Instead, it rotates. And the 
engine that spins it is not a chemical ratchet or a linear motor; it is a genuine rotary engine, 
a molecular turbine anchored in the cell membrane.

The bacterial flagellar motor is about 45 nm in diameter—roughly the size of a large 
virus. It consists of a rotor (a ring of proteins embedded in the inner membrane) and a 
stator (a ring of ion channels anchored to the cell wall). The stator channels allow protons 
(H+) to flow down their electrochemical gradient—from outside the cell, where proton 
concentration is high, to inside the cell, where it is low. As each proton transits through a 
stator unit, it exerts a tangential force on the rotor, nudging it forward by a small angle. The 
cumulative effect of many protons flowing through many stator units produces continuous, 
smooth rotation.

This is the proton motive force (PMF) at work—the same electrochemical gradient 
that drives ATP synthesis in mitochondria. The bacterium is, in effect, running its propeller 
on the voltage across its own membrane (about 150 mV, comparable to the voltage of a 
hearing-aid battery).

The performance of this motor is astonishing:

• Speed: It can spin at up to 300 revolutions per second (18, 000 RPM)—faster than 
many automobile engines.

• Torque: Near stall, the motor generates roughly 4{, }000 pN ⋅ nm of torque, compa
rable to the force needed to stretch a small protein.

• Efficiency: The motor converts proton motive force into mechanical work with nearly 
100% efficiency at low speeds—far exceeding any human-built engine.

• Switching: The motor can reverse its direction of rotation in less than a millisecond, 
switching from counterclockwise (CCW) to clockwise (CW) and back. This is the 
basis of the run-and-tumble navigation described in the next section.

R A true rotary engine. The bacterial flagellar motor is one of the only known 
examples of a freely rotating axle in biology. Most biological “motors” (like myosin 
or kinesin) are linear—they walk along tracks. The flagellar motor instead uses 
a bearing-and-axle architecture, with the rod passing through the cell wall via a 
bushing of remarkable precision. Howard Berg, who spent decades studying this 
motor, called it “the most efficient machine in the universe.”

When an E. coli cell spins its motors CCW, the helical flagella—typically 6 to 8 of them, 
each anchored at a different point on the cell body—spontaneously wrap around each 
other into a coherent bundle. This bundle acts as a single propeller, driving the cell forward 
in a smooth “run.” The physics of bundle formation is itself nontrivial: the hydrodynamic 
interactions between nearby rotating helices create an attractive torque that winds them 
together, much as two spinning ropes will braid if held close.

When one or more motors switch to CW rotation, the corresponding flagellum is 
driven against its natural handedness. It cannot remain in the bundle. The helix undergoes 
a dramatic mechanical instability—a polymorphic transition—flipping from its normal 
left-handed “normal” form to a right-handed “curly” form. This ejected, mismatched 
flagellum acts as a rudder, kicking the cell into the chaotic reorientation we call a tumble.

Exercise 17.4 — Powering the Flagellar Motor.
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The bacterial flagellar motor is driven by the proton motive force Δ𝑝 ≈ 150 mV. 
Each proton carries charge 𝑒 = 1.6 × 10−19 C.

1. Calculate the energy delivered by a single proton crossing the membrane: 𝐸 = 𝑒 ⋅
Δ𝑝. Express your answer in joules and in pN ⋅ nm (use 1 pN ⋅ nm = 10−21 J).

2. The motor requires approximately 1{, }000 protons per revolution. Estimate the 
total energy input per revolution.

3. The motor generates a torque of 𝜏 ≈ 4{, }000 pN ⋅ nm. The work done per 
revolution is 𝑊 = 2𝜋𝜏 . Calculate this.

4. Compare your answers to parts 2 and 3. What is the thermodynamic efficiency 
of the motor (𝜂 = 𝑊out/𝐸in)? What does this tell you about the motor’s design?

17.3 Navigating Without Eyes: The “Run and Tumble”

Living in a purely viscous world doesn’t just change how organisms swim—it changes how 
they eat.

On land, you consume oxygen from the air immediately around your mouth. You do not 
suffocate because air molecules diffuse rapidly, and even a slight head movement brings 
in fresh air. If you put sugar in your coffee, you stir it; your spoon creates turbulent eddies 
that mix the liquid instantly.

But if you are a bacterium, none of this works. At Re ≈ 10−5, water is too viscous to 
support turbulence. Stirring a microscopic spoon merely deforms the surrounding fluid 
laminarly; when you reverse the spoon, the fluid returns exactly to its original position. A 
stationary bacterium quickly consumes all the nutrients in its immediate vicinity, creating 
a barren depletion zone around its membrane. It cannot stir, it cannot mix, and it cannot 
pull fresh food toward itself.

It must swim—not to chase prey, but to outrun its own shadow.
Here is the puzzle: E. coli has no eyes, no nose, and no brain. How does a blind, brainless 

cell figure out which direction to swim?
The first thing you might guess—that the bacterium measures the difference in nutrient 

concentration between its “front” and its “back”—doesn’t work. An E. coli cell is only 
about 1𝜇m long. Over that microscopic distance, a typical chemical gradient changes by 
less than 0.1%. No molecular sensor can detect such a tiny spatial difference against the 
thermal noise of diffusing molecules.

Evolution’s solution is more clever: bacteria don’t measure where the food is—they 
measure when the food is getting better.

As the bacterium swims forward, its chemotactic signaling network continuously sam
ples the local nutrient concentration and compares it to what it measured a few seconds 
ago. By swimming through the gradient, the bacterium converts a spatial signal (which is 
too faint to detect) into a temporal signal (which it can measure reliably). This is called 
temporal gradient sensing.

The resulting navigation algorithm is beautifully simple:

1. The Run: The bacterium’s rotary motors spin counterclockwise (CCW), bundling its 
helical flagella into a single propeller. The cell swims forward in a roughly straight line 
for about 1 second on average.

2. The Decision: While running, the cell asks one question: “Is the nutrient concentration 
getting better or worse compared to a few seconds ago?”
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• Getting better? Suppress tumbling. Keep swimming in this direction. The run 
extends.

• Getting worse (or staying flat)? Tumble at the default rate.
3. The Tumble: One or more motors reverse to clockwise (CW). The flagellar bundle 

instantly unravels, kicking the cell into a brief, chaotic spin. The cell reorients by about 
68° on average—not a full randomization, but enough to try a new direction.

4. The Re-run: Motors return to CCW, the bundle reforms, and the bacterium shoots 
off in its new direction.

The result is a biased random walk. In a uniform environment without any gradient, the 
bacterium would wander aimlessly—equal run lengths in all directions, pure diffusion. But 
in the presence of a nutrient gradient, the asymmetric decision rule (extend good runs, 
abort bad ones) creates a slow but reliable drift toward higher concentrations of food.

How effective is this strategy? A typical E. coli swims at about 30𝜇m/s, and the bias 
from chemotaxis produces a net drift of only a few 𝜇m/s toward the food. This sounds 
glacial, but it is vastly faster than waiting for nutrients to diffuse to you. To diffuse across 
1 mm, a small sugar molecule would take roughly 1000 seconds—over 15 minutes. The 
swimming bacterium covers the same distance in about 200 seconds. In the viscous micro-
world, even a modest biased random walk is a survival advantage.

R The molecular memory. How long does the bacterium “remember” its past con
centration? The answer is about 3–4 seconds, set by the adaptation time of the 
Che signaling pathway. If the memory were too short, the bacterium could not 
detect gradual changes; if too long, it would respond to old, irrelevant information. 
Evolution has tuned this molecular clock to match the typical duration of a run, 
maximizing the signal-to-noise ratio of the temporal comparison. The system is 
sensitive enough to detect concentration changes as small as 0.1%.

Exercise 17.5 — The Drift Speed of Chemotaxis.

An E. coli bacterium swims at 𝑣 = 25𝜇m/s. In a uniform environment (no gradient), 
its mean run duration is 𝜏0 = 1.0 s. When swimming up a nutrient gradient, its 
mean run duration increases to 𝜏+ = 1.5 s. When swimming down the gradient, it 
stays at 𝜏0.

1. Estimate the net drift velocity 𝑣drift toward the nutrient source using:

𝑣drift ≈ 𝑣
𝜏+ − 𝜏0
𝜏+ + 𝜏0

(17.8)

2. At this drift velocity, how long would it take the bacterium to travel 1 mm toward 
the food?

3. Compare this to the time it would take a nutrient molecule (with diffusion 
coefficient 𝐷 ≈ 10−9m2 / s) to diffuse 1 mm using 𝑡 ≈ ℓ2/𝐷. Which is faster
—the bacterium swimming, or the food diffusing?

4. Based on your answers, explain why bacteria bother swimming at all.
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17.4 When Gradients Vanish: Lévy Flights and the Foraging 
Problem

Run-and-tumble chemotaxis is a triumph of biological engineering, but it has a critical 
weakness: it requires a gradient. The bacterium must be close enough to a food source that 
the nutrient concentration measurably changes along its path. If the food is sparse and 
scattered—isolated patches separated by vast, empty deserts of open water—no gradient 
exists to follow. The bacterium is blind, deaf, and lost.

This is the foraging problem, and it faces every organism that searches for scarce, 
randomly distributed targets: a predator hunting for prey in the open ocean, an immune 
cell scanning tissue for a rare pathogen, or a bee searching for flowers in a meadow. When 
you cannot sense your target, what is the most efficient way to search?

17.4.1 Why Diffusion Is a Terrible Search Strategy

Your first instinct might be: “Just do a random walk.” And indeed, the simplest possible 
search strategy is a classic Brownian random walk—take steps of a fixed length in random 
directions.

The problem is that Brownian motion is diffusive. After 𝑁  steps of length ℓ, the typical 
displacement from the starting point scales as:

𝑟Brownian ∝
√

𝑁 ⋅ ℓ (17.9)

The walker is trapped by its own history. A diffusive random walker spends most of 
its time revisiting the same territory, circling back over ground it has already explored. 
It oversamples the local neighborhood while rarely making the bold exploratory jumps 
needed to discover distant patches. For a forager searching for rare, scattered targets, this 
is catastrophically inefficient.

17.4.2 Lévy Flights: The Art of the Lucky Jump

In 1995, physicists and ecologists noticed something peculiar in the movement data of 
foraging animals: their step lengths did not follow the neat, Gaussian distribution expected 
from Brownian motion. Instead, step lengths followed a heavy-tailed power-law distri
bution:

𝑃(ℓ) ∝ ℓ−𝜇Probability of
a step of length ℓ

Power-law decay
(1 < 𝜇 ≤ 3) (17.10)

This is the defining signature of a Lévy flight—a random walk in which step lengths 
are drawn from a distribution with a heavy algebraic tail. Unlike the Gaussian, which 
decays exponentially fast (making very long steps essentially impossible), the power-law 
tail decays slowly, meaning that very long steps are rare but not negligible. The walker 
takes many short, local steps punctuated by occasional enormous leaps.

The result is a foraging pattern that looks qualitatively different from Brownian motion. 
A Lévy flier creates tight clusters of local exploration (many small steps searching a patch) 
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connected by long ballistic jumps to entirely new territory. This is exactly the kind of search 
you want when targets are sparse: explore locally, then jump far to avoid oversampling.

The Optimal Exponent and Superdiffusion

Not all Lévy flights are equally effective. When 𝜇 > 3 the tail is thin and the walk 
reduces to ordinary Brownian diffusion—the searcher gets trapped locally. When 
𝜇 → 1 the tail is too heavy: the walker makes absurdly long jumps, overshooting 
every target. The optimum lies in between.
For a forager searching for sparse, randomly distributed, revisitable targets, the 
encounter rate is maximized by a Lévy flight with exponent 𝜇 ≈ 2 (Viswanathan et 
al., 1999). At this exponent the mean-squared displacement grows ballistically:

⟨𝑟2⟩ ∝ 𝑡2 (superdiffusive) (17.11)

rather than the ⟨𝑟2⟩ ∝ 𝑡 of ordinary diffusion. The physical origin is that when 𝜇 ≤
3, the step-length variance diverges: the Central Limit Theorem breaks down, and 
rare, enormous jumps dominate the statistics. The optimal search lives at the edge 
between diffusion (too conservative) and ballistic motion (too aggressive).

17.4.3 From Albatrosses to T-Cells: Lévy Flights in Nature

The Lévy flight foraging hypothesis makes a strong, testable prediction: organisms search
ing for sparse resources should move with step-length distributions following 𝑃(ℓ) ∝ ℓ−𝜇 
with 𝜇 ≈ 2.

Remarkably, this prediction has been confirmed across a stunning range of biological 
systems:

• Marine predators: GPS-tracked albatrosses, tuna, and sharks show Lévy-like 
movement patterns when hunting in the open ocean, where prey is scattered and 
unpredictable. The exponents cluster around 𝜇 ≈ 2.

• Immune cells: T-cells searching for rare pathogens in brain tissue perform Lévy-like 
walks, with occasional long “flights” between tissue regions—an adaptive strategy for 
scanning a three-dimensional tissue volume for sparse targets.

• Bacteria in lean times: Even E. coli changes its search strategy depending on the 
environment. In nutrient-rich conditions, it performs the classic run-and-tumble 
chemotaxis described above. But in nutrient-poor, gradient-free environments, some 
bacteria extend their run lengths dramatically, producing a distribution of run dura
tions that approaches a heavy-tailed, Lévy-like pattern.

• Hunter-gatherers: Analysis of movement data from the Hadza people of Tanzania
—one of the last remaining hunter-gatherer societies—reveals Lévy-like step-length 
distributions during foraging trips.

The recurring appearance of 𝜇 ≈ 2 across such different organisms—from microbes to 
humans—suggests that this is not a biological coincidence but a physical optimality 
principle. Natural selection, operating over millions of years and in radically different 
ecological contexts, has independently converged on the same mathematical solution to 
the foraging problem.
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Exercise 17.6 — Brownian vs. Lévy: A Search Competition.

Two bacteria are searching a 1 mm × 1 mm space for rare food patches. Both take 
𝑁 = 1000 steps. Both move at the same speed, so the total “time” is the same.
Bacterium A performs a Brownian random walk with a fixed step length of ℓ =
10𝜇m.
Bacterium B performs a Lévy flight. Its step lengths are drawn from the distribution 
𝑃(ℓ) ∝ ℓ−2, with a minimum step of ℓmin = 1𝜇m. Its average step length also works 
out to be 10𝜇m (matching A’s total path length).

1. Bacterium A: Estimate the typical displacement from the start after 1000 steps 
using 𝑟 ≈ ℓ

√
𝑁 . What fraction of the 1 mm arena has it explored?

2. Bacterium B: In a Lévy flight with 𝜇 = 2, about 10% of steps will be “long 
jumps” with ℓ > 100𝜇m, and roughly 1% will have ℓ > 1000𝜇m. Qualitatively, 
describe how Bacterium B’s trajectory differs from A’s. Why does it discover more 
food patches?

3. In what type of environment (food distribution) would Bacterium A actually 
outperform Bacterium B? Why?

Heavy Tails Beyond Biology

The power-law statistics behind Lévy flights are not unique to foraging. The same 
mathematical structure—rare, extreme events that dominate the long-run behavior
—appears across surprisingly different systems:

• Financial markets: Stock prices exhibit heavy-tailed return distributions. Mar
ket crashes are not freak accidents; they are the “long jumps” of a Lévy-like 
process, far more frequent than Gaussian models predict.

• Epidemics: Disease spreading is driven by superspreaders—rare individuals 
who infect far more people than the average. These long-range transmission 
events act like Lévy jumps through a contact network, making outbreaks faster 
and harder to contain than classical models assume.

• Earthquakes: The Gutenberg–Richter law (log 𝑁 ∝ −𝑏𝑀 ) tells us that earth
quake magnitudes follow a power law. Small tremors are common; catastrophic 
quakes are rare but inevitable.

In every case, the message is the same: when the variance of the underlying distrib
ution diverges, the “typical” event becomes meaningless. A single extreme event can 
outweigh the sum of all ordinary ones. This is a profound departure from the Gaussian 
world most of us are trained to think in—and it is the reason that both bacteria and 
stock traders get blindsided by the improbable.
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CHAPTER 18

Why Do We Move So Slowly?

Why do you think so slowly?
Your fastest nerve signals travel at about 100 m/s—roughly the speed of a race car. 

Electrical signals in a copper wire travel a million times faster, at about 70% the speed of 
light. Your brain, the most complex information-processing structure we know of, operates 
at a pace that a computer engineer would find laughable.

This is not a failure of evolution. It is a consequence of the deepest law of the universe: 
the geometry of spacetime itself. In previous chapters, we explored constraints imposed 
by our planet—Gravity limits the size of land animals (Chapter 2), Buoyancy supports 
aquatic giants (Chapter 16), Viscosity dominates the microscopic world (Chapter 17). 
Now we confront a constraint that is not planetary but cosmic. It is not imposed by the 
Earth or the water, but by the fabric of the Universe itself.

If Gravity defines our space, Speed defines our time. To understand why, we must 
explore one of the most beautiful intellectual achievements in history: Einstein’s theory of 
relativity.

18.1 Everything travels at the speed of light

Here is the foundational insight of relativity. It is not that “light is fast.” It is far stranger 
than that.

Right now, as you read this page, you are sitting still. You are not moving through space. 
But you are moving—through time. Every second, you advance one second into the future. 
Your cells age, your coffee cools, the clock on the wall ticks forward. You are hurtling 
through time at full speed.

Einstein’s radical insight was that this motion through time and your motion through 
space are the same kind of thing. They are two directions in a single arena called Space
time. And here is the truly strange part: your total speed through this combined spacetime 
is fixed. It is always the same. It is always equal to the speed of light.

‖ ⃗𝑣spacetime ‖ = 𝑐 (18.1)

Every proton in your body, every cell in a petri dish, and every star in the sky is moving 
through spacetime at exactly this speed. You cannot speed up, and you cannot slow down. 
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The only choice you have is how to distribute this fixed budget between motion in space 
and motion in time.

18.1.1 The “Car on Cruise Control” Analogy

To understand this, imagine you are driving a car across a vast, flat desert. But there is a 
catch: your cruise control is broken and stuck at exactly 100 mph.

‖ ⃗𝑣car ‖ = 100 mph (18.2)

You have a choice of direction:
• You can drive due North. Your speed North is 100 mph. Your speed East is 0.
• You can swerve to drive East. Now your speed East is 100 mph. Your speed North 

is 0.
• Or you can drive Northeast. By diverting some speed to the East, you must sacrifice 

your speed North.

You simply cannot travel 100 mph North and 100 mph East simultaneously, because your 
total speed budget is fixed.

Formally, the Pythagorean theorem tells us how these speeds relate. The total speed is 
the hypotenuse of the velocity triangle:

‖ ⃗𝑣car ‖2 = 𝑣2
north + 𝑣2

east = 1002 (18.3)

Relativity says the universe works the same way. But instead of North and East, the two 
directions are Time and Space.

18.1.2 The Zero-Sum Game

Since we are always moving at speed 𝑐 through spacetime, our motion is a strict trade-off 
between motion in space and motion in time.

𝑣2
time + 𝑣2

space = 𝑐2 (18.4)

• 𝑣space: Your ordinary velocity through space—walking, running, flying in a spaceship. 
This is the kind of speed you already understand.

• 𝑣time: Your velocity through time—the rate at which your internal clocks tick. When 
𝑣time is large, your cells metabolize, your neurons fire, and you age at full speed. When 
𝑣time is small, all of these processes slow down. You can think of it as your rate of 
aging.
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Case A: Life on Earth
(Maximize Time)

The Biologist in a Chair
You are sitting still. Your speed 

through space is minimal (𝑣space ≈ 0).

𝑣2
time + 0 = 𝑐2 ⟹ 𝑣time = 𝑐

Interpretation: You are dedicating 
100% of your “motion budget” to trav
eling through time. You are aging at 
the maximum possible rate.

Case B: Life as a Photon
(Maximize Space)

The Photon
A light particle zooms through 

space at maximum speed (𝑣space = 𝑐).

𝑣2
time + 𝑐2 = 𝑐2 ⟹ 𝑣time = 0

Interpretation: To reach speed 𝑐 in 
space, the object must divert 100% of 
its budget to space. There is zero bud
get left for time. Time stands still.(1)

18.1.3 Relativity or Invariance?

Before we go further, a word about the theory’s misleading name. Einstein himself winced 
at “Relativity.” He preferred Invariantentheorie—the Theory of Invariants—because the 
whole point of his theory is that certain things are absolute. Max Planck popularized the 
catchier name in 1906, and it stuck like a bad nickname.

The irony is deep: the theory famous for suggesting “everything is relative” is actually 
built on the one thing that is absolutely, stubbornly not relative—the speed of light (𝑐). 
The “relative” part is just that different observers, moving at different speeds, will disagree 
about how to split spacetime into “space” and “time.” But they will always agree on the 
total spacetime speed.

This is why the famous effects of “time dilation” and “length contraction” are not myste
rious paradoxes. They are nothing more than two observers with different “spending habits” 
in spacetime, each correctly accounting for how the other allocates their fixed budget.

Let’s make this concrete. From our single first principle—that everyone moves through 
spacetime at speed 𝑐—we can derive the most famous equation in special relativity.

If you move through space at velocity 𝑣space, how fast do you move through time? A 
simple rearrangement of our Pythagorean theorem gives:

𝑣time = √𝑐2 − 𝑣2
space (18.5)

This 𝑣time acts as your “speed of aging” relative to the coordinate time 𝑡 of a stationary 
observer.

• A stationary person (𝑣space = 0) ages at the maximum speed (𝑣time = 𝑐).
• A moving person (𝑣space > 0) ages at a reduced speed (𝑣time = √𝑐2 − 𝑣2

space).

So, aging is simply proportional to your speed through time. If your clock ticks at half 
the maximum rate, you experience half as much time as a stationary observer does in any 
given interval.

We can write this as a simple ratio:

(1)A physical photon actually has no rest frame, and a proper time interval is not mathematically defined 
for it. But for a massive particle traveling arbitrarily close to 𝑐, time practically stands still relative to the 
laboratory.
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Your Time
Observer Time

= Your Speed in Time
Observer's Speed in Time

(18.6)

Translating this into our symbols:

Δ𝑡0
Δ𝑡

= 𝑣time
𝑐

Your Time

Observer Time
Your Speed in Time

Observer’s Speed in Time
(18.7)

Substituting our Pythagorean result (𝑣time = √𝑐2 − 𝑣2
space), we arrive at the famous 

formula:

Δ𝑡0
Δ𝑡

=
√𝑐2 − 𝑣2

space

𝑐
= √1 − (

𝑣space

𝑐
)

2
(18.8)

Since the term under the square root is always less than 1, your clock (Δ𝑡0) must tick 
slower than the stationary clock (Δ𝑡).

Analogy: Think of our car again. If it drives purely North (Time), it makes maximum 
progress. If it turns East (Space), its progress toward the North must slow down. The faster 
you go through Space, the slower you go through Time.

Similarly, we can derive length contraction: objects appear shorter in the direction of 
motion relative to an observer.(2) In many physics textbooks, time dilation and length 
contraction are derived separately, using complex setups with “light clocks” and bouncing 
photons. But from our spacetime budget, both effects emerge from the same geometric 
factor: 𝛾−1 = √1 − 𝑣2

𝑐2 .

Deep Dive: Minkowski Space and the 4-Velocity Invariant

The relation 𝑣2
time + 𝑣2

space = 𝑐2 is an exact algebraic relation using coordinate time 
(where 𝑣time = 𝑐 𝑑𝜏

𝑑𝑡  and 𝑣space = 𝑑𝑥
𝑑𝑡 ). However, because it is differentiated with 

respect to coordinate time 𝑡, this velocity budget is coordinate-dependent and does 
not transform as a four-vector.

In the actual structure of Minkowski spacetime (with signature +−−−), the 
physical invariant is the magnitude of the relativistic four-velocity 𝑈𝑚𝑢 = 𝑑𝑥𝑚𝑢

𝑑𝜏 , 
which is a difference of squares:

(𝑈0)2 − ‖ ⃗𝑈‖2 = 𝑐2 (18.9)

The Euclidean Pythagorean relation 𝑣2
time + 𝑣2

space = 𝑐2 is a convenient mathemat
ical projection of this Lorentzian geometry onto our local frame.

Exercise 18.1 — Crossing the Galaxy.

The Milky Way galaxy is about 100, 000 light-years across. Light takes 100, 000 years 
to cross it. But you can do it within a human lifetime!

(2)While time dilation is a direct comparison of proper time intervals, length contraction also funda
mentally depends on how observers define simultaneity when measuring the front and back of a moving 
object.
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If you travel at 𝑣 = 0.99999999𝑐 (that’s eight 9s).
1. What is your speed in time?
2. How long does the trip take for you?

18.1.4 How Relativity Saves Your DNA

You might be surprised to learn that Special Relativity is the reason cosmic radiation 
reaches the Earth’s surface at all.

Cosmic rays—high-energy protons from deep space—constantly strike the upper layers 
of our atmosphere, about 15 km above the ground. These collisions trigger a shower of 
subatomic particles, including muons. Muons are unstable, heavy cousins of the electron 
that decay rapidly.

If you are a biologist, these muons are interesting because they constitute the dominant 
component of cosmic background radiation at sea level (about 0.3 to 0.4 mSv per year, 
compared to the larger global average indoor radon dose of about 1.2 mSv per year). As 
ionizing radiation, muons can penetrate deep into cells and interact with DNA, occasion
ally causing double-strand breaks or chemical alterations that can lead to mutations. In 
the modern world, this radiation-induced damage is a tiny fraction of a cell’s daily DNA 
repair burden—which is dominated by tens of thousands of spontaneous, endogenous 
lesions from normal metabolism and replication errors. However, cosmic rays represent a 
constant, baseline source of external environmental mutagens that has accompanied life 
since its transition to land.

But here is the puzzle: muons are extremely short-lived. They have an average lifetime 
of only 𝜏 = 2𝜇 s (2 × 10−6 s) before they disintegrate.(3) Even if they traveled at nearly 
the speed of light (𝑣 ≈ 3 × 108 m/s), how could they ever reach the ground?

Let’s look at the two competing predictions:
1. The Classical Prediction (No Relativity). Classically, the distance a muon can travel 

before decaying is a simple product of its speed and its proper lifetime:

𝑑 = 𝑣 × 𝜏 = (0.9998 × 3 × 108 m/s) × (2 × 10−6 s) = 𝟔𝟎𝟎 𝐦

Travel
Distance

Speed
of Muon

Proper
Lifetime

(18.10)

According to classical mechanics, muons should decay after traveling just 600 m. Since 
they are created 15 km (or 15{, }000 m) up, they would disintegrate 14.4 km before ever 
reaching the ground. Classically, the surface of the Earth should be completely shielded 
from muons, and they could never cause mutations in your cells.

2. The Relativistic Reality. However, muons travel at 𝑣 = 0.9998𝑐. At this speed, the 
Lorentz factor is:

𝛾 = 1

√1 − (𝑣
𝑐)2

= 1√
1 − 0.99982

= 1√
1 − 0.99960004

≈ 50 (18.11)

This means the muon’s clock ticks 50 times slower relative to our ground-based coordinate 
system. In our frame, the muon’s lifetime is dilated (stretched):

(3)The precise CODATA muon lifetime is 2.197𝜇 s. We use 2𝜇 s here as a convenient pedagogical 
simplification.
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𝑡Earth = 𝛾 × 𝜏 = 50 × 2𝜇 s = 100𝜇 s = 𝟏𝟎−𝟒 𝐬
Dilated Lifetime in Earth Frame

Lorentz FactorProper Lifetime
(18.12)

Because its clock is running slow, the distance it can cover in our frame is:

𝑑rel = 𝑣 × 𝑡Earth = (0.9998 × 3 × 108 m/s) × 10−4 s ≈ 𝟑𝟎 𝐤𝐦 (18.13)

Since 30 km > 15 km, the muons easily reach the Earth’s surface. Relativity is the reason 
they are able to bombard the surface and contribute to the baseline environmental radia
tion of our planet!

Exercise 18.2 — The View from the Muon.

In the muon’s own frame, it is at rest, so its clock ticks normally, and it only lives for its 
proper lifetime 𝜏 = 2𝜇 s. From the muon’s perspective, the Earth and its atmosphere 
are rushing toward it at speed 𝑣 = 0.9998𝑐 (corresponding to 𝛾 ≈ 50).

1. How thick is the atmosphere (which is 𝐿0 = 15 km thick in the Earth’s frame) 
from the muon’s perspective?

2. How much time does it take for this contracted atmosphere to rush past the 
muon? Show that this is well within the muon’s proper lifetime 𝜏 = 2𝜇 s.

18.2 𝑐 Converts Space and Time

The muon example and the Twin Paradox both depend on the same underlying fact: 
space and time are not independent quantities. They are two aspects of a single entity—
Spacetime—and the speed of light is the exchange rate between them:

1 second ↔ 3 × 108 meters (18.14)

Because 𝑐 is so huge, a small interval of time corresponds to an enormous distance in 
space. This is why we perceive time and space as distinct qualities in our everyday lives, 
even though they are fundamentally dimensions of the same fabric.

This equivalence is so foreign to our daily experience that even Immanuel Kant—one 
of the greatest philosophers in history—argued that space and time were fundamentally 
separate categories of human perception, wired into the architecture of our minds. Einstein 
showed that Kant was wrong: they are the same thing, just measured in different units.

To make this concrete, let’s break down the famous puzzle that highlights these effects.

18.2.1 Time is Not What You Think

If different observers age at different rates depending on their speed, then “time” cannot 
be the universal, objective backdrop that Newton imagined. But what is it?

Think about how we measure time. “Sunrise, work; sunset, rest.” We defined a “day” 
by the Earth’s rotation. We defined a “year” by its orbit. Today, we define a second as 
9,192,631,770 oscillations of a cesium-133 atom.
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Do you see the pattern? We always define time by watching something move period
ically. A pendulum swings, a crystal vibrates, an atom oscillates. Time, as we measure it, 
is inseparable from the motion of matter(4).

This is why time dilation is not a trick or an illusion. If time is the ticking of physical 
clocks—atoms vibrating, hearts beating, neurons firing—then anything that changes how 
fast matter moves must change how fast time passes. And that is exactly what motion 
through space does: it diverts part of your spacetime budget away from time.

18.2.2 How Can Time Slow Down?

If time is just “matter in motion,” then time dilation is not mysterious at all. It follows 
directly from our budget analogy:

The faster you move through space, the more of your fixed spacetime budget is diverted 
to spatial motion. There is less left over for temporal motion—the ticking of your atoms, 
the firing of your neurons, the folding of your proteins. Everything internal slows down.

At the speed of light, 100% of your budget is spent on spatial travel. There is nothing 
left for any temporal process. Every chemical reaction, every heartbeat, every thought is 
frozen—not metaphorically, but physically. From the perspective of a particle traveling at 
𝑐, it is created and destroyed in the same instant, regardless of whether an outside observer 
watches it cross the entire observable universe.

18.2.3 The Twin Paradox

The “Twin Paradox” is famous because it seems to break our Newtonian intuition.
One twin (Alice) stays on Earth. The other twin (Bob) flies to a distant star at high 

speed, turns around, and flies back. When they reunite, Bob is biologically younger than 
Alice.

But isn’t motion relative? Couldn’t Bob claim he was stationary and Alice was the one 
moving? Why is the situation not symmetric?

Using our motion budget (𝑣2
time + 𝑣2

space = 𝑐2), the answer is clear. We just need to look 
at their “spending habits.”

1. Alice (Earth): She stays at 𝑣space = 0.
• She spends 100% of her budget on 𝑣time.
• She ages at the maximum possible rate.

2. Bob (Rocket): He travels at high speed (𝑣space > 0).
• To afford this spatial speed, he must reduce his temporal speed (𝑣time).
• This happens on the way out and on the way back.

The situation is not symmetric because Bob changes direction while Alice does not. In 
spacetime, the straight line represents the path of maximum aging. Any “bending” of this 
path reduces the proper time experienced.

(4)In his 1905 paper, On the Electrodynamics of Moving Bodies, Einstein did not begin with complex 
calculations. Instead, he devoted significant space to a specific problem: how “motion” and “simultaneity” 
should be defined and measured.



202 Chapter 18. Why Do We Move So Slowly?

Figure 18.1: The Twin Paradox. Alice (straight line) experiences the most time. Bob (bent 
line) diverts some of his motion into space, so he ages less.

This paradox highlights why “Relativity” is such a confusing name. The outcome isn’t 
relative at all—it is an absolute geometric fact that a straight line is the longest path in 
spacetime.

Exercise 18.3 — The Twin Paradox in Numbers.

Alice stays on Earth. Her twin brother, Bob, boards a spaceship and travels to a star 
located 12 light-years away at speed 𝑣 = 0.6𝑐. As soon as he arrives, he turns around 
and heads back at the same speed. At 𝑣 = 0.6𝑐, the Lorentz factor is 𝛾 = 1.25 (since 

1√
1−0.62 = 1

0.8 = 1.25).
1. According to Alice on Earth, how many years does Bob’s round-trip take?
2. According to Bob’s clock on the spaceship, how much time passes during his trip? 

How much younger is Bob than Alice when he returns?

18.2.4 𝑐 is the Speed of Causality

Is the speed of light just an arbitrary traffic rule?
In retrospect, all great science seems obvious. This value 𝑐 is not a random constraint; 

it is a logical consequence of combining the principle of relativity (Lorentz invariance) 
with the preservation of causality (that causes must precede effects).

It is a common misconception that causality alone implies a finite maximum speed—
classical Newtonian physics preserves causality perfectly fine with infinite signal speed. 
However, in a universe with Lorentz invariance, the “simultaneity” of events depends on 
your velocity. If a controllable signal could travel faster than 𝑐 in some frame, then by 
Lorentz transformations, there will always exist another valid reference frame in which 
that signal travels backward in time.

To see why, consider the “Antitelephone” Paradox. Imagine you and a friend on a distant 
spaceship each have a device that can send signals at 𝑤 = 3𝑐 in your respective rest frames. 
Your friend’s ship is 12.1 light-minutes away, flying away from you at 𝑣 = 0.8𝑐.
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Here is the problem. Because your friend is moving at high speed relative to you, you 
and your friend disagree about what “now” means. Events that are simultaneous in your 
frame are not simultaneous in hers—this is the relativity of simultaneity, and it is an 
unavoidable consequence of the spacetime geometry we just described.

This disagreement is normally harmless. But if you can send signals faster than light, it 
becomes catastrophic:

1. You send an FTL message at 12:00 PM your time.
2. Because of the relativity of simultaneity, your friend’s frame assigns a different time 

to the event of your sending. In her frame, she receives your message—and here is the 
key—at a moment that corresponds to your past.

3. She immediately replies at 3𝑐 relative to her ship.
4. You receive her reply at 11:55 AM—five minutes before you sent the original message.

This is not a thought experiment about weird clocks. It is a logical catastrophe. If you 
receive the reply at 11:55 AM, you could choose not to send the original message at 12:00 
PM. But then the reply would never have been sent, so you would never have received it, 
so you would have no reason not to send the original… This is a grandfather paradox: a 
self-contradictory causal loop.

The only escape is that faster-than-light signals are impossible. Either the principle 
of relativity (that all inertial frames are equally valid) must be false, or there must be an 
absolute universal speed limit for any signal that carries information.

This limit is 𝑐. It would be more accurate to call it the “Speed of Causality”.
Light itself is not special. It simply travels at this speed because it is massless. It has no 

mass to slow it down, so it goes as fast as the universe allows. If gravity waves are massless, 
they travel at 𝑐 too.

Exercise 18.4 — Engineering Consequence: GPS.

GPS satellites drift by approximately 38𝜇𝑠 (3.8 × 10−5 s) per day due to relativistic 
effects. If engineers ignored this and assumed time was absolute, what would be the 
position error after one day? (Δ𝑥 = 𝑐 × Δ𝑡)

18.3 Why Do We Move So Slowly?

Instead of asking “Why is 𝑐 so fast?”, we should ask: “Why do we move so slowly?”
To think, evolve, and experience duration, we must be made of Matter. And matter, by 

its very nature, has mass. Mass acts as a physical “brake” on our movement through space, 
preventing us from traveling at 𝑐 and forcing our spacetime trajectory to be almost entirely 
timelike (𝑣time ≈ 𝑐). This “slow lane” is where all biological complexity happens.

• Photons (Massless): Move at 𝑐. They spend 100% of their motion budget on Space. 
They experience no proper time.(5)

• Life (Massive): We need “internal time” for metabolic reactions, chemical signaling, 
and neural processes to occur. We need to experience duration.

(5)From a photon’s “perspective,” it is created and absorbed at the same instant, traversing zero spacetime 
distance (𝑑𝑠2 = 0).
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At a fundamental physical level, mass is a prerequisite for these stable structures and 
duration. Massless particles cannot form localized bound states (like atoms and molecules) 
and cannot have a rest frame.

18.3.1 The Extreme Energy Disparity

At a fundamental level, we move slowly because the kinetic energy we can muster is a 
microscopic drop in the ocean of our rest energy. If you weigh 70 kg and walk at a leisurely 
1.5 m/s, your kinetic energy is:

𝐾 = 1
2
𝑚𝑣2 ≈ 80 Joules (18.15)

which is roughly the energy of a dim lightbulb. But your rest energy (𝐸0 = 𝑚𝑐2) is:

𝐸0 = (70 kg) × (3 × 108 m/s)2 = 6.3 × 1019 Joules (18.16)

This is enough energy to power the entire planet for months! Because mass binds such 
an astronomical amount of energy, our everyday physical motion occurs deep in the non-
relativistic limit (𝑣𝑙𝑙𝑐), where our kinetic energy is a rounding error of 10−17 relative to 
our rest mass.

18.3.2 The Heavy Proton Anchor

At the molecular level, biology is held back by the weight of its nuclei. Chemical bonds 
are formed by electrons, which are light (𝑚𝑒 ≈ 9.1 × 10−31 kg) and rearrange almost 
instantaneously. But to actually move a muscle, bend a protein, or walk a molecular motor, 
we must drag along the heavy atomic nuclei—protons and neutrons.

We can understand why this slows things down using temperature. As we saw in 
Chapter 8, temperature sets the thermal energy scale of the universe. The average thermal 
energy of a particle is related to its speed by:

1
2
𝑚𝑣2

thermal ≈ 𝑘𝐵𝑇 ⟹ 𝑣thermal ≈ √2𝑘𝐵𝑇
𝑚

(18.17)

At room temperature (300 K), a lightweight electron has a thermal speed of about 
105 m/s (about 0.03% of the speed of light). But because a proton (𝑚𝑝 ≈ 1.67 ×
10−27 kg) is 1836 times heavier, its thermal speed is:

𝑣𝑝 ≈ 𝑣𝑒√
1836

≈ 𝑣𝑒
43

≈ 2.4 × 103 m/s (18.18)

This is only about 2400 m/s, less than 10−5𝑐. These heavy nuclei act as massive anchors, 
slowing down everything from the speed of sound in tissue (≈ 1500 m/s) to the rate 
at which molecules collide and interact. But this molecular anchor has a macroscopic 
consequence that you experience every second: it sets the ultimate speed limit of your 
thoughts and reflexes.
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18.3.3 Why the Speed of Thought is So Leisurely

If the speed of light is the ultimate speed limit of the universe, why is the speed of thought 
so leisurely? Electrical signals in copper wires travel at a significant fraction of the speed of 
light (≈ 0.7𝑐), but the nerve impulses (action potentials) in your brain travel at a maximum 
of about 100 m/s (only about 3 × 10−7𝑐) in myelinated axons, and as slow as 1 m/s in 
unmyelinated ones.

This is because nerve axons are not simple copper wires. Axons are poor electrical 
conductors with thin, leaky membranes. A passive electrical signal decays exponentially 
over a characteristic distance called the space constant (𝜆 ≈ 0.1 − 1 mm). To travel long 
distances, an action potential must be actively and regeneratively propagated. This requires 
two processes that are inherently slow compared to electromagnetism:

1. Passive Charging of Membrane Capacitance (𝐶𝑚): The electrical signal does not 
propagate by sodium ions physically diffusing down the length of the axon—that would 
take hours to travel a millimeter! Instead, the influx of Na+ ions at one point creates 
a local electric field that drives the drift of bulk intracellular ions (K+) to charge the 
membrane capacitance of the next segment. This passive charging process (governed 
by the cable properties of the axon) is the main physical speed bottleneck. Myelination 
speeds up conduction up to 100-fold by wrapping the axon in fatty insulation, which 
drastically lowers the membrane capacitance and allows the signal to “jump” from node 
to node (saltatory conduction).

2. Thermal Energy Barriers in Channel Gating: To regenerate the signal, voltage-gated 
ion channels must open. These channel proteins act as gates that must change their 
shape (conformation) to let ions through. Overcoming the energy barrier (activation 
energy 𝐸𝑎) for this conformational change requires thermal fluctuations, occurring at 
a rate governed by the Boltzmann factor 𝑒− 𝐸𝑎

𝑘𝐵𝑇  (from Chapter 8). This introduces a 
gating delay of a fraction of a millisecond at each step. Because gating is thermally 
activated, it is highly temperature-sensitive: warming a nerve accelerates channel gating 
kinetics with a high 𝑄10 temperature coefficient of 2.0 − 4.0, which explains why your 
reflexes and nerve conduction velocities (𝑄10 ≈ 1.5) speed up when you are warm.

A chain reaction of passive capacitance-charging and thermally-activated channel gating 
is what caps the speed of thought.

We perceive 𝑐 as fast only because we are constrained to the “slow lane” by the very mass 
that makes our complex chemistry and biology possible.

18.4 General Relativity

We are not done yet. So far we have only discussed Special Relativity, which deals with 
how space and time are linked in the absence of gravity. However, there is a ghost we 
haven’t addressed.

In Newton’s theory, gravity is a force that acts instantaneously across space. This contra
dicts causality. If the Sun disappeared, we would know immediately, violating the speed 
limit 𝑐.

Einstein had to reinvent gravity. In his new theory, gravity is not a force, but the 
curvature of spacetime itself. A famous summary by John Wheeler is:
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“Spacetime tells matter how to move; matter tells spacetime how to curve.”

Using dimensional analysis, we can guess the structure of his famous equation. Again, 
physics is about determining which variables must be involved. In this case, we have two 
fundamental constants:
1. Gravity is involved, so we need Newton’s constant 𝐺.
2. Relativity is involved, so we need the speed of light 𝑐.

We want to link Spacetime Geometry (curvature, dimensions 𝐿−2) to Energy Density 
(matter, dimensions 𝑀𝐿−1𝑇 −2):

[𝐾] = Curvature
Energy Density

= 𝐺
𝑐4 (18.19)

The only combination of constants involved (𝐺 and 𝑐) that connects them is:

Curvature ∝ 𝐺
𝑐4 × Energy Density (18.20)

Einstein’s full calculation relates the Einstein tensor 𝐺𝜇𝜈  (representing spacetime curva
ture) to the stress-energy tensor 𝑇𝜇𝜈  (representing the density and flux of energy and 
momentum), with an optional cosmological constant term Λ𝑔𝜇𝜈  representing the energy 
density of vacuum:

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝐺
𝑐4 ⋅ 𝑇𝜇𝜈

Geometry & Vacuum
(Curvature)

Coupling constant
(Spacetime Stiffness in 𝑁−1)

Matter & Energy
(Stress-Energy) (18.21)

The conversion factor is unimaginably small (≈ 2 × 10−43). This means spacetime is 
incredibly stiff. It takes a massive amount of energy (like a sun) to produce even a tiny 
ripple of curvature.

This stiffness has a direct biological consequence: it means that gravitational effects on 
living organisms are almost always negligible at the cellular and molecular scale. Gravity 
shapes the large-scale architecture of bodies (as we saw in Chapter 2), but it is far too weak 
to compete with electromagnetic and thermal forces at the scale of proteins, membranes, 
and DNA. This is why astronauts on the International Space Station can live for months in 
near-zero gravity without their biochemistry falling apart—their cells don’t “know” about 
gravity.

Exercise 18.5 — Deriving the Deflection of Light.

One of the most famous predictions of General Relativity is that gravity bends light. 
Einstein calculated the angle of deflection 𝜃 for a light ray passing near the Sun.
Let’s “derive” this using dimensional analysis.
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1. We have four relevant variables. Write down their dimensions:
• Mass of the Sun 𝑀
• Distance to the Sun 𝑅
• Gravitational Constant 𝐺
• Speed of Light 𝑐

2. Find the combination of these variables that produces a dimensionless number 
(an angle).

Historical Note: Einstein’s full theory predicts 𝜃 = 4𝐺𝑀
𝑐2𝑅 . This was confirmed by 

Arthur Eddington during the solar eclipse of 1919, making Einstein a global 
celebrity overnight.
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CHAPTER 19

Why Are We So Large?

You are about 1010 times larger than the atoms you are made of. Why?
This is not a trivial question. A simple genome could theoretically fit in a volume 

much smaller than the smallest known bacterium. A minimal set of instructions—500 
genes, each about 1000 base pairs—would occupy a sphere barely 70 nm across. Yet no 
such nano-life exists. The smallest independently replicating cell, Mycoplasma, is roughly 
200 nm in diameter—still enormous compared to the atomic scale. Something funda
mental prevents life from shrinking further.

The reason cuts to the heart of quantum mechanics. At the scale of atoms, the universe 
is fundamentally grainy. Energy comes in chunks. Particles behave like waves. Outcomes 
are probabilistic. To build a reliable machine—one that can read its DNA, fold the right 
proteins, and respond to signals predictably—life must operate at a scale far above this 
graininess. Life must be large compared to the pixel size of reality.

19.0.1 The Third and Final Bridge

In Chapter 15, the gravitational constant 𝐺 bridged matter to geometry, answering why 
we live in 3D. In Chapter 18, the speed of light 𝑐 bridged space to time, answering why 
we move so slowly. Now, Part IV’s third and final bridge—Planck’s constant ħ—connects 
the smooth macroscopic world to the grainy quantum world. It will answer the last great 
question: why we are so large.

Each of these constants is a bridge between two worlds that seem completely unrelated:

• 𝐺 — Matter ↔︎ Geometry (Why we live in 3D)
• 𝑐 — Space ↔︎ Time (Why we move so slowly)
• ħ — Smooth ↔︎ Grainy (Why we are so large)

As the physicist Leonard Susskind put it:

The real question is not why ħ is so small; it’s why you are so big… In the end, the 
reason that Planck’s constant is so small is that we are so big and heavy and slow.

— Leonard Susskind, Quantum Mechanics: The Theoretical Minimum

Let’s find out why.
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19.1 The Pixel of Reality: Introducing ħ
19.1.1 How Small is a Quantum?

How small is a quantum? Consider your phone’s screen. A modern “Retina” display has a 
pixel density of about 460 pixels/inch, meaning each pixel is roughly 55𝜇 m across. Hold 
it at normal viewing distance, and the image looks perfectly smooth—your eye cannot 
resolve the individual pixels. But zoom in close enough, and the illusion shatters: the 
smooth image is actually a grid of tiny, blocky squares.

The universe works exactly the same way. Our everyday world looks smooth and 
continuous. But zoom in far enough—down to the scale of atoms—and you discover that 
reality, too, is made of discrete “pixels.” The physical quantity that sets the size of these 
pixels is Planck’s constant (specifically, the reduced Planck’s constant ħ):

ħ ≈ 1.055 × 10−34 J·s (19.1)

This number is fantastically small. To appreciate it: there are roughly 1019 grains of sand 
on all of Earth’s beaches. The number 1034 is about 1015 times larger—as if each grain of 
sand were itself composed of a quadrillion grains. And ħ is that many times smaller than 
one joule-second.

By now, it should be second nature to ask: What are the dimensions of ħ? It describes 
energy × time:

[ħ] = [𝐸][𝑇 ] = 𝕄𝕃2𝕋−1 (19.2)

This combination of dimensions is called action (or phase-space area). Any physical 
process whose characteristic action is comparable to ħ will behave quantum mechanically. 
Any process whose action is much larger than ħ will appear smooth and classical—just as 
a screen looks continuous when you can’t resolve the pixels.

19.1.2 Phase-Space Pixels: Why the World Feels Smooth

How many “pixels” do you occupy? Let’s find out with a back-of-the-envelope calculation.
Consider a single human step. You (𝑚 ≈ 70 kg) walk at 𝑣 ≈ 1 m/s and take a stride 

of 𝐿 ≈ 1 m. The action of this process is:

𝑆 = 𝑚𝑣𝐿 ≈ (70)(1)(1) ≈ 70 J·s (19.3)

Now compare this to the size of a single quantum pixel (ℎ ≈ 6.6 × 10−34 J·s):

𝑁pixels = 𝑆
ℎ

≈ 70
6.6 × 10−34 ≈ 1035 pixels (19.4)

Even a single human step occupies ten undecillion (1035) quantum pixels. Because this 
number is so astronomically large, the discrete graininess of reality is completely averaged 
out. The “image” of your everyday life has a resolution so far beyond what any physical 
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process can detect that the pixelation is as invisible as it gets. This is why you experience a 
smooth, continuous world.

Exercise 19.1 — Phase Space Pixels.

A modern “Retina” display has a pixel density of about 460 pixels/inch, meaning 
each pixel is roughly 55𝜇 m across. Your eye cannot resolve individual pixels at 
normal viewing distance—the image looks perfectly smooth.

1. If you could zoom in until you saw the Planck length scale (≈ 10−35 m), by what 
factor would you need to magnify the Retina display pixel?

2. If we conceptually divide phase space into Planck-area cells, how many cells are 
contained within classical everyday processes? Compare this to the information 
content of the observable universe (≈ 1090 bits).

19.2 Everything is a Wave

Here is the first shocking consequence of ħ: matter is not made of little billiard balls. It 
is made of waves.

You already know this from light. Light is a wave, with a wavelength—we see different 
wavelengths as different colors. Red light has a long wavelength (≈ 700 nm), violet 
light has a short wavelength (≈ 400 nm). Crucially, higher energy light has shorter 
wavelength. X-rays, which carry far more energy than visible light, have wavelengths a 
thousand times shorter.

This is the key insight for light: photon wavelength is inversely proportional to its 
momentum (and thus energy).

Now here’s the radical de Broglie hypothesis: what if everything behaves as a wave? 
What if massive particles—like electrons, protons, and even you—have a wavelength?

For massive particles, the wave properties are determined not by energy directly, but by 
momentum 𝑝 = 𝑚𝑣. The relevant variables are: mass 𝑚, velocity 𝑣, and Planck’s constant 
ℎ (which has units of action, or momentum × position). Dimensional analysis gives us 
the unique combination with units of length:

[𝜆] = [ℎ]
[𝑚𝑣]

= 𝕄𝕃2𝕋−1

𝕄𝕃𝕋−1 = 𝕃 ✓ (19.5)

This gives us the de Broglie wavelength:

𝜆 = ℎ
𝑚 ∗ 𝑣

Matter
Wavelength

Planck’s
Constant

Mass Velocity

(19.6)

The formula now makes perfect sense:
• Heavier particles have shorter wavelengths (more oomph → more localized).
• Faster particles have shorter wavelengths (more oomph → more localized).
• Planck’s constant ℎ sets the overall scale.
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19.2.1 Why de Broglie Matters for Biology

This is not just abstract physics—it is the reason modern biology works. You cannot see 
a virus with visible light, because light’s wavelength (≈ 500 nm) is far larger than a virus 
(≈ 100 nm). But an electron accelerated through a modest voltage (≈ 15 kV) has a de 
Broglie wavelength of ≈ 0.01 nm—fifty thousand times shorter than visible light.

This is why the electron microscope was one of the most transformative inventions in 
biology: it revealed the machinery of life—ribosomes, membranes, viral capsids—that was 
invisible to light. De Broglie’s formula is not abstract physics; it is the design principle 
behind one of biology’s most essential tools.

Exercise 19.2 — How Big is Your Wave?.

The faster and heavier something is, the shorter its wavelength. Let’s see what this 
means in practice:

1. Electron in an atom: (𝑚𝑣 ≈ 10−24 kg·m/s). Calculate its wavelength. How does 
this compare to the size of an atom (≈ 10−10 m)?

2. You, walking: (𝑚 ≈ 70 kg, 𝑣 ≈ 1 m/s). Calculate your wavelength. Why don’t 
you diffract when walking through a doorway?

This is why you don’t diffract through doorways. Your wavelength is incomprehensibly 
small. But electrons do diffract—their wavelengths are comparable to the spacing of 
atoms in a crystal, creating beautiful interference patterns. This wave nature of matter was 
confirmed experimentally in 1927 by Clinton Davisson and Lester Germer. De Broglie 
himself was awarded the 1929 Nobel Prize in Physics for his bold theoretical prediction.

19.3 The Uncertainty Principle: A Consequence of Waves

Now we can understand one of the most famous—and most misunderstood—ideas in 
physics: the Heisenberg Uncertainty Principle.

If a particle is a wave, then it cannot have a perfectly defined position. A pure wave 
(a single wavelength, like a perfect sine wave) extends infinitely in both directions—it is 
everywhere. To “localize” a wave—to make it exist in a small region of space—you must 
add together many wavelengths. But then the wavelength itself becomes undefined!

This is not a limitation of our measuring instruments. It is a fundamental property of 
waves. And since particles are waves, it applies to them too.

Using dimensional analysis, we can find the scaling of this relation. The product of 
position uncertainty (Δ𝑥) and momentum uncertainty (Δ𝑝 = 𝑚Δ𝑣) must have units of 
action ([ħ]):

[𝑚] ⋅ [Δ𝑥] ⋅ [Δ𝑣] = 𝕄 ⋅ 𝕃 ⋅ (𝕃𝕋−1) = 𝕄𝕃2𝕋−1 = [ħ] (19.7)

This gives us the exact formulation of the Heisenberg Uncertainty Principle:
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Δ𝑥 ⋅ Δ𝑣 ≥ ħ
2 ∗ 𝑚

Position
Uncertainty

Velocity
Uncertainty

Quantum
Constant

Mass

(19.8)

The more precisely you know a particle’s position, the less precisely you can know its 
velocity—and vice versa. The universe is fundamentally “fuzzy.”

19.3.1 Mass is the Anchor

Notice that mass appears in the denominator. This tells us something profound: heavier 
objects are less fuzzy. A baseball confined to a 1 mm region has a velocity uncertainty so 
tiny (≈ 10−31 m/s) that no instrument could ever measure it. But an electron confined to 
an atom has a velocity uncertainty of roughly 6 × 105 m/s—fast enough for relativistic 
effects to begin to matter. Mass is the anchor that pins objects to the classical world.

This is our first quantitative hint at why life must be large. The heavier and bulkier a 
molecule is, the more sharply defined its position and velocity become. A protein (𝑚 ≈
10−22 kg) confined to a 1 nm region has a velocity uncertainty of merely 0.5 mm/s—
negligible compared to its thermal speed. But a proton (𝑚 ≈ 1.7 × 10−27 kg) confined 
within a hydrogen bond (Δ𝑥 ≈ 0.5 Å) has a velocity uncertainty of roughly 600 m/s—
enormous, and large enough for it to tunnel between DNA bases and cause mutations.

Exercise 19.3 — Quantum Fuzziness in Biology.

Does quantum uncertainty limit the precision of molecular machines, or cause 
genetic errors? Let’s compare a large protein to a tiny proton.

1. Protein in an ion channel: A channel protein has mass 𝑚 ≈ 10−22 kg (about 60 
kDa) and is localized to Δ𝑥 ≈ 1 nm within a membrane. Calculate Δ𝑣. Compare 
this to the protein’s thermal speed (≈ 6 m/s). Is the protein classically stable?

2. Proton in a DNA hydrogen bond: A proton has mass 𝑚 ≈ 1.7 × 10−27 kg and 
is confined within a covalent bond spacing of Δ𝑥 ≈ 0.5 × 10−10 m (0.5 Å). 
Calculate Δ𝑣. What does this imply about the proton’s ability to “tunnel” between 
bases?

19.4 The Schrödinger Equation: Simpler Than Newton

People often imagine that quantum mechanics must have horrendously complicated 
equations. In reality, the fundamental law of quantum time-evolution is beautifully simple
—simpler than Newton’s laws.
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19.4.1 The Equation

While Newton’s second law involves acceleration (a second derivative in time, 𝑎 =
𝑑2 𝑥

𝑑 𝑡2), requiring you to specify both the initial position and the initial velocity, the time-
dependent Schrödinger equation involves only a first derivative:

𝑖 ħ
𝜕
𝜕𝑡

Ψ(𝑡) = 𝐻̂Ψ(𝑡)

Action
Constant

Time
Evolution

Quantum
State

Energy
Operator

(19.9)

Here, Ψ(𝑡) represents the quantum state (the complete description of the system), and 
𝐻̂  is the Hamiltonian operator, which represents the total energy. The equation simply 
says: the rate of change of the quantum state over time is proportional to the action of the 
energy operator.

19.4.2 Newton vs. Schrödinger

🍎 Classical Worldview (Newton)

• Second Derivative: Accelera
tion is 𝑑2 𝑥

𝑑 𝑡2, which requires 
initial position and velocity to 
predict the future.

• Multiple Equations: Every par
ticle needs its own coordinates. 
A system of 𝑁  particles requires 
solving 3𝑁  coupled equations.

🌊 Quantum Worldview

• First Derivative: Only needs 𝜕
𝜕𝑡 . 

The current state Ψ completely 
and uniquely determines the fu
ture.

• One Single Equation: A system 
of 𝑁  particles is described by 
one unified wavefunction Ψ. The 
entire universe has just one wave 
equation.

Why does this matter for biology? This single equation determines chemical bonding, 
molecular structures (like DNA and proteins), and the behavior of light in photosynthesis. 
The Schrödinger equation is the foundation of all chemistry, and chemistry is the foun
dation of all biology.

R Go Deeper: If you want to learn quantum mechanics properly, the best accessible 
resource is Leonard Susskind and Art Friedman’s Quantum Mechanics: The Theoret
ical Minimum. The entire course is also available for free on YouTube—just search 
for “Susskind Quantum Mechanics.”

19.5 The Action Scale: A Quantum Reynolds Number

We have seen that at the scale of humans and baseballs, the universe looks smooth and 
predictable. But as we zoom into the machinery of life—down to the level of proteins, 
electrons, and photons—the graininess of reality starts to matter.
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In Chapter 17, we used the Reynolds number to compare the “size” of inertial forces to 
viscous forces. Now, to understand when quantum effects become significant, we construct 
a similar dimensionless ratio by comparing the characteristic action of a physical process 
to ħ.

In classical physics, a physical trajectory minimizes a quantity called Action (𝑆), which 
has units of Energy × Time:

𝑆 = Energy × Time (19.10)

In plain English, action is a measure of the “effort” of a process. Since ħ also has dimensions 
of Energy × Time, we can form a beautiful dimensionless ratio—a “Quantum Reynolds 
Number”:

𝑄 = 𝑆
ħ

Action Ratio
Action

Planck’s Constant
(19.11)

• 𝑄 ∼ 1: The process is quantum. The graininess of reality is fully visible.
• 𝑄 ≫ 1: The process is classical. The pixels are far too small to resolve.

This ratio 𝑄 = 𝑆
ħ  serves as a helpful heuristic for the classical limit. (Note, however, that 

the transition to the classical world is not just about the size of 𝑆; it fundamentally involves 
decoherence—how interactions with the environment destroy quantum superpositions 
and leave us with classical probabilities.)

19.5.1 The Scale of Life

Where do biological systems live on this scale?

System Action Scale Ratio 𝑄 Regime

Quantum World (𝑄 ∼ 1)

Electron in atom ≈ 10−34 J·s ≈ 1 Quantum

Photon absorption ≈ 10−34 J·s ≈ 1 Quantum

Mesoscopic (𝑄 ∼ 10 − 103)

Photosynthesis ≈ 3 × 10−32 J·s ≈ 300 Quantum 
Coherence

Enzyme catalysis ≈ 10−33 J·s ≈ 10 Quantum 
Tunneling

Classical World (𝑄 ≫ 1)
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System Action Scale Ratio 𝑄 Regime

Virus motion ≈ 10−30 J·s ≈ 104 Classical

Protein folding ≈ 10−24 J·s ≈ 1010 Classical

Human walking ≈ 10 J·s ≈ 1035 Classical

Even at the level of a single protein folding, the “quantumness” score is already 𝑄 ≈ 1010

—far into the classical regime. This was not always so. In the first moments after the 
Big Bang, the universe was so hot and dense that individual particles had tiny actions—
everything was quantum. As the cosmos cooled, matter clumped into atoms, molecules, 
and eventually cells. The classical world emerged from a quantum one.

So the right question is not “why is quantum so small?” but rather:

Why is Life so large compared to ħ?

Exercise 19.4 — Is a Virus Quantum?.

Are the smallest biological entities governed by quantum mechanics, or do they 
follow classical physics? Let’s calculate the action-ratio 𝑄 = 𝑆

ħ  for two cases.
Case A: COVID-19 Virion. A virus (𝑚 ≈ 10−18 kg) diffusing through cellular fluid 
at 𝑣 ≈ 10−6 m/s over a distance equal to its own diameter (𝐿 ≈ 10−7 m).
1. Calculate the action 𝑆 = 𝑚𝑣𝐿.
2. Compute the “quantumness” score 𝑄 = 𝑆

ħ .
3. Is a virus quantum or classical?

Case B: Sodium Ion (Na+). A single sodium ion (𝑚 ≈ 4 × 10−26 kg) moving at 
thermal speed (𝑣 ≈ 330 m/s) across a channel pore (𝐿 ≈ 10−10 m).
1. Calculate 𝑆 and 𝑄 for the sodium ion.
2. How does this compare to the virus? Where does the sodium ion sit relative to 

the quantum boundary?

19.6 Why Life is Classical

The answer to “Why are we so large?” is simple at its core: Life requires stability. A 
cell needs to “know” what to do next. It needs to read its DNA, fold the right proteins, 
and respond to signals in a predictable way. This stability requires operating far from the 
quantum regime.

The answer connects three threads we have already worked through. Let’s revisit each 
one quantitatively.
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19.6.1 Thread 1: Temperature Destroys Quantum Coherence

In Chapter 8, we showed that 𝑘𝐵𝑇  sets the scale of random molecular motion. At room 
temperature (𝑇 ≈ 300 K), the thermal energy is 𝑘𝐵𝑇 ≈ 4.1 × 10−21 J.

The fundamental quantum-thermal timescale is given by:

𝜏thermal ≈ ħ
𝑘𝐵𝑇

≈ 1.055 × 10−34

4.1 × 10−21 ≈ 2.5 × 10−14 s (19.12)

That is about 25 femtoseconds—a timescale so short that it makes a camera flash look 
like a geological epoch. In warm, wet biological environments, this thermal timescale sets 
the upper limit on how long quantum superpositions can typically survive before being 
rapidly destroyed by environmental interactions, a process called decoherence.

To see why this matters, compare it to the fastest biological process: enzymatic reactions 
take roughly 10−6 seconds, which is forty million times longer than the decoherence 
timescale. By the time biology gets around to doing anything, the quantum magic has long 
since decohered. Thermal noise shakes quantum states apart billions of times faster than 
any molecular machine can operate.

This is why most of biology is firmly classical: the “temperature” of life is simply too 
high for quantum coherence to persist.

19.6.2 Thread 2: Information Requires Classical Stability

In Chapter 11, we defined information as the reduction of uncertainty. Life is fundamen
tally an information-processing machine—genetic codes, signaling pathways, metabolic 
networks all require stable bits.

A quantum bit (qubit) is fragile: it exists in a superposition of 0 and 1 simultaneously, 
but the slightest interaction with the environment “collapses” it into one definite value. 
In the warm, wet interior of a cell, qubits decohere in roughly 10−14 seconds—as we 
calculated above. This is useless for storing a genome that must remain stable for hours, 
days, or even decades.

Classical bits, by contrast, are robust. A DNA base pair is held in place by multiple 
hydrogen bonds and stacking interactions with a total binding energy of ≈ 10𝑘𝐵𝑇  per 
base pair. This is the covalent lock that biology uses to secure stability: an energy barrier 
so deep that thermal noise almost never flips a bit (recall the protein folding exercise from 
Chapter 8, where we calculated that the probability of overcoming a 10𝑘𝐵𝑇  barrier is 
𝑒−10 ≈ 4.5 × 10−5). To store information reliably, you need classical bits, not quantum 
ones. And classical bits require molecules large enough that 𝑄 ≫ 1.

19.6.3 Thread 3: Biochemical Energy Barriers Are Enormous

In Chapter 5, we established the energy budget of life. The activation energies of biochem
ical reactions are typically 0.1–1 eV, which is 4–40𝑘𝐵𝑇 —much larger than ħ times any 
biologically relevant frequency.

This keeps most of metabolism firmly in the classical regime, where enzymes and 
substrates follow predictable energy landscapes. A cell can reliably catalyze thousands of 
reactions per second precisely because each reaction’s energy scale dwarfs the quantum 
pixel. The “thermal action” of biology—𝑆thermal = 𝑘𝐵𝑇 ⋅ 𝜏 , where 𝜏  is a biological 
timescale—is billions of times larger than ħ, pushing life’s quantumness score to 𝑄 ≫ 1.
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19.6.4 The Verdict

Put together:

Life is built on thermal, informational, and energetic scales that are all vastly larger 
than ħ.

Life being classical is not a coincidence—it is a necessity. Quantum fuzziness is too fragile 
to build a reliable cell on. The answer to “Why are we so large?” is ultimately: because ħ 
is so small, and stability demands that we operate far above it.

Why should an organism be so large? In the first place, to have a structure of sufficient 
size and complexity to function reliably, because all our physical and chemical laws are 
statistical laws, and they are only accurate when huge numbers of atoms are involved.

— Erwin Schrödinger, What is Life? (1944)

19.7 Randomness is Real: Einstein vs. the Universe

If life is classical, does randomness still matter? Yes—and at a deeper level than you might 
think.

19.7.1 “God Does Not Play Dice”

Einstein was so troubled by quantum mechanics that he famously said, “God does not play 
dice with the universe.” He believed there must be a “hidden script” that predetermines 
every outcome, even if we can’t read it yet. Quantum mechanics, in his view, was merely 
an incomplete description—like predicting a coin toss as “50/50” only because you don’t 
know the exact force, spin, and air resistance.

This is called the hypothesis of local hidden variables: particles have definite properties 
before we measure them, and no influence travels faster than light.

19.7.2 Bell’s Theorem: A Mathematical Boundary

In 1964, physicist John Bell proved something remarkable. He showed that any theory 
based on local hidden variables must obey a specific mathematical inequality when you 
measure correlations between entangled particles. If Einstein was right, the measured 
correlations 𝑆 must satisfy:

|𝑆| ≤ 2 (Einstein's Limit: Local Realism) (19.13)

But quantum mechanics predicts:

𝑆 = 2
√

2 ≈ 2.83 (Quantum Mechanics) (19.14)

Quantum mechanics violates the classical limit by over 40%. This is not a philosophical 
debate—it is a testable prediction.
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19.7.3 The Experiments

Decades of experiments have repeatedly confirmed that Bell’s Inequality is violated, 
exactly as quantum mechanics predicts. The 2022 Nobel Prize in Physics was awarded to 
Alain Aspect, John Clauser, and Anton Zeilinger for their pioneering experiments with 
entangled photons that established this violation beyond any reasonable doubt.

But Einstein’s defenders had one last argument: what if the measurement detectors were 
somehow “pre-programmed” in advance? This is called the freedom-of-choice loophole. 
To close it, the Big Bell Test (2016, published 2018) recruited over 100,000 human 
volunteers worldwide to play a video game generating random choices in real time. These 
unpredictable human choices set the measurement angles, ensuring no pre-programming 
was possible.

The result: quantum mechanics still won. Randomness is a fundamental, loophole-free 
law of reality.

19.7.4 Why This Matters for Biology

The conclusion is inescapable: the universe cannot be explained by local hidden-variable 
theories.(1)

This matters for biology. When a proton tunnels to the wrong side of a DNA base 
pair, causing a mutation, no hidden variable predetermined the outcome. The dice roll that 
changes the course of evolution is genuinely, irreducibly quantum. The classical stage may 
be stable, but the script is written by true chance.

19.8 Yet Quantum Mechanics Still Matters

Does this mean biology has “escaped” quantum mechanics? Not at all. Despite living in 
the classical world, life is built from quantum components, and evolution has found ways to 
exploit the quantum regime for specific advantages. This emerging field is called Quantum 
Biology.

19.8.1 Chemical Bonds: The Quantum Foundation

At the most basic level, all of chemistry is quantum mechanical. The shapes of proteins, the 
base-pairing of DNA, the specificity of enzymes—all arise from the quantum mechanics 
of electrons. The Schrödinger equation determines which molecular shapes are stable and 
which are not. Without quantum mechanics, there would be no carbon chemistry, no 
water, no life.

19.8.2 Thermal Radiation: Quantum Photons Carry Your Body Heat

You already encountered quantum mechanics in disguise, back in our study of thermal 
physics. The Stefan-Boltzmann law—𝐽 ∝ 𝑇 4—which governs how much heat warm-
blooded animals radiate, was historically the first result that required Planck’s constant for 
its derivation. Every photon your body radiates is a quantum packet of energy 𝐸 = ℎ𝜈. 
The heat you feel is carried by fundamentally quantum objects.

(1)While some deterministic but non-local interpretations, like De Broglie–Bohm pilot-wave theory, 
still exist, they must sacrifice locality.
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19.8.3 Photosynthesis: Quantum Coherence at the Edge

In photosynthesis, light-harvesting complexes transfer absorbed energy (excitons) to reac
tion centers with a remarkable quantum yield exceeding 95% in some complexes (although 
the overall solar-to-biomass conversion efficiency of the plant is much lower, typically 
1–2%). One hypothesis—still actively debated—is that quantum coherence plays a role. 
Instead of hopping randomly from pigment to pigment, the excitation may briefly behave 
as a wave, exploring multiple pathways simultaneously before thermal noise destroys the 
coherent behavior.

Whether this quantum effect is truly essential for efficiency, or merely a byproduct of the 
molecular structure, remains one of the liveliest debates in biophysics. Recent experiments 
suggest that much of the “coherence” signal originally attributed to quantum effects may 
instead arise from molecular vibrations. Regardless of the outcome, the quantumness score 
is illuminating:

𝑄 = 𝑆
ħ

≈
(2 eV) × (10−13 s)

ħ
≈ 300 (19.15)

This is squarely in the mesoscopic regime—right at the boundary where quantum and 
classical descriptions meet. Whether or not coherence is functionally important, photo
synthesis operates in the regime where quantum effects could matter—a fascinating place 
to be.

19.8.4 Enzyme Catalysis: Quantum Tunneling

Many enzymes accelerate reaction rates by promoting proton or electron tunneling 
through energy barriers. Classical mechanics would require the particle to have enough 
energy to go over the barrier. Quantum mechanics allows it to go through.

The tunneling probability depends on the barrier properties:

𝑃tunnel ≈ 𝑒−2𝑆
ħ (19.16)

where the action 𝑆 for a particle crossing a barrier of height 𝑈 = 𝑉 − 𝐸 (the difference 
between the barrier height 𝑉  and the particle’s energy 𝐸) and width 𝐿 is approximately 
𝑆 ≈

√
2𝑚𝑈 ⋅ 𝐿.

For a proton (mass 𝑚𝑝 ≈ 1.67 × 10−27 kg) tunneling through a barrier of width 𝐿 ≈
0.1 nm and height 𝑈 ≈ 0.5 eV:

√
2𝑚𝑈 ⋅ 𝐿 ≈ 1.6 × 10−33 J·s ≈ 15 ħ (19.17)

So 𝑃tunnel ≈ 𝑒−2×15 ≈ 𝑒−30 ≈ 10−13. While classically impossible, this quantum tunnel
ing rate is large enough to accelerate certain reaction pathways by many orders of 
magnitude.

19.8.5 Mutations: The Quantum Script of Evolution

Proton tunneling is not just an enzymatic trick—it can also rewrite the code of life. In 
DNA, the hydrogen bonds holding base pairs together involve protons sitting in double-
well potentials. Occasionally, a proton tunnels from its “correct” well to the other side, 
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creating a tautomeric shift—a rare, incorrect form of the base that pairs with the wrong 
partner during replication. The result is a spontaneous point mutation.

These mutations are genuinely random—not random in the sense of “we don’t know the 
cause,” but random in the deepest quantum mechanical sense. As we established in the 
previous section, no hidden variable determines when or where the proton tunnels. The 
dice roll that occasionally changes the course of evolution is irreducibly quantum.

19.8.6 The Scale Separation

What emerges is a beautiful scale separation:

Life creates a stable “classical” stage (the body/cell) large enough that quantum 
fluctuations are negligible. But the script for that stage is written by molecular events 
small enough that ħ—and therefore fundamental chance—still dictates the plot.

The Quantum-Finance Analogy

Through mathematical transformations, the Black-Scholes equation for option 
pricing can be related to the Schrödinger equation in imaginary time (which is 
fundamentally a heat/diffusion equation).

1. Imaginary Time: In this mathematical analogy, the diffusion process of financial 
assets mirrors quantum mechanics under a transformation to imaginary time 
(𝑡finance = −𝑖𝑡physics).

2. Volatility as Inverse Mass: The asset volatility 𝜎2 plays a role analogous to the 
inverse mass 1

𝑚  of a particle—highly volatile assets spread out rapidly, similar to 
light particles with high spatial uncertainty.

This shows how the mathematical structures of quantum mechanics and statistical 
physics share deep, unexpected connections with economic and financial modeling.

Exercise 19.5 — Quantum Biology Threshold.

Consider a chemical reaction where a hydrogen atom must transfer between two sites 
separated by 𝐿 = 0.2 nm with an energy barrier 𝑈 = 0.3 eV.
1. Calculate the product 

√
2𝑚𝑈 ⋅ 𝐿 (use the proton mass 𝑚𝑝 = 1.673 × 10−27 kg, 

and 1 eV = 1.602 × 10−19 J).
2. Compare this to ħ. Is this in the quantum regime?
3. Estimate the tunneling probability 𝑃tunnel ≈ 𝑒−2

√
2𝑚𝑈𝐿

ħ .
4. If the classical reaction rate is 𝑘0 = 106s−1, what is the quantum-enhanced rate?

Exercise 19.6 — The Smallest Possible Cell.

Why can’t a cell be the size of an atom? Let’s use the physics of this chapter to 
estimate the minimum size of a living cell.
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1. The information constraint: A minimal genome requires at least ≈ 500 genes, 
each roughly 1000 base pairs long. Each base pair occupies a volume of roughly 
(0.34 nm) × (1 nm)2 (the spacing and width of the DNA double helix). What 
is the minimum volume needed just for the genome?

2. The thermal stability constraint: For a genetic “bit” to be reliable, the energy gap 
between correct and incorrect states must satisfy Δ𝐸 ≳ 10𝑘𝐵𝑇  (from Chapter 8). 
At 𝑇 = 300 K, what is this minimum energy per bit in eV? Is this consistent with 
the total binding energy per DNA base pair (≈ 0.25 eV from multiple hydrogen 
bonds and stacking interactions)?

3. The quantum constraint: For a molecule to behave classically (not “fuzz out”), 
its de Broglie wavelength must be much smaller than its physical size. A protein 
of mass 𝑚 ≈ 10−22 kg at thermal velocity 𝑣 ≈ √𝑘𝐵𝑇/𝑚 has what wavelength? 
Compare this to the protein’s physical size (≈ 5 nm). Is the protein safely clas
sical?

4. The smallest known independently replicating cell (Mycoplasma genitalium) has a 
diameter of ≈ 200 nm. Based on your calculations, is this cell close to the physical 
limit? What sets the actual minimum size—quantum mechanics, thermal stability, 
or information?



CHAPTER 20

A Bird's Eye View of Modern 
Physics

We have taken a high-speed journey through physics. We’ve explored scaling laws, energy, 
entropy, and the physical constraints that shape life. Along the way, we’ve met a handful 
of constants: 𝑐, ħ, 𝑘𝐵, and 𝐺. In this final chapter, we step back and ask: what do these 
constants mean? And what do they tell us about the structure of the universe itself?

20.1 Natural Units

We’ve been measuring things in meters, seconds, and kilograms. But where do these units 
come from? The meter was originally defined as one ten-millionth of the distance from the 
equator to the North Pole. The second comes from dividing up the Earth’s rotation into 
86,400 pieces. These are accidents of our home planet—useful for humans, but arbitrary 
to the universe.

Imagine trying to communicate with an alien civilization. How would you tell them 
what a “meter” is? You can’t mail them a ruler.

The remarkable insight of 20th-century physics is that Nature herself provides a set of 
units. These “natural units” are built from fundamental constants—numbers that are the 
same everywhere in the universe, for all civilizations, across all time.

20.1.1 Three Constants, Three Principles

We have encountered three fundamental constants in this course, each tied to a revolu
tionary idea. These aren’t just numbers; they are the “conversion factors” of the universe.

Constant Dimensions Physical Meaning

𝐺 𝕃3𝕄−1𝕋−2 Gravity. The “stiffness” of spacetime. It tells us how 
much mass is needed to bend space.

𝑐 𝕃𝕋−1 Relativity. The cosmic speed limit. It converts space 
into time (𝑥 = 𝑐𝑡) and mass into energy (𝐸 = 𝑚𝑐2).

ħ 𝕄𝕃2𝕋−1 Quantum Mechanics. The “resolution limit” of the 
universe. It converts frequency into energy (𝐸 = ħ 𝜔).
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Here is the punchline. We have exactly three fundamental constants (𝐺, 𝑐, ħ) and exactly 
three fundamental units (Mass, Length, Time).

20.1.2 Deriving the Planck Scale

Let’s use dimensional analysis—the very tool we’ve honed throughout this course—to find 
these fundamental units. We are looking for a length, a time, and a mass that depend only 
on 𝐺, 𝑐, and ħ.

[𝐺] = 𝕃3𝕄−1𝕋−2, [𝑐] = 𝕃𝕋−1, [ħ] = 𝕄𝕃2𝕋−1 (20.1)

How do we combine these to get 𝕃, 𝕋, and 𝕄? It’s agin our old friend dimensional 
analsysis.

1. The Planck Length:

𝑙𝑃 = √ħ 𝐺
𝑐3 ≈ 1.6 × 10−35 m (20.2)

This scale represents the boundary where our classical descriptions of smooth spacetime 
geometry must be replaced by a theory of quantum gravity. Below this length, the 
very concepts of “distance” and “geometry” as we know them likely lose their meaning. 
(Reminder, the scale of life is much much larger than this, the topic of Chapter 18.)

2. The Planck Time:

𝑡𝑃 = 𝑙𝑃
𝑐

= √ħ 𝐺
𝑐5 ≈ 5.4 × 10−44 s (20.3)

This is the time it takes for light to cross one Planck length. It represents the timescale 
at which our current physical theories cease to be valid without a quantum theory 
of gravity. (Reminder, the scale of life is much much larger than this, the topic of 
Chapter 19.).

3. The Planck Mass:

𝑀𝑃 = ħ
𝑙𝑃 𝑐

= √ħ 𝑐
𝐺

≈ 2.2 × 10−8 kg (20.4)

Here is the surprise. The Planck length and time are unimaginably small, but the Planck 
mass is… macroscopic! 2.2 × 10−8 kg is about the mass of a flea egg, or a large grain 
of dust. It is huge for a particle.

Three constants. Three dimensions. A unique solution. These are not arbitrary human 
rulers; they are the absolute limits of existence. In deriving them, we have touched the 
bedrock of reality. We have found the signature left by the Architect of the Universe.

Exercise 20.1 — The Great Desert.

We seek the characteristic energy of Quantum Gravity, 𝐸QG.
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1. Using the same dimensional analysis method, show that the natural unit of energy 
is:

𝐸QG = √ħ 𝑐5

𝐺
(20.5)

2. Calculate its value in electron-volts (eV). You should find 𝐸QG ≈ 1028 eV.
3. The Large Hadron Collider (LHC) operates at ≈ 1013 eV. Calculate the ratio 

𝐸QG
𝐸LHC

.

This ratio (roughly 10{15}) represents the “Great Desert”—the vast, unexplored gap 
between our best machines and the realm of quantum gravity.

20.1.3 Natural Units

Since all of these constants are universal, any intelligent civilization in the universe would 
derive this same set of units. If we ever make contact with aliens, we won’t tell them our 
height in meters. We will tell them we are roughly 1035 Planck lengths tall.

This leads to a beautiful simplification in theoretical physics. Since these units are 
fundamental, why not just use them as our rulers?

Theoretical physicists often work in a system called Natural Units, where we simply 
set: 𝑐 = 1, ħ = 1, 𝐺 = 1

In this system, equations stop being cluttered with constants and reveal their true, 
geometric form:

• Einstein’s 𝐸 = 𝑚𝑐2 becomes simply 𝐸 = 𝑚. Energy and mass are the same thing.
• The energy of a photon 𝐸 = ħ 𝜔 becomes 𝐸 = 𝜔. Energy is just frequency.
• The “speed” of causality is just a conversion factor (1). One second of time is simply 

3 × 108 meters of space.

The only reason we don’t use these units at the grocery store is convenience. Our lives are 
lived in the “middle world”—far larger than a Planck length (1035𝑙𝑃 ) but far slower than 
light speed (10−9𝑐).

Asking for 108 Planck masses of apples (roughly 2 kg) is technically correct, but socially 
awkward. We stick to meters and seconds because they fit us. But to understand the deep 
structure of the universe, we must abandon our human-centric rulers and adopt the units 
of the nature herself.

20.2 All of Physics

With three fundamental constants, we can visualize all of physics as a cube. Each axis 
represents one of the constants “turned on” (non-zero) or “turned off ” (zero).

The eight corners of the cube represent different regimes of physics:
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Theory 𝑐 ħ 𝐺 Status Key Phenom
ena

The Classical World (Zero Constants)

Newtonian Mechanics - - - ✔ Everyday mo
tion

The Frontiers (One Constant)

Special Relativity ✓ - - ✔ High speeds

Quantum Mechanics - ✓ - ✔ Atoms, lasers

Newtonian Gravity - - ✓ ✔ Orbits, tides

The Unifications (Two Constants)

Quantum Field Theory ✓ ✓ - ✔ Standard 
Model

General Relativity ✓ - ✓ ✔ Black holes, 
GPS

Non-relativistic Quantum + Gravity - ✓ ✓ ~ Neutron inter
ference(1)

The Holy Grail (Three Constants)

Quantum Gravity ✓ ✓ ✓ ? Big Bang, sin
gularities

Table 20.1: The Bronshtein Cube. We classify theories by which fundamental constants 
they incorporate (where “turning off ” 𝑐 corresponds mathematically to the non-relativistic 
limit 𝑐 → ∞, or 1𝑐 → 0). ✔ = Well-tested, ~ = Approximate/Experimental, ? = Unsolved.

This course has been a journey across this cube, and our compass has been dimensional 
analysis.

The final corner—where 𝑐, ħ, and 𝐺 are all non-zero—is the regime of Quantum 
Gravity. This is the “Holy Grail” of theoretical physics, the unification of Einstein and 
Heisenberg. We don’t yet have a complete theory for this corner. String theory, loop 
quantum gravity, and other approaches are all attempts to chart this unknown territory.

Throughout our journey, you might have suspected that dimensional analysis was just a 
convenient trick—a way to guess the answer without doing the hard math.

(1)Specifically, experiments like the COwA neutron interferometry test quantum matter propagating in 
a classical gravitational potential, rather than quantized gravity itself.



20.2 All of Physics 227

It is the opposite of a guess. It is the first principle.

20.3 The End of the Beginning

We’ve covered a lot of ground together. From falling cats to Boltzmann’s entropy, from the 
stickiness of water to the fabric of spacetime itself. But we’ve only scratched the surface. 
Physics is vast, beautiful, and endlessly surprising—and I hope this course has given you 
a taste of that.

So where do you go from here?

20.3.1 Beyond Dimensional Analysis

Throughout this course, we’ve used dimensional analysis like a superpower. It let us derive 
scaling laws, estimate energies, and peek at the deep structure of physical laws. In a way, 
we’ve been trying to glimpse what Einstein famously called:

“I want to know God’s thoughts—the rest are mere details.”

That’s a wonderful aspiration. But here’s the honest truth: eventually, those “details” matter. 
A lot. In biology especially, the messy specifics—exact binding rates, precise concentra
tions, the particular shape of a protein—are often exactly where the magic happens. 
Dimensional analysis gives you the skeleton; the full picture requires rolling up your sleeves 
and doing the calculation.

Think of dimensional analysis as learning to speak a new language by understanding its 
grammar. You can say a surprising amount! But to write poetry, you’ll need vocabulary too.

20.3.2 What We Didn’t Get To

There is so much more I want to tell you, but you cannot bear it now.

— John 16:12

There are some glaring omissions in this course, and I want to be upfront about them. Two 
stand out:

• Electromagnetism: We essentially skipped the crown jewel of classical physics—
Maxwell’s equations. This is the force that dominates your everyday life: it holds atoms 
together, makes chemistry possible, runs your brain, and gives rise to light and color. 
Sorry. Maybe next time.

• Non-Equilibrium Thermodynamics: We focused on equilibrium (the Boltzmann 
distribution), but life is gloriously out of equilibrium. A living cell is a river of energy 
and information. To really understand it, you need the actively-developing tools of 
non-equilibrium statistical mechanics. This is one of the most exciting frontiers of 
physics right now.
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20.3.3 If You Want To Keep Going: Physics

There are, of course, many standard references for fundamental physics. You can always 
walk over to the Physics Department and ask for a list! However, I think it is much more 
fun to understand the actual physics with the help of just a bit of math.

My top recommendation is The Theoretical Minimum series by Leonard Susskind. 
Susskind is one of the greatest living theoretical physicists, and these books are like sitting 
in on his Stanford lectures. The series currently covers: Classical Mechanics, Quantum 
Mechanics, Special Relativity and Classical Field Theory, and General Relativity. They assume 
only calculus, and they’re a joy to read.

For more advanced adventures, I can’t recommend Anthony Zee highly enough. His 
On Gravity is a friendly popular introduction; if you like it, dive into his textbook Einstein 
Gravity in a Nutshell. Same goes for symmetry: start with Fearful Symmetry, then try Group 
Theory in a Nutshell. And if you fell in love with dimensional analysis, you must read Zee’s 
Fly by Night Physics. It changed how I think about physics, and it shaped this entire course.

For another choice, check out the No-Nonsense series by Jakob Schwichtenberg—
currently covering Classical Mechanics, Electrodynamics, Quantum Mechanics, and 
Quantum Field Theory. His Physics from Symmetry is also excellent. Unlike the established 
professors above, Schwichtenberg wrote these books while still a student himself. He 
remembers where the confusion lives, and it shows.

20.3.4 If You Want To Keep Going: Biophysics

For the physics of living things, my top recommendation is Biophysics: Searching for 
Principles by William Bialek. It’s modern, beautifully written, and deeply physical.

And one classic that changed history: What is Life? by Erwin Schrödinger. Yes, that 
Schrödinger. He wrote this slim book in 1944, asking a deceptively simple question: how 
can physics explain heredity? His answer—that genetic information must be stored in 
a stable, non-repetitive molecular structure (which he termed an “aperiodic crystal”)—
anticipated the conceptual necessity of a complex molecular code. You may recall his idea 
of “negative entropy” from Chapter 13; it remains one of the most elegant ways to think 
about what makes living matter different from dead matter. The book is short, poetic, and 
still remarkably fresh.

20.3.5 Do NOT Be Intimidated

One more unsolicited piece of advice before we go.
Learning physics is hard. There will be moments when you feel stuck, when a concept 

refuses to click, when you read the same paragraph five times and still don’t get it. That’s 
normal. That’s good, even. Confusion is often just the feeling of your brain stretching to 
accommodate a new idea.

The mathematician Jinyoung Park once shared advice from her PhD advisor, Jeff Kahn, 
that has stuck with me. She mentioned it in an interview:

“It’s good to be Quick. But it’s more important to be Deep.”

https://www.youtube.com/watch?v=7H2YvxefFro
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20.4 So Long, and Thanks for All the Fish

I’d like to end with a Chinese poem written over a thousand years ago:

To probe the nature of things with care and reason,
One must feel happy and free one’s body of concern.

细推物理须行乐，何用浮名绊此身。

— Du Fu 杜甫(2)

I hope this course convinced you that physics and biology aren’t separate worlds—they’re 
the same world, seen at different scales. Or, failing that, I hope you at least had some fun 
thinking about falling elephants, Maxwell’s demon, and why we’re all just eating order to 
fight entropy.

(2)Translation by Tsung-Dao Lee (李政道), who, along with Chen-Ning Yang (杨振宁), proposed 
parity violation theoretically in 1956 (verified experimentally by Chien-Shiung Wu and collaborators), 
showing that our universe is not symmetric left-to-right.



230 Chapter 20. A Bird's Eye View of Modern Physics



PSet 4

Problem 1 — The Hard Work of Breathing.  Your lungs end in 300 million tiny spherical 
sacs called alveoli. Inflating millions of tiny balloons against surface tension is hard work. 
Use dimensional analysis to understand why—and how evolution solved it.
The Ingredients: To find the pressure 𝑃  [𝕄𝕃−1𝕋−2] needed to inflate a sphere, you have:

• 𝛾: surface tension [𝕄𝕋−2]
• 𝑟: radius of the sphere [𝕃]

1. Laplace’s Law: Show that 𝑃 ∝ 𝛾
𝑟 . Use this to explain why inflating a smaller balloon 

requires more pressure?
2. The Evolutionary Trade-Off: To maximize oxygen diffusion, you want huge surface 

area (small 𝑟). But Laplace’s Law says small 𝑟 requires high 𝑃 . Explain the trade-off: 
why can’t mammals just shrink their alveoli indefinitely?

3. The Biological Solution: Humans coat their alveoli with pulmonary surfactant 
(soap-like molecules). Which variable (𝑃 , 𝛾, or 𝑟) do surfactants change? How does 
this solve the problem?

4. The Engineering Solution: Premature infants often lack surfactant, causing Respi
ratory Distress Syndrome (RDS)—once a leading cause of infant death. Before 
synthetic surfactants existed, doctors used CPAP (Continuous Positive Airway Pres
sure) to pump air in continuously. Using Laplace’s Law (Δ𝑃 = 𝑃in − 𝑃out ∝ 𝛾

𝑟 ), 
explain how increasing 𝑃in helps keep alveoli open—solving the physics “mechanically” 
instead of “chemically.” This simple application of Laplace’s Law has saved millions 
of lives.

Problem 2 — The Three Lives of a Water Wave.  What determines the speed of a wave 
on water? The answer depends on the wave’s scale. A wave is a tug-of-war between Inertia 
(water wanting to keep moving) and a Restoring Force (trying to flatten the surface). 
Depending on the size of the wave, the physics changes completely.
In each part, use dimensional analysis to find how the wave speed 𝑣 [𝕃𝕋−1] depends on 
the relevant ingredients.

1. The Whale’s World (Deep Ocean Gravity Waves):
In the open ocean where the water is deep (ℎ ≫ 𝜆), gravity 𝑔 [𝕃𝕋−2] is the only 
restoring force that matters. The seafloor is irrelevant.
The ingredients are: gravity 𝑔 and wavelength 𝜆 [𝕃].
a. Show that 𝑣 ∝

√
𝑔𝜆.

b. Do long or short waves move faster in the deep ocean?
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c. A blue whale is ≈ 30 m long. Why does it hardly notice waves that would toss a 
small (≈ 5 m) boat around?

2. The Surfer’s World (Shallow Water Waves):
As a wave approaches the shore, the depth ℎ becomes small (ℎ ≪ 𝜆). Now, the seafloor 
constrains the motion. Surprisingly, the wavelength 𝜆 drops out of the recipe.
The ingredients are: gravity 𝑔 and depth ℎ [𝕃].
a. Show that 𝑣 ∝

√
𝑔ℎ.

b. In shallow water, all waves (regardless of wavelength) travel at the same speed. Why 
might this be important for tsunamis?

c. The “Invisible” Ship Paradox & Seafloor Detection:
An open-ocean tsunami is mathematically a shallow-water wave even in the deep 
ocean, because its wavelength is enormous (𝜆 = 200 km) compared to the ocean 
depth (ℎ = 4 km).

• Assuming the wave’s speed is given by the shallow-water speed formula 𝑣 =√
𝑔ℎ (with 𝑔 ≈ 10m/s2), calculate its speed in meters per second and in km/h.

• If the tsunami has an amplitude of 𝐴 ≈ 1 m, calculate the wave’s period (𝑇 =
𝜆
𝑣 ) in seconds and minutes.

• Calculate the average slope of the wave, defined as the rise over the run (slope ≈
𝐴
𝜆
2

).

• Use these numbers to explain why a ship at sea does not notice a colossal 
tsunami passing underneath.

• The DART Detection System: If a surface ship cannot detect the tsunami, 
how do we alert coastal cities? We place pressure sensors on the seafloor at 
depth ℎ = 4 km.
i. Wind waves have short wavelengths (𝜆𝑤 ≈ 100 m). Since they are deep-

water waves (ℎ ≫ 𝜆𝑤), their seafloor pressure perturbation decays exponen
tially with depth: 𝑝bottom ∝ 𝑒−2𝜋 ℎ

𝜆𝑤 . Calculate the exponent 2𝜋 ℎ
𝜆𝑤

 and 
explain why wind wave noise is completely absent at the bottom.

ii. The tsunami is a shallow-water wave (ℎ ≪ 𝜆). Its pressure signal does not 
decay and reaches all the way to the seafloor: Δ𝑃 = 𝜌𝑔𝐴 (where water 
density is 𝜌 ≈ 1000kg/m3 and 𝑔 ≈ 10m/s2). Calculate the bottom pressure 
change Δ𝑃  due to a tsunami of amplitude 𝐴 ≈ 1 m. Express your answer 
in Pascals (Pa) and in atmospheres (atm, where 1 atm = 105 Pa). Is this 
easily detectable by modern seafloor sensors?

d. If the front of a wave is in depth ℎ1 = 1 m and the back is in ℎ2 = 1.1 m, which 
part moves faster? Use this to explain why waves “break” (topple over) as they hit 
the beach.

3. The Water Strider’s World (Capillary Ripples):
On the scale of a tea cup or a puddle, gravity is too weak to flatten the surface. Instead, 
Surface Tension 𝛾 [𝕄𝕋−2] takes over as the restoring force.
The ingredients are: surface tension 𝛾, water density 𝜌 [𝕄𝕃−3], and wavelength 𝜆 [𝕃].
a. Show that 𝑣 ∝ √ 𝛾

𝜌𝜆 .
b. Do long or short ripples move faster? (Compare this to your answer for the deep 

ocean!)
4. The Crossover:

There is a critical wavelength 𝜆∗ where gravity and surface tension are equally important 
(𝑣gravity = 𝑣ripple).
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a. Set your two wave speed formulas equal and solve for 𝜆∗ in terms of 𝑔, 𝛾, and 𝜌.
b. For water (𝛾 ≈ 0.07 N/m, 𝜌 ≈ 1000kg/m3, 𝑔 ≈ 10m/s2), estimate 𝜆∗.
c. A water strider is ≈ 1 cm long. Explain why a bug “lives” in a completely different 

physical world than a whale.

Problem 3 — The Hull Speed Loophole.  Have you ever wondered why dolphins, whales, 
and penguins spend so much of their travel time swimming underwater, returning to 
the surface only for a split-second breath? When swimming at the surface, they act like 
moving plows, displacing water and generating waves that carry energy away. This creates 
wave drag—a massive physical barrier that imposes a strict limit on their surface speed, 
known as the Hull Speed.
To escape this hydrodynamic prison, marine animals exploit an elegant physical loophole: 
they dive.

1. The Exponential Decay of Waves:
Fluid dynamics shows that the orbital motion of water molecules (and the resulting 
surface wave deformation) decays exponentially with depth 𝑑. If a surface wave has 
amplitude 𝐴0 and wavelength 𝜆, its amplitude 𝐴(𝑑) at depth 𝑑 is:

𝐴(𝑑) = 𝐴0𝑒−2𝜋𝑑
𝜆 (20.1)

Explain why longer waves penetrate deeper into the water column than shorter ones.
2. The Hull Speed Scale:

When an animal swims at its hull speed, the wavelength 𝜆 of the bow wave it generates 
is exactly equal to its body length 𝐿 (𝜆 = 𝐿).
Write the formula for the wave amplitude decay 𝐴(𝑑) as a function of depth 𝑑 and 
body length 𝐿 for an animal swimming at its hull speed.

3. The Rule of Three:
Physicists estimate that once the surface wave disturbance decays to less than 1.5% of 
its surface value, wave drag becomes completely negligible.

• Set 𝐴(𝑑)
𝐴0

= 0.015 and solve for the required depth 𝑑 in terms of the body length 𝐿.
• Show that this required depth is roughly 𝑑 ≈ 2

3𝐿.
4. The Biological Loophole:

Most marine mammals have a body diameter 𝑑body that is much smaller than their 
length 𝐿 (typically 𝐿 is about 5 to 10 times 𝑑body). In practice, a submersion depth of 
𝑑 > 3𝑑body is sufficient to suppress wave drag almost entirely.
Using this physical insight, explain how a dolphin or penguin bypasses the “infinite” 
energy barrier of the hull speed limit, allowing them to cruise efficiently at high speeds 
in the wave-free depths.

Problem 4 — The Thermodynamics of a Black Hole.  This is where everything comes 
together. A black hole is the only object in the universe that requires all of modern physics 
to describe: gravity (𝐺), relativity (𝑐), quantum mechanics (ħ), and thermodynamics (𝑘𝐵). 
In 1974, Stephen Hawking discovered some fundamental properties of black holes. Today 
we will embark on this discovery using dimensional analysis.
The Ingredients: You have the four constants above, plus the black hole’s mass 𝑀 :

• 𝑐: speed of light [𝕃𝕋−1]
• 𝐺: gravitational constant [𝕃3𝕄−1𝕋−2]
• ħ: Planck’s constant [𝕄𝕃2𝕋−1]
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• 𝑘𝐵: Boltzmann constant [𝕄𝕃2𝕋−2Θ−1]
• 𝑀 : mass of the black hole [𝕄]

1. Hawking Temperature: Find the exponents in 𝑇 ≈ 𝑐𝑎𝐺𝑏𝑀𝑐ħ𝑑𝑘𝑒
𝐵 that make the 

dimensions match. What is the scaling 𝑇 ∝ 𝑀?

2. The Feedback Loop: As a black hole radiates, it loses mass. Does 𝑇  increase or 
decrease? Is this positive feedback (runaway) or negative feedback (stable)? What is 
the ultimate fate of an evaporating black hole?

3. Black Hole Entropy: Entropy 𝑆 has the same dimensions as 𝑘𝐵. Find the exponents in 
𝑆 ≈ 𝑘𝐵 × 𝐺𝑎𝑀𝑏ħ𝑐𝑐𝑑 such that the parentheses is dimensionless. What is the scaling 
𝑆 ∝ 𝑀?

4. The Holographic Surprise: The event horizon is the “point of no return”—the radius 
at which the escape velocity equals the speed of light. Nothing, not even light, can 
escape from inside. This radius scales as 𝑅 ∝ 𝑀 .
a. How does surface area 𝐴 ∝ 𝑅2 scale with 𝑀?
b. How does volume 𝑉 ∝ 𝑅3 scale with 𝑀?
c. Does the black hole’s information capacity (𝑆) scale like its volume or its surface 

area?
d. Express the result in natural units.

This result—that information “lives” on a 2D surface, not in 3D space—is called the Holo­
graphic Principle, and it suggests our entire universe might be a projection from a distant 
boundary.



APPENDIX A.

A Quick Guide to Typst

My work on fonts and typesetting has been an attempt to capture the aesthetic beauty 
of traditional printing while taking advantage of modern computing power.

— Donald Knuth, creator of TeX

In this course, we encourage you to type up your homework assignments. While hand
writing is perfectly fine, typing your math builds a skill that is invaluable for writing 
research papers, lab reports, and technical presentations later in your career.

For decades, the standard tool for typesetting math has been LaTeX. It is powerful, but 
it is also slow, arcane, and often frustrating. In this course, we use Typst—a modern, fast 
alternative that was built from the ground up to be easier to learn and use. The course 
lecture notes you are reading right now were entirely written in Typst.

A.1 Getting Started

The easiest way to use Typst is through its free web app. You do not need to install anything 
on your computer.

1. Go to typst.app and create a free account.
2. Start a new project and upload the homework-template.typ file provided on the course 

website (under the Logistics page or directly on BruinLearn).
3. You will see your code on the left and a live, auto-updating PDF preview on the right.

A.2 The Homework Template

The template does the heavy lifting for you. When you open homework-template.typ, 
you will see a section at the top that looks like this:

#let student-name = "Your Name"

#let student-uid = "Your UID"

#let pset-number = "1"

Fill in your information. Then, scroll down to the #problem() blocks. For each new 
problem, just use:

#problem(name: "Optional Title")[

  Write your answer here.

  + You can use numbered lists for parts like (a).

https://typst.app
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  + And part (b).

]

A.3 Writing Mathematics

Typst makes writing math intuitive. The golden rule is: math mode is triggered by the 
dollar sign $ $.

A.3.1 Inline vs. Block Math

To write math inside a sentence (inline math), surround it with single dollar signs:
• Code: The equation $E = m c^2$ changed the world.
• Result: The equation 𝐸 = 𝑚𝑐2 changed the world.

To place an equation on its own line (block math), put spaces just inside the dollar signs:
• Code:

$ F_"net" = m a $

• Result:

𝐹net = 𝑚𝑎 (0.1)

! Mind the Indentation!
Unlike LaTeX, Typst is sensitive to indentation (similar to Python), especially 
inside lists like the #problem() blocks.
If you want to put a block equation inside a list item, you must indent it so Typst 
knows it belongs to that item. We strongly recommend using spaces (usually 2 
spaces) rather than tabs to avoid invisible alignment issues.
Incorrect (Equation breaks the list):

+ First we find the force:

$ F = m a $

Correct (Equation belongs to the item):

+ First we find the force:

  $ F = m a $

If your numbering suddenly restarts or formatting looks broken, check your inden
tation!

A.3.2 Common Symbols and Commands

Here is a quick cheat sheet of the most common symbols you will need for this course:

What you want What you type What you get

Fraction $a/b$ 𝑎
𝑏

Subscript $x_1$ 𝑥1

Superscript $x^2$ 𝑥2

Text in math $F_"net"$ 𝐹net
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Greek letters $alpha, beta, gamma$ 𝛼, 𝛽, 𝛾
Proportional to $prop$ ∝
Approximately $approx$ ≈
Infinity $oo$ ∞
Square root $sqrt(x)$

√
𝑥

Derivative $dv(x, t)$ d𝑥
d𝑡

Partial derivative $pdv(f, x)$ 𝜕𝑓
𝜕𝑥

Dimensions $bb(M), bb(L), bb(T)$ 𝕄, 𝕃, 𝕋

Notice that Typst is smart about fractions. When you type $a/b$, it automatically formats 
it as a proper vertical fraction. If you want to group terms, use parentheses: $(a+b)/c$ 
becomes 𝑎+𝑏

𝑐 . The parentheses disappear in the compiled math!

A.3.3 A Dimensional Analysis Example

Let’s see how a full derivation looks. Suppose we want to find the period of a pendulum 
using dimensional analysis.

You type:

We want $T prop L^a g^b$. Matching dimensions:

$ [T] = [L]^a [g]^b $

$ bb(T) = bb(L)^a dot (bb(L) bb(T)^(-2))^b = bb(L)^(a+b) bb(T)^(-2b) $

From $bb(T)$: $1 = -2b$, so $b = -1/2$. \

From $bb(L)$: $0 = a + b$, so $a = 1/2$.

Therefore:

$ T prop sqrt(L / g) $

You get:

We want 𝑇 ∝ 𝐿𝑎𝑔𝑏. Matching dimensions:

[𝑇 ] = [𝐿]𝑎[𝑔]𝑏 (0.2)

𝕋 = 𝕃𝑎 ⋅ (𝕃𝕋−2)𝑏 = 𝕃𝑎+𝑏𝕋−2𝑏 (0.3)

From 𝕋: 1 = −2𝑏, so 𝑏 = −1
2 .

From 𝕃: 0 = 𝑎 + 𝑏, so 𝑎 = 1
2 .

Therefore:

𝑇 ∝ √𝐿
𝑔

(0.4)

Note: The backslash \ at the end of a line forces a line break.
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A.4 Compiling and Submitting

If you are using the Typst web app, your document is compiled into a PDF automatically in 
real-time. When you are finished with your homework, simply click the download button 
(usually a downward-pointing arrow) in the top-right corner to save the PDF to your 
computer.

Submit this PDF to BruinLearn.
If you run into any formatting issues or can’t figure out how to type a specific symbol, 

check the official Typst Math Reference, or just ask on the course discussion forum!

https://typst.app/docs/reference/math/
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The Language of Growth and De
cay

Compound interest is the eighth wonder of the world. He who understands it, earns 
it; he who doesn’t, pays it.

— Albert Einstein (maybe)

You will encounter the exponential function more than any other mathematical object in 
this course—so let’s make friends with it now. No calculus required.

B.1 The Exponential: Growth Begets Growth

The number 𝑒 ≈ 2.718… defines a function, 𝑒𝑥, with a remarkable property: the rate at 
which it grows is equal to its current value. The bigger it is, the faster it grows. You 
almost certainly heard the phrase “exponential growth” during the pandemic—that self-
reinforcing behavior, where today’s cases fuel tomorrow’s outbreak, is exactly what 𝑒𝑥 
describes. It is the language of compound interest, population explosions, and radioactive 
decay. It appears everywhere in biology because growth begets growth.

Here are a few values to build your intuition:

Values of 𝑒𝑥 at a Glance

𝑥 𝑒𝑥 Interpretation

−∞ → 0 Complete decay — vanishes

−1 0.37 Lost about 2/3 of initial value

0 𝟏 (1.1) The anchor point: 𝑒0 = 1 always

1 2.72 Nearly tripled

10 ≈ 22, 000 Explosive growth
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B.2 The Logarithm: The Reverse Journey

The natural logarithm, written ln 𝑥, is simply the inverse of the exponential. If 𝑒𝑥 answers 
“I start at 1 and keep growing; where am I after 𝑥 steps?”, then ln 𝑥 answers the reverse: 
“I’m at 𝑥; how many steps did it take to get here?”

𝑒ln 𝑥 = 𝑥 ln(𝑒𝑥) = 𝑥 (1.2)

The logarithm grows, but it grows slowly. It compresses large numbers into manageable 
ones. This is why your senses are logarithmic: you perceive ratios, not absolute differences. 
A change from 1 to 2 feels as significant as a change from 100 to 200.

B.3 The Two Magic Tricks

The exponential and the logarithm each perform one fundamental trick, and they are 
mirror images of each other:

Theorem B.1 — The Exponential: Addition → Multiplication.

𝑒𝑎+𝑏 = 𝑒𝑎 ⋅ 𝑒𝑏 (1.3)

Theorem B.2 — The Logarithm: Multiplication → Addition.

ln(𝑎𝑏) = ln 𝑎 + ln 𝑏 (1.4)

These look like simple algebra rules, but they are the deep reason these functions dominate 
physics:

• In Chapter 1, log-log plots turn power laws (𝑦 = 𝑘𝑥𝑎) into straight lines (ln 𝑦 =
ln 𝑘 + 𝑎 ln 𝑥) because the logarithm converts multiplication into addition.

• In Chapter 8, the Boltzmann distribution (𝑃 ∝ 𝑒−𝐸/𝑘𝐵𝑇 ) arises precisely because en
ergy adds while probability multiplies. The exponential is the unique bridge between 
the two.

• In Chapter 10, entropy is defined as 𝑆 = 𝑘𝐵 ln 𝑊  because the number of microstates 
multiplies when you combine systems, but entropy—like any respectable physical 
quantity—must add.

B.4 Why Arguments Must Be Dimensionless

You will sometimes hear physicists insist that “the argument of an exponential must be 
dimensionless.” This sounds like an arbitrary commandment, but it is a logical necessity.

The reason comes from the infinite series expansion of 𝑒𝑥:

𝑒𝑥 = 1 + 𝑥 + 𝑥2

2
+ 𝑥3

6
+ ⋯ (1.5)

If 𝑥 had units of, say, meters, we would be adding 1 + meters + meters2 + ⋯. This is 
dimensional nonsense—you cannot add a pure number to a length to an area. Therefore, 
𝑥 must be dimensionless.
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This is why the Boltzmann factor is written 𝑒−𝐸/𝑘𝐵𝑇  and not simply 𝑒−𝐸 . The ratio 
𝐸/𝑘𝐵𝑇  divides energy by energy, producing a pure number. The dimensions cancel, as 
they must. The same logic applies to ln, sin, cos, and any other function defined by an 
infinite series.

B.5 For the Calculus-Curious

If you have seen calculus (or after reading Chapter C.), here is the fact that makes the 
exponential truly special: 𝑒𝑥 is its own derivative.

d
d𝑥

𝑒𝑥 = 𝑒𝑥. (1.6)

No other function has this property. It is why 𝑒𝑥 appears as the solution to so many 
equations in physics: any system whose rate of change is proportional to its current state 
is described by an exponential.

The derivative of the logarithm is just as elegant:

d
d𝑥

ln 𝑥 = 1
𝑥

. (1.7)

This tells you that the logarithm’s sensitivity decreases as its input grows—exactly the “ratio 
detection” we described above, now made precise.
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APPENDIX C.

A Fool's Guide to Calculus

I don’t believe in the idea that there are a few peculiar people capable of understanding 
math, and the rest of the world is normal. Math is a human discovery, and it’s no more 
complicated than humans can understand. I had a calculus book once that said, ‘What 
one fool can do, another can.’ What we’ve been able to work out about nature may 
look abstract and threatening to someone who hasn’t studied it, but it was fools who 
did it, and in the next generation, all the fools will understand it. There’s a tendency 
to pomposity in all this, to make it deep and profound.

— Richard P. Feynman

As a non-native English speaker, when I first learnt the word ‘aftermath’, I found it 
absolutely fascinating.

Do not be put off by the title of this chapter. If you are already a master of this art, feel 
free to skip ahead. But if the very word “calculus” sends a shiver down your spine, then 
stay a while. I promise it is not as dreadful as you think.

In a subject as important as calculus, the learning materials are plentiful. Calculus is 
an intensely visual and intuitive subject. I highly recommend the excellent video series 
by 3Blue1Brown—frankly, you will probably get more out of it than from most dense 
textbooks.

Below, we’re going to cover the fundamental ideas and the basic theorems you’ll actually 
need in this class.

C.1 What is a Derivative?

I’ve always found it useful to translate opaque mathematics into plain English. When you 
see a symbol like d𝑥, the little ‘𝐝’ simply stands for “a tiny bit of.” That’s it. So, d𝑥 means 
“a tiny bit of 𝑥,” and d𝑦 means “a tiny bit of 𝑦.”

In physics, absolute numbers are often meaningless. What matters is comparison—how 
one thing changes relative to another. This brings us to the first great beast of calculus:

d𝑦
d𝑥

(2.1)

This is nothing more than a comparison. It asks a simple question: how much does a tiny 
bit of 𝑦 change when we have a tiny bit of 𝑥? It’s a ratio. It’s a rate of change.

You use this concept every single day. How fast is your car moving? That’s the rate of 
change of distance with respect to time—a derivative. If your foot is on the brake and the 

https://www.youtube.com/watch?v=WUvTyaaNkzM&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&ab_channel=3Blue1Brown
https://www.youtube.com/watch?v=WUvTyaaNkzM&list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr&ab_channel=3Blue1Brown
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car is stopped, the derivative is zero. If you’re speeding down the freeway, the derivative 
is high (though it will eventually become zero as the LAPD pulls you over). The idea is 
also everywhere in biology: the growth rate of a bacterial colony is just the derivative of 
its population with respect to time.

“But wait,” you might say, “I get rates of change. Why do I need this bizarre notation?” 
The answer is that this notation gives us a powerful tool to handle nonlinearity. The world 
isn’t a straight line. The relationship between how hard you press the gas pedal and how 
much your speed increases isn’t constant. The derivative gives us a precise way to talk about 
that relationship at any given instant.

To say that a system is non-linear is to say that most animals are non-elephants.

— Stanislaw Ulam

Of course, we need to be able to calculate with it. In the old days, students were forced to 
memorize dozens of arcane rules. This is where the real drudgery and fear came from. But 
here is the good news for the modern student: you don’t have to do that anymore. The rules 
are algorithmic.

Theorem C.1  Derivatives are computable in practice.

The mechanical work of finding a derivative is now something we can, and should, 
outsource to a computer. Turning the problem over to Python or Mathematica, especially 
with the help of modern AI, is trivial.

One can teach a monkey to differentiate; integration requires humans.

— G. Kotkin

And we can extend the idea. What about the rate of change of the rate of change? That’s 
the second derivative.

d2𝑥
d𝑡2

. (2.2)

Why are the little ‘2’s in different places? Think about what we’re doing: we’re applying 
the derivative operation twice:

d
d𝑡

(d𝑥
d𝑡

) (2.3)

so we actually get two 𝑑 in the nominator and two d𝑥 in the denominator.
You can, of course, keep going to third, fourth, and fifth derivatives. But here’s a 

fascinating thing: the real world seems, for the most part, to only care about the first and 
second derivatives. This is the foundation of our most powerful physical theories (like 
Lagrangian Mechanics). This isn’t because physicists are lazy; as (Ostrogradsky’s theorem) 
shows, systems based on higher-order derivatives tend to be catastrophically unstable.

The world of human affairs, however, is another matter:

http://www.scholarpedia.org/article/Ostrogradsky%27s_theorem_on_Hamiltonian_instability
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In the fall of 1972, President Nixon announced that the rate of increase of inflation 
was decreasing. This was the first time a sitting president used the third derivative to 
advance his case for reelection.

— Hugo Rossi

C.2 And the Integral?

The other great beast of calculus is the integral. The symbol ∫ is just a stylized, elongated 
‘S’, and ‘S’ stands for “sum.” When you see ∫ d𝑥, read it as “sum up all the tiny bits of 𝑥.” 
Sum up all the tiny bits of a thing, and you get the whole thing: ∫ d𝑥 = 𝑥.

That’s the entire idea. Integration is just addition with a fancy hat.

C.3 Differential Equations (Don’t Panic)

At some point in this course, you will encounter an equation like:

d𝑥
d𝑡

= −𝑘𝑥. (2.4)

This is a differential equation. It looks intimidating, but read it in plain English: the rate 
at which 𝑥 changes is proportional to −𝑥 itself. The bigger 𝑥 is, the faster it shrinks. That’s it. 
It is a recipe.

A differential equation does not say “𝑥 equals some number.” Instead, it gives you 
instructions: “Given where you are right now, here is how fast you should move.” Think of it 
as GPS navigation—at every moment, it tells you which direction to go, but it does not tell 
you the destination. The destination depends on where you start (the “initial condition”).

Theorem C.2  You do not need to solve differential equations by hand in this course. 
That is what computers are for. What you do need is the ability to read them, understand 
what they say physically, and extract their scaling behavior using the “cancel the d’s” 
trick from Chapter 3.

C.4 Taylor Expansion: Zooming In

Here is a simple but profound observation: if you zoom in far enough on any smooth 
curve, it looks like a straight line. This is the idea behind the Taylor expansion, arguably 
the single most useful approximation in all of physics.

Near a point 𝑥 = 𝑎, any smooth function 𝑓(𝑥) can be approximated by:

Theorem C.3 — First-Order Taylor Expansion.

𝑓(𝑥) ≈ 𝑓(𝑎) + 𝑓 ′(𝑎)(𝑥 − 𝑎) (2.5)

This says: start at the known value 𝑓(𝑎), then adjust by the slope 𝑓 ′(𝑎) times how far you 
have moved. It is just the equation of the tangent line.
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Why is this so useful? Because nonlinear functions are hard, and linear functions are 
easy. Taylor expansion lets you trade one for the other, as long as you stay close to the 
reference point 𝑎. Physicists call this linearization, and they do it constantly.

𝑓(𝑥) = 𝑓(0) + 𝑓 ′(0)𝑥 + 𝑓″(0)
2!

𝑥2 + 𝑓‴(0)
3!

𝑥3 + ⋯

Actual Taylor expansion

Lies invented by mathematicians
to feel superior to physicists

(2.6)

C.5 A Note on 𝜕: The Derivative with Tunnel Vision

Sometimes a quantity depends on multiple variables at once. The entropy of a gas depends 
on both its energy and its volume: 𝑆(𝐸, 𝑉 ). If you change the energy while holding the 
volume fixed, by how much does the entropy change?

That is what the symbol 𝜕 means. When you see

𝜕𝑆
𝜕𝐸

, (2.7)

read it as: “How much does 𝑆 change when I nudge 𝐸, keeping everything else constant?” 
It is an ordinary derivative, but with tunnel vision—it only notices one variable at a time.

You do not need to compute partial derivatives in this course. You only need to read 
them. And now you can.

C.6 Summary

Calculus, despite its intimidating reputation, is built from just two elementary operations: 
division (which mathematicians call derivatives) and addition (which mathematicians 
call integrals). Its power comes from a simple fact: the world is not a straight line. To 
understand things that curve, accelerate, and grow, you must break them down into tiny 
pieces and then add them back up.

In this appendix, you have met the key tools:

• The derivative: a ratio of tiny changes, telling you how fast one thing changes relative 
to another.

• The integral: addition with a fancy hat—summing up tiny pieces to recover the whole.
• The differential equation: a recipe that says “given where you are, here is what 

happens next.”
• The Taylor expansion: nature’s permission to zoom in and pretend curves are straight 

lines.
• The partial derivative: the art of changing one thing at a time.

For the exponential function and the logarithm—the other indispensable mathematical 
tools in this course—see Chapter B.
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Dimensions of Common Quanti
ties

Here we list the dimensions of the most used physical quantities in this course. We use 
the fundamental dimensions:

• Mass 𝕄
• Length 𝕃
• Time 𝕋
• Temperature Θ

Quick Reference: Dimensions of Physical Quantities

Quantity Symbol Dimension SI Unit

Fundamental

Time 𝑡 𝕋 s

Length, Distance 𝑥, 𝐿, 𝑟 𝕃 m

Mass 𝑚, 𝑀 𝕄 kg

Temperature 𝑇 Θ K

Mechanics

Velocity, Speed 𝑣, 𝑢 𝕃𝕋−1 m/s

Acceleration 𝑎, 𝑔 𝕃𝕋−2 m/s2

Force, Weight 𝐹, 𝑊 𝕄𝕃𝕋−2 N (kg m/s2)

Frequency 𝑓, 𝜈 𝕋−1 Hz (1/s)

Energy & Thermodynamics

Energy, Work, Heat 𝐸, 𝑊, 𝑄 𝕄𝕃2𝕋−2 J (N m)
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Quantity Symbol Dimension SI Unit

Power, Metabolic Rate 𝑃 , 𝐵 𝕄𝕃2𝕋−3 W ( J/s)

Pressure, Stress 𝑝, 𝜎 𝕄𝕃−1𝕋−2 Pa (N/m2)

Material & Transport

Density 𝜌 𝕄𝕃−3 kg/m3

Viscosity (dynamic) 𝜂, 𝜇 𝕄𝕃−1𝕋−1 Pa s

Diffusion Coefficient 𝐷 𝕃2𝕋−1 m2/s

Gravitational Constant 𝐺 𝕃3𝕄−1𝕋−2 m3/(kg s2)
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